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Abstract

We study risk sharing among agents with preferences modeled by heterogeneous

distortion risk measures, who are not necessarily risk averse. Pareto optimality for

agents using risk measures is often studied through the lens of inf-convolutions,

because allocations that attain the inf-convolution are Pareto optimal, and the

converse holds true under translation invariance. Our main focus is on groups of

agents who exhibit varying levels of risk seeking. Under mild assumptions, we derive

explicit solutions for the unconstrained inf-convolution and the counter-monotonic

inf-convolution, which can be represented by a generalization of distortion risk mea-

sures.
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1 Introduction

Risk-exchange markets, such as insurance, reinsurance, or financial markets, are cen-

tral to modern economics. The primary focus of studying such markets has traditionally

been the determination of an optimal, or efficient redistribution of the aggregate market

risk, through contracts or trading mechanisms, among market participants, henceforth

referred to as agents. The seminal work of Borch (1962) and Wilson (1968) showed

that within the framework of Expected-Utility Theory (EUT), Pareto-optimal allocations

between risk-averse agents are comonotonic, and they can therefore be expressed as non-

decreasing functions of the aggregate market risk. This is a cornerstone result in the

theory of risk sharing, and it is often seen as a foundational justification for risk pooling,

since each agent’s risk allocation at an optimum depends only on the realization of the

aggregate risk. Numerous extensions beyond EUT have been studied in the literature,

with the perennial assumption of (strong) risk aversion, that is, monotonicity with re-

spect to the concave order. The literature is vast, and we refer for instance to the work of

Chateauneuf et al. (2000), Dana (2002, 2004), Tsanakas and Christofides (2006), De Cas-

tro and Chateauneuf (2011), Beißner and Werner (2023), and Ravanelli and Svindland

(2014) for several models of ambiguity-sensitive preferences.

A milestone result in this direction is the so-called comonotonic improvement theo-

rem (e.g., Landsberger and Meilijson (1994), Dana (2004), Ludkovski and Rüschendorf

(2008), Carlier et al. (2012), or Denuit et al. (2025)), an important implication of which

is that risk-averse agents always prefer comonotone allocations, and that Pareto optima

are comonotonic under strict risk aversion. This naturally led Boonen et al. (2021) to

examine the so-called comonotone market, an incomplete market in which only comono-

tonic allocations are feasible. Pareto-optimal risk sharing in comonotone markets was also

studied by Liu (2020) and Ghossoub and Zhu (2024).

In the risk measurement literature, Pareto-optimal risk sharing between agents with

convex or coherent risk measures has been widely studied as well. We refer to Barrieu and

El Karoui (2005), Acciaio (2007), Jouini et al. (2008), Filipović and Svindland (2008),
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Mastrogiacomo and Rosazza Gianin (2015), and the references therein, for instance. Ad-

ditionally, Pareto-optimal risk sharing between agents with quantile-based risk measures

that are not necessarily convex was examined by Embrechts et al. (2018, 2020), Liu (2020),

Liebrich (2024) and Ghossoub et al. (2024), for instance.

The characterization of optimal allocations in risk sharing markets involving agents

who are not risk-averse remains relatively underexplored. Recent studies on quantile-

based risk sharing, including Embrechts et al. (2018, 2020) and Weber (2018), identified a

pairwise counter-monotonic structure — the opposite of comonotonicity — in an optimal

allocation. Furthermore, Lauzier et al. (2026) provided explicit Pareto-optimal allocations

among agents using the inter-quantile difference, demonstrating that an optimal allocation

exhibits a mixture of pairwise counter-monotonic structures. As a dependence concept,

pairwise counter-monotonicity has been studied by Dall’Aglio (1972), Dhaene and Denuit

(1999) and Cheung and Lo (2014). Parallel to the comonotone improvement theorem,

Lauzier et al. (2024) established the so-called counter-monotonic improvement theorem,

leading to an implication that counter-monotonic allocations will always be preferred by

risk-seeking agents. Based on the counter-monotonic improvement theorem, Ghossoub

et al. (2026) provided a systematic study of risk sharing in markets where only counter-

monotonic allocations are allowed, and they gave an explicit characterization of optimal

allocations when agents are risk-averse and risk-seeking. Their analysis assumes that the

preferences of the agents are modelled by a common distortion risk measure.

This paper extends the previous work by examining a market where agents may have

heterogeneous risk preferences, and they are not necessarily risk averse. It is notable

that although agents within a group may differ in their levels of risk aversion, we assume

that all agents in the same group are either all risk-averse or all risk-seeking. We do not

consider cases where both risk-averse and risk-seeking agents are combined in a single

group. The key novel insights and extensions are summarized as follows:

(i) In the homogeneous case, Ghossoub et al. (2026) established a universal ordering

among the three versions of inf-convolution: unconstrained, counter-monotonic, and

comonotonic, from the smallest to the largest. In contrast to the homogeneous case,
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the ordering between the comonotonic and counter-monotonic versions of the inf-

convolution depends on the distortion functions.

(ii) When agents have identical concave distortion functions (the case of risk aversion),

the three versions of inf-convolution have identical values, as shown in Theorem 3

of Ghossoub et al. (2026). However, for a group of risk-averse agents with differ-

ent levels of risk aversion, counter-monotonic allocations are generally not Pareto

optimal, leading to a gap between the three versions of inf-convolution.

(iii) Under some mild conditions, we derive an explicit formula for the counter-monotonic

inf-convolution in the case where agents are risk seeking, characterized by different

convex distortion functions.

The rest of the paper is organized as follows. Sections 2 and 3 contain preliminaries on

risk measures and on risk sharing problems, respectively. In particular, Section 3 recalls

the counter-monotonic improvement theorem (reported as Theorem 1) and some related

discussions on counter-monotonicity. In Section 4, we analyze the counter-monotonic

risk sharing problem and obtain general relations for different choices of the distortion

functions (Theorem 2). We specialize to risk-seeking agents in Section 5. Based on the

counter-monotonic improvement theorem, counter-monotonic inf-convolutions are deter-

mined explicitly for risk-seeking agents (Theorem 3). Section 6 concludes the paper.

2 Preliminaries

2.1 Risk measures and basic terminology

Let (Ω,F ,P) be an atomless probability space and X a convex cone of random vari-

ables on this space. Section 4 considers X = L∞, the set of all essentially bounded random

variables, and Section 5 considers X = L+ or X = L−, where L+ (resp. L−) represents

the sets of nonnegative (resp. nonpositive) essentially bounded random variables. Almost

surely equal random variables are treated as identical. Throughout, the random variable
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X ∈ X represents losses, and its negative values represent gains. We denote by 1A the

indicator function for an event A ∈ F . Let

HBV = {h : [0, 1] → R | h is of bounded variation and h(0) = 0}.

Next, we present the definition of a distortion riskmetric.

Definition 1. A distortion riskmetric is a mapping ρh : X → R given by

ρh(X) =

∫
Xd (h ◦ P) =

∫ ∞

0

h(P(X ⩾ x)) dx+

∫ 0

−∞
(h(P(X ⩾ x))− h(1)) dx,

for some h ∈ HBV.

We note that the elements of HBV are not necessarily monotone. If we constrain

h ∈ HBV to be increasing and normalized, that is, h ∈ H, where

H = {h : [0, 1] → [0, 1] | h is increasing and h(0) = 1− h(1) = 0},

then the distortion riskmetric ρh for h ∈ H is a distortion risk measure. Here and

throughout, terms like “increasing” or “decreasing” are in the non-strict sense. In this

paper, the agents’ risk preferences are modeled by the class of distortion risk measures.

The more general class of distortion riskmetrics is introduced since it will be useful in our

further analysis. In particular, we show in the setting of Section 5 that the comonotonic

inf-convolution of distortion risk measures is a distortion risk measure, whereas their

counter-monotonic inf-convolution is a distortion riskmetric.

The dual h̃ of a given h ∈ HBV, which will be useful in many of our results, is defined

as

h̃(t) = h(1)− h(1− t), for all t ∈ [0, 1],

and it is an element of HBV. If h is in H, then so is h̃. The dual of h̃ is equal to h, and
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the two corresponding distortion riskmetrics are connected via the equality

ρh(X) = −ρh̃(−X), for all X ∈ X .

We now recall some properties of distortion riskmetrics that we use throughout. A

distortion riskmetric ρh may have the following properties as a functional ρ : X 7→ R.

(a) Law-invariance: ρ(X) = ρ(Y ) if X and Y have the same distribution, i.e., X
d
= Y ;

(b) Positive homogeneity: ρ(λX) = λρ(X) for any λ > 0;

(c) Translation invariance: ρ(X + c) = ρ(X) + c for c ∈ R and X + c ∈ X ;

(d) Comonotonic additivity: ρ(X + Y ) = ρ(X) + ρ(Y ) if X and Y are comonotonic;

(e) Subadditivity: ρ(X + Y ) ⩽ ρ(X) + ρ(Y );

(f) Convex order consistency: ρ(X) ⩽ ρ(Y ) if X ⩽cx Y , where the inequality is the

convex order, meaning E[u(X)] ⩽ E[u(Y )] for all convex functions u such that the

two expectations are well-defined;

(g) Monotonicity: ρ(X) ⩽ ρ(Y ) if X ⩽ Y .

In fact, these properties do not always hold for a distortion riskmetric ρh. To be more

specific, all distortion riskmetric ρh satisfy (a), (b), and (d). Property (c) holds true if

h(1) = 1. By Wang et al. (2020b, Theorem 3), conditions (e) and (f) are equivalent to

the concavity of h. Condition (g) is equivalent to increasing monotonicity of h. The four

properties (b), (c), (e) and (g) together define a coherent risk measure in the sense of

Artzner et al. (1999), corresponding to an increasing and concave h with h(1) = 1 for

ρh. For various characterizations and properties of distortion riskmetrics, see Wang et al.

(2020b) on L∞ and Wang et al. (2020a) on more general spaces. Convex order in (f) and

its related notions are popular for modeling risk aversion in decision theory (Rothschild

and Stiglitz, 1970), and it is also widely studied in actuarial science and risk management

(Rüschendorf, 2013; He et al., 2016).
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Many popular risk measures belong to the family of distortion risk measures, including

the regulatory risk measures used in the banking and insurance sectors, namely, the Value-

at-Risk (VaR) and the Expected Shortfall (ES, also known as CVaR and TVaR), which

are defined below. For a random variable X, the VaR at level α ∈ [0, 1) is defined as

VaRα(X) = inf{x ∈ [−∞,∞] : P(X ⩽ x) ⩾ 1− α}, (1)

and the ES at level β ∈ [0, 1) is defined as

ESβ(X) =
1

β

∫ β

0

VaRγ(X)dγ,

where VaRγ is defined in (1). Here we use the convention of “small α” as in Embrechts

et al. (2018). If α ∈ [0, 1), VaRα and ESα are distortion risk measures, and they are as-

sociated with the distortion functions h(t) = 1{t>α} and h(t) = min{t/α, 1}, respectively.

In this paper, we write X ∼ FX for X ∈ X having cumulative distribution FX and

survival distribution SX . Since the space (Ω,F ,P) is atomless, for eachX ∈ X there exists

a random variable UX with a uniform distribution on [0, 1] such that F−1
X (UX) = X, almost

surely. The existence of such a UX for any random variable X follows from Föllmer and

Schied (2016, Lemma A.32). For x, y ∈ R, write x∨y = max{x, y} and x∧y = min{x, y}.

2.2 Risk sharing and inf-convolution

Given X ∈ X , the set of feasible allocations of X is defined as

An(X) =

{
(X1, . . . , Xn) ∈ X n :

n∑
i=1

Xi = X

}
. (2)

We consider a risk-sharing market, in which n ∈ N agents wish to share an aggregate

risk X ∈ X . All throughout, we let [n] = {1, . . . , n}, and we assume that agent i ∈ [n] has

a risk preference modeled by a risk measure ρi. The market redistributes the aggregate

risk X into an allocation (X1, . . . , Xn) ∈ An(X), and we refer to
∑n

i=1 ρi(Xi) as the
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associated aggregate risk value. Note that the definition of allocations depends on the

specification of X , which will vary across different applications in the later sections.

Using (2), the inf-convolution □n
i=1ρi of n risk measures ρ1, . . . , ρn is defined as

n

□
i=1

ρi(X) := inf

{
n∑

i=1

ρi (Xi) : (X1, . . . , Xn) ∈ An(X)

}
, X ∈ X .

That is, the inf-convolution of n risk measures is the infimum over aggregate risk values

for all possible allocations.

An allocation (X1, . . . , Xn) is sum-optimal in An(X) if □n
i=1ρi(X) =

∑n
i=1 ρi(Xi), i.e.,

it attains the optimal total risk value. An allocation (X1, . . . , Xn) ∈ An(X) is Pareto

optimal in An(X) if for any (Y1, . . . , Yn) ∈ An(X) satisfying ρi(Yi) ⩽ ρi(Xi) for all i ∈ [n],

we have ρi (Yi) = ρi (Xi) for all i ∈ [n]. Pareto optimality means that the allocation

cannot be improved upon for all agents while providing a strict improvement for at least

one agent. For distortion risk measures, the equivalence between Pareto optimality and

sum-optimality is guaranteed when X = L∞, as obtained in Embrechts et al. (2018,

Proposition 1). We will focus on sum-optimal allocations in this paper. However, although

sum-optimal allocations are always Pareto optimal, the converse may not hold in case

X = L+ or X = L−, which are examined in Sections 5.

3 Comonotonic and counter-monotonic risk sharing

The elements in the allocation set An(X) can exhibit different dependence structures,

with comonotonicity and counter-monotonicity being the two extreme cases. We first

define comonotonicity and counter-monotonicity for bivariate random variables.

Definition 2. Two random variables X and Y on (Ω,F ,P) are said to be comonotonic

(resp. counter-monotonic) if

(X(ω)−X(ω′))(Y (ω)− Y (ω′)) ⩾ 0 (resp. ⩽ 0), for (P × P)-almost all (ω, ω′) ∈ Ω2.
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Note that X and Y are counter-monotonic if and only if X and −Y are comonotonic.

Also, comonotonicity of (X, Y ) is equivalent to the existence of increasing functions f

and g and a random variable Z, such that (X, Y ) = (f(Z), g(Z)) (almost surely), which

follows from the stochastic representation of comonotonicity given in Denneberg (1994,

Proposition 4.5). Since we treat almost surely identical random variables as equal, we will

omit “almost surely” in statements like the one above. Comonotonicity is foundational to

modern ambiguity models in decision theory (Schmeidler, 1989) and it is widely studied in

actuarial science and risk management (Dhaene et al., 2002, 2006). Counter-monotonicity

also has special roles, quite different from comonotonicity, in decision theory (Principi

et al., 2025) and actuarial science (Cheung et al., 2014; Chaoubi et al., 2020).

Next, we define these concepts in higher dimensions. A random vector (X1, . . . , Xn)

is (pairwise) comonotonic (resp. counter-monotonic) if each pair of its components is

comonotonic (resp. counter-monotonic). Pairwise counter-monotonicity is the generaliza-

tion of counter-monotonicity to the case n ⩾ 3, and we will hereafter use the simpler

term counter-monotonicity throughout. Although comonotonicity for n ⩾ 3 is a straight-

forward extension of the case n = 2, counter-monotonicity for n ⩾ 3 imposes strong

constraints on the marginal distributions, and it is quite different from the case n = 2

(Dall’Aglio, 1972; Dhaene and Denuit, 1999; Cheung and Lo, 2014). Below we provide

some facts about counter-monotonicity. Let Πn be the set of all n-compositions of Ω, that

is,

Πn =

(A1, . . . , An) ∈ Fn :
⋃
i∈[n]

Ai = Ω and A1, . . . , An are disjoint

 .

Formally, compositions are partitions in which the order matters.

We quote below a stochastic representation of counter-monotonicity, which will be

useful throughout our analysis. In what follows, ess-supX and ess-infX are the essential

supremum and the essential infimum of X, respectively. Additionally, a random variable

X ∈ X is said to be degenerate if there exists c ∈ R such that X = c (almost surely).

Proposition 1 (Lauzier et al. (2023)). For X ∈ X and n ⩾ 3, suppose that at least three

components of (X1, . . . , Xn) ∈ An(X) are non-degenerate. Then (X1, . . . , Xn) is counter-
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monotonic if and only if there exist constants m1, . . . ,mn and (A1, . . . , An) ∈ Πn such

that

either Xi = (X −m)1Ai
+mi for all i ∈ [n], with m =

n∑
i=1

mi ⩽ ess-infX, (3)

or Xi = (X −m)1Ai
+mi for all i ∈ [n], with m =

n∑
i=1

mi ⩾ ess-supX. (4)

By taking m1 = . . . = mn = 0, which is possible when X ⩾ 0 or X ⩽ 0, a simple

counter-monotonic allocation in the form of (3) and (4) is given by

Xi = X1Ai
, for each i ∈ [n], where (A1, . . . , An) ∈ Πn.

Specifically, such an allocation is called a jackpot allocation if X ⩾ 0 and a scapegoat

allocation if X ⩽ 0 by Lauzier et al. (2024). It is clear that there is a “winner-takes-all”

structure in a jackpot allocation and a “loser-loses-all” structure in a scapegoat allocation.

For a given X, we denote by A+
n (X) the set of comonotonic allocations and by A−

n (X)

the set of counter-monotonic allocations, introduced by Ghossoub et al. (2026). These

two sets of allocations impose restrictions on the dependence structures of allocations,

and both are strict subsets of the set An(X) of all possible allocations.

It is well known that for any (X1, . . . , Xn) ∈ An(X), there exists (Y1, . . . , Yn) ∈ A+
n (X)

such that Yi ⩽cx Xi for each i ∈ [n]. This is known as the comonotonic improvement theo-

rem (e.g., Landsberger and Meilijson (1994), Rüschendorf (2013), or Denuit et al. (2025)).

Recently, Lauzier et al. (2024) provided a counter-monotonic improvement theorem, which

states that under mild conditions, for any allocation (X1, . . . , Xn) ∈ An(X), there exists

(Y1, . . . , Yn) ∈ A−
n (X) such that Yi ⩾cx Xi, for each i ∈ [n]. The formal statement is

summarized below, and it will be useful for the results of this paper.

Theorem 1 (Lauzier et al. (2024)). Let X1, . . . , Xn ∈ L1 be nonnegative and X =∑n
i=1Xi. Assume that there exists a uniform random variable U independent of X. Then,

there exists (Y1, . . . , Yn) ∈ An(X) such that (i) (Y1, . . . , Yn) is counter-monotonic; (ii)
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Yi ⩾cx Xi, for each i ∈ [n]; and (iii) Y1, . . . , Yn are nonnegative. Moreover, (Y1, . . . , Yn)

can be chosen as a jackpot allocation.

The counter-monotonic improvement theorem indicates that jackpot allocations are

always preferred by risk-seeking agents. To apply the counter-monotonic improvement

theorem, the technical assumption that there exists a (nondegenerate) uniform random

variable U independent of X is used to generate a random lottery, which has utility for

risk-seeking agents. To formalize this, we introduce the following set:

X⊥ = {X ∈ X : there exists a uniform random variable U independent ofX}.

Due to the comonotonic improvement theorem and the counter-monotonic improve-

ment theorem, Pareto-optimal risk allocations can be constrained in the sets of comono-

tonic or counter-monotonic allocations, for agents with suitable risk attitudes. Hereafter,

we consider risk-sharing problems constrained to these specific allocation structures. The

comonotonic inf-convolution ⊞n
i=1ρi of risk measures ρ1, . . . , ρn is defined as

n

⊞
i=1

ρi(X) = inf

{
n∑

i=1

ρi (Xi) : (X1, . . . , Xn) ∈ A+
n (X)

}
.

Similarly, the counter-monotonic inf-convolution ⊟n
i=1 ρi is defined as

n

⊟
i=1

ρi(X) = inf

{
n∑

i=1

ρi(Xi) : (X1, . . . , Xn) ∈ A−
n (X)

}
.

An allocation (X1, . . . , Xn) in A+
n (X) (resp. A−

n (X)) is called an optimal allocation of X

for (ρ1, . . . , ρn) within A+
n (resp. A−

n ) if

n∑
i=1

ρi (Xi) =
n

⊞
i=1

ρi(X)

(
resp.

n∑
i=1

ρi (Xi) =
n

⊟
i=1

ρi(X)

)
.

By definition, □n
i=1ρi(X) ⩽ ⊞n

i=1ρi(X) and □n
i=1ρi(X) ⩽ ⊟n

i=1 ρi(X). Hence, if an op-

timal allocation of X is comonotonic, then it is also an optimal allocation within A+
n
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and □n
i=1ρi(X) = ⊞n

i=1ρi(X). A similar implication holds if an optimal allocation of X

is counter-monotonic. Unconstrained, comonotonic, and counter-monotonic risk sharing

problems correspond to those problems over An(X), A+
n (X), and A−

n (X), respectively.

In the rest of the paper, we will assume that each agent is associated with a distortion

risk measure.

4 General relations

Before delving into the optimal risk-sharing mechanisms for risk-averse and risk-

seeking agents, we first provide an overview of the relationships between three types

of inf-convolutions: □n
i=1 ρhi

, ⊟n
i=1 ρhi

and ⊞n
i=1 ρhi

. In the homogeneous case, these re-

lationships are straightforward to characterize, and they are outlined in Ghossoub et al.

(2026, Theorem 1). However, the situation becomes more complex in the heterogeneous

case where agents have different risk preferences. Among these three inf-convolutions,

the unconstrained one is always the smallest, since it works on the largest allocation set,

but the relationship between the comonotonic and counter-monotonic inf-convolutions is

not always the same. Below, we present several special cases in which the relationship

between these three variations can be explicitly determined.

In the following examples, we explore the cases of Value-at-Risk (VaR) and Expected

Shortfall (ES) using the results of Embrechts et al. (2018).

Example 1 (Inf-convolution of VaRs). By Embrechts et al. (2018, Corollary 2), for

α1, . . . , αn ⩾ 0 and an integrable random variable X, if
∑n

i=1 αi < 1 then

n

□
i=1

VaRαi
(X) = VaR∑n

i=1 αi
(X),

and by Embrechts et al. (2018, Theorem 2), there exists a counter-monotonic optimal

allocation ofX. This gives ⊟n
i=1VaRαi

⩽ □n
i=1VaRαi

, thereby implying that ⊟n
i=1VaRαi

=

□n
i=1VaRαi

, since⊟n
i=1VaRαi

⩾ □n
i=1VaRαi

always holds. Since, in addition, ⊞n
i=1VaRαi

=
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VaR∨n
i=1 αi

, we obtain

n

⊟
i=1

VaRαi
=

n

□
i=1

VaRαi
= VaR∑n

i=1 αi
⩽

n

⊞
i=1

VaRαi
= VaR∨n

i=1 αi
.

Note, in particular, that the inequality above is generally not an equality.

Example 2 (Inf-convolution of ESs). For any β1, . . . , βn ∈ [0, 1), it holds that

n

⊟
i=1

ESβi
=

n

□
i=1

ESβi
=

n

⊞
i=1

ESβi
= ES∨n

i=1 βi
.

Using the subadditivity of ES, we can easily verify that, if j is the agent with βj =
∨n

i=1 βi,

then the allocation given by Xj = X and Xi = 0 for i ̸= j is optimal (this is also implied

by Embrechts et al. (2018, Theorem 2)). Since this allocation is both comonotonic and

counter-monotonic, the three inf-convolutions have the same value here. This is a special

case of Corollary 1 below.

Within the case of VaR, it follows that ⊟n
i=1 ρhi

⩽ ⊞n
i=1 ρhi

from Example 1. However,

this is not the only possible relationship. The following theorem provides conditions under

which ⊟n
i=1 ρhi

⩾ ⊞n
i=1 ρhi

, and it identifies sufficient conditions for which the inequality

becomes equality. First, recall from Ghossoub et al. (2026) that a function h ∈ H is dually

subadditive if h is subadditive (i.e., h(x+ y) ⩽ h(x)+h(y) for x, y ∈ [0, 1] with x+ y ⩽ 1)

and its dual h̃ is superadditive (i.e., h̃(x+y) ⩾ h̃(x)+ h̃(y) for x, y ∈ [0, 1] with x+y ⩽ 1).

Theorem 2. Let hi ∈ H for i ∈ [n] and h =
∧n

i=1 hi.

(i) If h is dually subadditive, then

n

⊟
i=1

ρhi
⩾

n

⊞
i=1

ρhi
= ρh ⩾

n

□
i=1

ρhi
. (5)

(ii) If h is dually subadditive and hj = h for some j ∈ [n], then

n

⊟
i=1

ρhi
=

n

⊞
i=1

ρhi
= ρh ⩾

n

□
i=1

ρhi
. (6)
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(iii) The function h is concave if and only if

n

⊟
i=1

ρhi
⩾

n

⊞
i=1

ρhi
= ρh =

n

□
i=1

ρhi
. (7)

(iv) If (6) holds then h is dually subadditive.

Proof. (i) It is trivial to see that □n
i=1 ρhi

⩽ ⊟n
i=1 ρhi

and □n
i=1 ρhi

⩽ ⊞n
i=1 ρhi

. The first

equality in (5) directly follows from Embrechts et al. (2018, Proposition 5). For any

distortion functions h and g, we have ρh ⩽ ρg if h ⩽ g (see Wang et al. (2020b, Lemma

1)). Therefore, for any hi ∈ H such that h is dually subadditive, we have

n

⊟
i=1

ρhi
⩾

n

⊟
i=1

ρh = ρh,

which directly follows from the dual subadditivity of h and Ghossoub et al. (2026, Theorem

3).

(ii) Take (X1, . . . , Xn) ∈ An(X) such that Xj = X and Xi = 0 for i ∈ [n] \ {j}. It is

straightforward to verify that this allocation is counter-monotonic. Then it follows that

n

□
i=1

ρhi
⩽

n

⊟
i=1

ρhi
⩽ ρh =

n

⊞
i=1

ρhi
.

By the equality (5), we can obtain the desired result.

(iii) We first show the “if ” part. Letting hi = h for i ∈ [n], we have □n
i=1 ρh = ρh,

which implies that h is concave since ρh is subadditive (see Wang et al. (2020b, Theorem

3)). Next, we show the “only if ” part. By Wang et al. (2020b, Lemma 1), we have

n

□
i=1

ρhi
⩾

n

□
i=1

ρh = ρh =
n

⊞
i=1

ρhi
.

The first equality follows from the comonotonic improvement theorem of Landsberger and

Meilijson (1994); see also Ghossoub et al. (2026, Theorem 1). Moreover, it always holds

that □n
i=1 ρhi

⩽ ⊞n
i=1 ρhi

. Thus, □n
i=1 ρhi

= ⊞n
i=1 ρhi

.
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(iv) The inequality in (6) implies that ⊟n
i=1 ρh = ρh by taking hi = h for i ∈ [n].

Thus, we obtain that h is dually subadditive by Ghossoub et al. (2026, Theorem 2).

We immediately obtain the following corollary:

Corollary 1. Let hi ∈ H for i ∈ [n] and h =
∧n

i=1 hi. If hi is concave for i ∈ [n] and

hj = h for some j, then

n

⊟
i=1

ρhi
=

n

⊞
i=1

ρhi
= ρh =

n

□
i=1

ρhi
. (8)

The proof is straightforward since the concavity of hi for i ∈ [n] guarantees the

concavity of h , thus implying the dual subadditivity of h. In this case, the total risk will

be absorbed by the least risk-averse agent if such an agent exists within the group.

Example 3. If h is concave, (8) holds when X is a constant x ∈ R, without assuming

the condition hj = h for some j. Indeed, any constant vector (x1, . . . , xn) in An(x) gives∑n
i=1 ρhi

(xi) = ρh(x) = x, and the rest follows from Theorem 2 (iii).

Example 4. Suppose that all agents have the same risk preferences, i.e., h1 = · · · = hn =

h. If h is dually subadditive, then it holds that

n

⊟
i=1

ρh =
n

⊞
i=1

ρh = ρh.

The converse statement also holds true by using (iv) of Theorem 2; this also follows from

Ghossoub et al. (2026, Theorem 3).

Based on the results above for risk-averse agents, if there is an agent j with the lowest

level of risk aversion (that is, hj is the smallest among h1, . . . , hn), then the optimal way

to allocate the total risk X is to assign it entirely to this most risk-tolerant agent. The risk

preferences of the other agents are irrelevant in this case. However, when heterogeneous

risk-seeking agents are involved, the situation is dramatically different; all agents will

participate in the gambling and contribute to the aggregate risk. The details will be

discussed in Section 5.
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5 Risk-seeking agents

This section contains the main technical contributions of this paper, which character-

ize optimal allocations for the unconstrained and counter-monotonic risk sharing problem

in the setting of risk-seeking agents.

5.1 Main results

We first note that, when the agents are risk-seeking, we need to constrain the set

of allocations to be bounded from below or above, as discussed by Lauzier et al. (2024).

The next result shows that the inf-convolution of ρh1 , . . . , ρhn for risk-seeking agents is

typically negative infinity if the set of payoffs X is taken to be L∞.

Proposition 2. Let X = L∞. If each hi ∈ H, i ∈ [n] is convex and is not the identity

function, then
n

□
i=1

ρhi
(X) =

n

⊟
i=1

ρhi
(X) = −∞ for all X ∈ X .

Proof. Let h =
∨n

i=1 hi. It is clear that ⊟n
i=1 ρhi

(X) ⩽ ⊟n
i=1 ρh(X), for all X. We will

show ⊟n
i=1 ρh(0) = −∞. For a convex distortion function hi, we have hi(1/n) < 1/n if and

only if hi is not the identity function. Hence, h(1/n) =
∨n

i=1 hi(1/n) < 1/n, and h is not

the identity function. Let θ = nh(1/n) < 1. Take (A1, . . . , An) ∈ Πn with P(Ai) = 1/n

for i ∈ [n] and m > 0. Define Xi = nm1Ai
−m for i ∈ [n]. Clearly, (X1, . . . , Xn) ∈ A−

n (0).

It follows that ρh(Xi) = nmh(1/n)−m = (θ − 1)m. Therefore,

n

⊟
i=1

ρh(0) ⩽
n∑

i=1

ρh(Xi) = n(θ − 1)m.

Letting m → ∞ shows that ⊟n
i=1 ρh(0) = −∞. For any X ∈ X , using translation

invariance and monotonicity of ρh, and the fact that X ⩽ ess-supX, we obtain

n

□
i=1

ρhi
(X) ⩽

n

⊟
i=1

ρhi
(X) ⩽

n

⊟
i=1

ρh(X) ⩽
n

⊟
i=1

ρh(ess-supX) =
n

⊟
i=1

ρh(0) + ess-supX = −∞,

which completes the proof.
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Due to Proposition 2, we will take X to be L+ or L− in the remainder of the section.

These choices correspond to the natural constraint of no short-selling in a financial market.

For instance, if X = L+, then the total loss is nonnegative, and every agent cannot receive

a negative loss (that is, a gain) from the allocation. If X = L−, then the total risk is a

gain, and every agent cannot take a loss by sharing the gain.

Before we proceed, we introduce some additional terminology and notation that will

be useful in our further analysis. Given n distortion functions hi ∈ H for i = 1, . . . , n,

their inf-convolution □n
i=1 hi(x) : [0, 1] 7→ R is defined as

n

□
i=1

hi(x) = inf

{
n∑

i=1

hi(xi) : xi ∈ [0, 1] for i ∈ [n];
n∑

i=1

xi = x

}
.

Similarly, the sup-convolution can be defined as

n

♢
i=1

hi(x) = sup

{
n∑

i=1

hi(xi) : xi ∈ [0, 1] for i ∈ [n];
n∑

i=1

xi = x

}
.

Here we also introduce the sup-convolution since it will be useful in our analysis and will

simplify our result. Note that the inf-convolution of real functions h1, . . . , hn is similar to

the inf-convolution of risk measures, but the domain is restricted to real numbers in [0, 1].

Theorem 3. Suppose that hi ∈ H is continuous and convex for i ∈ [n], and that X ∈ X⊥

with X = L+ or X = L−. Then

n

□
i=1

ρhi
(X) =

n

⊟
i=1

ρhi
(X) = ρg(X), (9)

where g is such that (i) g = □n
i=1 hi if X = L+; (ii) g̃ = ♢n

i=1 h̃i if X = L−.

The proof of Theorem 3 involves three lemmas and is presented in Section 5.2. For

the case where all agents are risk averse, the relationship among the three types of inf-

convolutions can be established using Theorem 2(iii), implying that agents always prefer

comonotonic allocations. In contrast, when all agents are risk seeking, Theorem 3 indicates

that the relationship is determined by a preference for counter-monotonic allocations.

17



X X ⊞2
i=1 ρhi

(X) ⊟2
i=1 ρhi

(X) = □2
i=1 ρhi

(X)

Y ∼ Uniform(0, 1)
Y L+ 0.3692 0.2074

−Y L− -0.7667 -1.0435

Y ∼ Pareto(3, 2)
Y L+ 2.7291 1.3828

−Y L− -9.4262 -11.0881

Y ∼ logN(0, 1)
Y L+ 1.0825 0.5849

−Y L− -5.5828 -6.4773

Table 1: Comparison of the three inf-convolutions.

Specifically, for X = L+ (resp. X = L−) and X ∈ X⊥, we have

n

⊞
i=1

ρhi
(X) ⩾

n

□
i=1

ρhi
(X) =

n

⊟
i=1

ρhi
(X). (10)

Notably, the comonotonic inf-convolution is always a distortion risk measure, whereas the

inf-convolution of convex distortion risk measures is no longer a distortion risk measure,

but rather a monotone distortion riskmetric, as stated in Theorem 3. To further verify (10)

for risk-seeking agents, we provide several numerical experiments, reported in Table 1. In

these examples, we consider two agents with h1(x) = 1−(1−x)0.3 and h2(x) = 1−(1−x)0.6,

respectively. Clearly, both agents are risk seeking.

Example 5. When all agents have the same risk preference, that is, h1 = · · · = hn = h,

and when h is convex and continuous on [0, 1], Theorem 3 reduces to the homogeneous

case, examined in Ghossoub et al. (2026, Theorem 3). For example, when X = L+, the

function g becomes

g(x) =
n

□
i=1

h(x) = nh(x/n), x ∈ [0, 1],

which follows from the convexity of h. Similarly, when X = L−, we have

g(x) = l̃(x), and l(x) =
n

♢
i=1

h̃(x) = nh̃(x/n), x ∈ [0, 1],

and it is straightforward to verify that g(x) = nh(1− (1− x)/n)− nh(1− 1/n).

18



5.2 Three technical lemmas and the proof of Theorem 3

We first present a technical lemma.

Lemma 1. For a given x > 0, any random variable X, and h ∈ H, we have

inf

{
n∑

i=1

h(P(X1Ai
⩾ x)) : (A1, . . . , An) ∈ Πn

}
=

n

□
i=1

h(P(X ⩾ x)).

Proof. Let p = P(X ⩾ x). If p = 0, then there is nothing to show. Suppose p > 0 in what

follows. Since the probability space (Ω,F ,P) is atomless, for any (p1, . . . , pn) ∈ Rn
+ with

p1 + · · · + pn = p, there exists a composition (A1, . . . , An) of Ω such that P(Ai ∩ {X ⩾

x}) = pi for i ∈ [n]. Therefore,

inf

{
n∑

i=1

h(P(X1Ai
⩾ x)) : (A1, . . . , An) ∈ Πn

}
⩾

n

□
i=1

h(P(X ⩾ x)).

The converse direction is straightforward since
∑n

i=1 P(X1Ai
⩾ x) = P(X ⩾ x) = p.

Lemma 2. If for each i ∈ [n], the function hi ∈ H is strictly convex and differentiable,

then there exist increasing functions fi : [0, 1] 7→ [0, 1], i = 1, . . . , n, such that □n
i=1 hi(x) =∑n

i=1 hi(fi(x)), where
∑n

i=1 fi(x) = x and x ∈ [0, 1].

Proof. For a fixed x ∈ [0, 1], our aim is to find the infimum of g : (x1, . . . , xn) 7→∑n
i=1 hi(xi) over (x1, . . . , xn) ∈ [0, 1]n, subject to the constraint x1 + · · · + xn = x. It

is straightforward to see that g is strictly convex as hi is strictly convex for all i ∈ [n].

Thus, the minimum of g(x1, . . . , xn) is attained at, say, (x∗
1, . . . , x

∗
n). Write

g∗(x1, . . . , xn−1) = g

(
x1, . . . , xn−1, x−

n−1∑
i=1

xi

)

for (x1, . . . , xn−1) ∈ [0, 1]n with
∑n−1

i=1 xi ⩽ x. The first-order condition implies

∂g∗

∂xi

(x∗
1, . . . , x

∗
n−1) = h′

i(x
∗
i )− h′

n

(
x−

n−1∑
j=1

x∗
j

)
= 0, i ∈ [n− 1],
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which implies

h′
i(x

∗
i ) = h′

n(x
∗
n), i ∈ [n− 1]. (11)

Write ti = (h′
i)
−1 for i ∈ [n]. Using (11), we get

n∑
i=1

ti(h
′
n(x

∗
n)) =

n∑
i=1

ti(h
′
i(x

∗
i )) =

n∑
i=1

x∗
i = x.

Therefore,

h′
i(x

∗
i ) = h′

n(x
∗
n) =

(
n∑

i=1

ti

)−1

(x) for all i ∈ [n].

Consequently, the value of x∗
i can be represented as x∗

i = ti((
∑n

i=1 ti)
−1(x)). Furthermore,

from the strict convexity of h1, . . . , hn, the functions t1, . . . , tn, as well as
∑n

i=1 ti, are

increasing. Therefore, we obtain the desired result by taking the increasing functions

f1, . . . , fn specified by fi(y) = ti((
∑n

i=1 ti)
−1(y)) for y ∈ [0, 1] and i ∈ [n].

In what follows, C2[0, 1] is the set of all continuous functions on [0, 1] with continuous

second-order derivatives on (0, 1).

Lemma 3. Suppose that hi ∈ H∩C2[0, 1] is strictly convex for i ∈ [n], and that X ∈ X⊥.

(i) If X = L+, then □n
i=1 ρhi

(X) = ⊟n
i=1 ρhi

(X) = ρg(X), where g = □n
i=1 hi.

(ii) If X = L−, then □n
i=1 ρhi

(X) = ⊟n
i=1 ρhi

(X) = ρg(X), where g is such that g̃ =

♢n
i=1 h̃i.

Proof. (i) Suppose that X = L+ and X ∈ X⊥. By Theorem 1, for any allocation

(X1, . . . , Xn) ∈ An(X), there exists a jackpot allocation (X1A1 , . . . , X1An), (A1, . . . , An) ∈

Πn such that X1Ai
⩽cv Xi for each i ∈ [n]. Since hi ∈ H for i ∈ [n] are convex, there

exists (A1, . . . , An) ∈ Πn such that

n∑
i=1

ρhi
(X1Ai

) =
n∑

i=1

∫ ∞

0

hi(P(X1Ai
⩾ x))dx ⩽

n∑
i=1

ρhi
(Xi)
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holds for (X1, . . . , Xn) ∈ An(X). Taking the infimum on both sides yields

inf

{∫ ∞

0

n∑
i=1

hi(P(X1Ai
⩾ x))dx : (A1, . . . , An) ∈ Πn

}
⩽

n

□
i=1

ρhi
(X) ⩽

n

⊟
i=1

ρhi
(X),

and the above inequalities are in fact equalities since (X1A1 , . . . , X1An) ∈ A−
n (X). Now,

let g = □n
i=1 hi. Using Lemma 1, the above inequalities imply that

ρg(X) =

∫ ∞

0

inf

{
n∑

i=1

hi(P(X1Ai
⩾ x)) : (A1,. . . ,An) ∈ Πn

}
dx ⩽

n

□
i=1

ρhi
(X) ⩽

n

⊟
i=1

ρhi
(X).

Thus, we obtain that ρg(X) ⩽ ⊟n
i=1 ρhi

(X).

Next, we show the converse direction, that is, ρg(X) is attainable by some allocation.

Since hi is strictly convex and differentiable for each i ∈ [n], there exist increasing functions

fi, i ∈ [n], such that □n
i=1 hi(x) =

∑n
i=1 hi(fi(x)) and

∑n
i=1 fi(x) = x, x ∈ [0, 1], as stated

in Lemma 2. Define the events A1, . . . , An by

Ai =

{
1−

i∑
j=1

f ′
j(1− UX) < U ⩽ 1−

i−1∑
j=1

f ′
j(1− UX)

}
, i ∈ [n− 1],

An =

{
U ⩽ 1−

n−1∑
j=1

f ′
j(1− UX)

}
.

Note that the strict convexity of hi ∈ C2[0, 1] guarantees the existence of f ′
i on (0, 1). By

the above construction, it is straightforward to verify that (A1, . . . , An) is a composition

of Ω, since
∑n

i=1 f
′
i(x) = 1 for x ∈ (0, 1). Moreover, for i ∈ [n] and x > 0, P(Ai|X ⩾ x) =

E[f ′
i(1 − UX)|X ⩾ x], due to independence between U and X. Consider the allocation

(X1, . . . , Xn) = (X1A1 , . . . , X1An), which is in A−
n (X). Note that fi(y) → 0 for y ↓ 0

because fi(x) ⩽ x for x ∈ (0, 1). Then

n∑
i=1

ρhi
(X1Ai

) =
n∑

i=1

∫ ∞

0

hi(P(X1Ai
⩾ x))dx

=
n∑

i=1

∫ ∞

0

hi(P(Ai|X ⩾ x)P(X ⩾ x))dx
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=
n∑

i=1

∫ ∞

0

hi (E[f
′
i(1− UX)|X ⩾ x]P(X ⩾ x)) dx

=
n∑

i=1

∫ ∞

0

hi

(
E
[
f ′
i(1− UX)1{F−1

X (UX)⩾x}
])

dx

=
n∑

i=1

∫ ∞

0

hi

(∫ 1

P(X⩽x)

f ′
i(1− t)dt

)
dx (12)

=
n∑

i=1

∫ ∞

0

hi (fi(SX(x))) dx

=

∫ ∞

0

n

□
i=1

hi(SX(x))dx = ρg(X).

The equality (12) holds due to the equivalence of F−1
X (UX) ⩾ x and UX ⩾ P(X ⩽ x)

(see Guan et al. (2024, Lemma 1)). Hence, the result implies that ⊟n
i=1 ρhi

(X) ⩽ ρg(X).

Combining the above, we obtain ⊟n
i=1 ρhi

(X) = ρg(X).

(ii) This part follows by symmetric arguments to part (i). Denote by ℓi(x) = −h̃i(x)

and h∗(x) = □n
i=1 ℓi(x). By straightforward calculations, we have

n

□
i=1

ρhi
(X) = inf

{
n∑

i=1

ρhi
(Xi), (X1, . . . , Xn) ∈ An(X)

}

= inf

{
n∑

i=1

ρℓi(−Xi), (−X1, . . . ,−Xn) ∈ An(−X)

}
= ρh∗(−X) = ρg(X),

where g(x) = h∗(1−x)−h∗(1) = □n
i=1 ℓi(1−x)−□n

i=1 ℓi(1) = ♢n
i=1 h̃i(1)−♢n

i=1 h̃i(1−x).

The last but one equality follows from the case of X = L+.

Proof of Theorem 3. The main idea of the proof is to approximate a general function hi

by its Bernstein polynomial Bi
k for k ⩾ 1, which is twice differentiable, and then to apply

Lemma 3. We only prove case (i). Fix i ∈ [n] for now. For the continuous function hi on

[0, 1], and for ε > 0, there exists an integer Ni ⩾ 2 such that for k > Ni,

sup
x∈[0,1]

|hi(x)−Bi
k(x)| < ε, where Bi

k(x) =
k∑

r=0

hi

( r
k

)(k
r

)
xr(1− x)k−r, x ∈ [0, 1]; (13)
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see Phillips (2003, Theorem 7.1.5). Clearly, for all k ⩾ 1, Bi
k(0) = hi(0) = 0 and

Bi
k(1) = hi(1) = 1. Also, since hi is increasing and convex, Bi

k is also increasing and

convex (see Phillips (2003, Theorem 7.1.4)). Let B̃i
k(x) = (1− ε)Bi

k(x)+ εx2 for x ∈ [0, 1]

and k ⩾ 1. It is clear that B̃i
k is a strictly convex and increasing function such that

|B̃i
k −Bi

k| ⩽ ε, B̃i
k(0) = 0 and B̃i

k(1) = 1.

Since X is bounded, we assume that X ⩽ M , for some constant M ⩾ 0. Fix

k > max{N1, . . . , Nn}. It holds that for all Y supported on [0,M ],

|ρhi
(Y )− ρBi

k
(Y )| ⩽

∫ M

0

∣∣hi(P(Y ⩾ x))−Bi
k(P(Y ⩾ x))

∣∣ dx < Mε,

for all i ∈ [n], and hence,

|ρhi
(Y )− ρB̃i

k
(Y )| ⩽ 2Mε and

∣∣∣∣ n

⊟
i=1

ρhi
(Y )−

n

⊟
i=1

ρB̃i
k
(Y )

∣∣∣∣ < 2nMε.

Note that B̃i
k ∈ H ∩ C2[0, 1] for i ∈ [n]. It follows that ⊟n

i=1 ρB̃i
k
(X) = ρgk(X), where

gk = □n
i=1 B̃

i
k, by Lemma 3. Using the inequality (13) again, and writing h = □n

i=1 hi, we

have

∥h− gk∥ =

∥∥∥∥ n

□
i=1

hi −
n

□
i=1

B̃i
k

∥∥∥∥ < 2nε,

where ∥ · ∥ is the supremum norm for continuous functions on [0, 1]. Because X = L+ and

X ∈ X⊥, it follows that∣∣∣∣ n

⊟
i=1

ρhi
(X)− ρh(X)

∣∣∣∣ = ∣∣∣∣ n

⊟
i=1

ρhi
(X)− ρgk(X) + ρgk(X)− ρh(X)

∣∣∣∣
⩽

∣∣∣∣ n

⊟
i=1

ρhi
(X)− ρgk(X)

∣∣∣∣+ |ρgk(X)− ρh(X)| ⩽ 4nMε.

Thus, (i) holds true. The proof of (ii) follows from noticing that −X satisfies the assump-

tions of (i).
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5.3 Sharing a constant payoff

We take a closer look at the case X = L+ and when the aggregate risk X is a

constant. By (9) and the positive homogeneity of distortion risk metrics, we set X = 1

without loss of generality. In this case, Theorem 3 implies that a class of Pareto-optimal

allocations takes the form of Xi = 1Ai
for i ∈ [n], where (A1, . . . , An) ∈ Πn satisfies

□n
i=1 hi(1) =

∑n
i=1 hi(P(Ai)). As we can see, the optimal partition depends entirely on the

agents’ distortion functions hi, which capture their individual risk preferences. Thus, in a

setting with no aggregate uncertainty, the optimal allocation assigns to each risk-seeking

agent i a probability P(Ai) of bearing the total loss. This highlights a key economic

feature of risk sharing among risk-seeking agents: optimal allocations concentrate the

loss rather than diversify it, and each agent receives a “probability share” of the full

loss according to the structure of the solution. Essentially, the problem boils down to

a “probability sharing” problem among agents with different attitudes toward risk. It

is therefore natural to conjecture that an efficient sharing rule tends to assign higher

probabilities of bearing the loss to agents with stronger risk–seeking preferences. However,

as shown in Proposition 3, such monotonicity can fail in the case of two agents. The

following result focuses on agents whose preferences are represented by convex power

distortions, and it illustrates how the agents’ attitudes toward risk shape the structure of

an optimal allocation within this particular class.

Proposition 3. Let n ∈ N, α1 ⩽ . . . ⩽ αn ∈ (1,∞), and hi(x) = xαi for x ∈ [0, 1].

Suppose that (x1, . . . , xn) ∈ [0, 1]n satisfies
∑n

i=1 xi = 1 and
∑n

i=1 hi(xi) = □n
i=1 hi(1).

(i) In case n = 2, we have x1 ⩽ x2 if and only if α22
−α2 ⩽ α12

−α1.

(ii) In case n ⩾ 3, we have x1 ⩽ . . . ⩽ xn.

Proof. Our goal is to find x1, . . . , xn such that
∑n

i=1 xi = 1 and □n
i=1 hi(1) =

∑n
i=1 hi(xi);

that is, to solve

argmin
w1,...,wn

{
n∑

i=1

(wi)
αi : w1, . . . , wn ⩾ 0 and

n∑
i=1

wi = 1

}
. (14)
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First, we consider the case of n = 2. The optimal share (x1, x2) ∈ [0, 1]2 can be

solved by the first-order condition of α1x1
α1−1 − α2(1− x1)

α2−1 = 0. Let m = x1

1−x1
. The

condition can be written as:

mα1−1(1 +m)α2−α1 =
α2

α1

.

Clearly, F (y) := yα1−1(1 + y)α2−α1 is non-decreasing in y and F (1) = 2α2−α1 . Therefore,

the condition of α2/α1 ⩽ F (1) is equivalent with m ⩽ 1, implying that x1 ⩽ 1/2 and

x1 ⩽ x2.

Next, we consider the case of n ⩾ 3. To solve the problem, we define the Lagrangian

as

L(w1, . . . , wn;λ) =
n∑

i=1

wαi
i + λ

(
1−

n∑
i=1

wi

)
, λ ∈ R. (15)

The first-order condition for (15) is given by

α1x1
α1−1 = · · · = αnxn

αn−1 = λ, and
n∑

i=1

xi = 1. (16)

Thus, it follows that

f(λ) :=
n∑

i=1

(
λ

αi

) 1
αi−1

= 1.

Let

yi =

(
1 +

1

βi

)−βi

and βi =
1

αi − 1
.

Following the fact that g(x) := (1 + 1/x)x is increasing on (0,∞) with range (1, e), we

obtain that yi is decreasing in βi and satisfies yi > 1/e. Therefore,

n∑
i=1

yi = f(1) =
n∑

i=1

(
1

αi

) 1
αi−1

>
n

e
⩾

3

e
> 1.
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Since f(λ) is strictly increasing with λ, the solution of f(λ) = 1 satisfies λ < 1. Conse-

quently, it follows that xi = λβiyi is decreasing in βi, and hence increasing in αi.

Proposition 3 shows that when n ⩾ 3, optimal allocations always assign higher prob-

abilities of bearing the loss to agents with more risk-seeking distortion functions. The

ordering of probabilities then aligns naturally with the ordering of αi. However, this

monotonicity does not necessarily hold in the two-agent case. When n = 2, the feasibility

constraint x1 + x2 = 1 restricts the set of admissible allocations to be a one-dimensional

curve. The optimal allocation is therefore determined by comparing the agents’ marginal

distortion penalties at the symmetric point x1 = x2 = 1/2. As a result, the ordering

of (x1, x2) is governed not directly by the risk-seeking parameters (α1, α2), but by the

transformed quantities (α12
−α1 , α22

−α2). Since the mapping x 7→ x2−x is not monotone

on (1,∞), it is possible for the efficient allocation to assign a larger probability of bearing

the loss to the less risk-seeking agent. For example, when α22
−α2 > α12

−α1 , as in the case

h1(x) = x1.2 and h2(x) = x1.4, the efficient solution assigns a larger probability of loss

to the less risk-seeking agent, as shown in the Table 2. In contrast, when the ordering

reverses, such as the pair of h1(x) = x1.2 and h2(x) = x5, the efficient allocation assigns

a larger probability to the more risk-seeking agent. This counterintuitive outcome arises

from a structural feature of the two-agent setting: with only one degree of freedom, in-

creasing one agent’s share automatically decreases the other’s. Consequently, the exact

curvature of the distortion functions near the symmetric split becomes more influential

than the overall level of risk seeking, and the less risk-seeking agent may end up bearing

more of the loss.

h1 h2 P(A1) P(A2) ρh1 □ ρh2(1)

x1.2 x1.4 0.5129 0.4871 0.8141

x1.2 x5 0.3371 0.6629 0.3992

Table 2: Comparison of the inf-convolution and the optimal allocation with different h1

and h2.
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6 Conclusion

The counter-monotonic improvement theorem (reported as Theorem 1 herein) not

only provides insights into solving risk sharing problem among non-risk-averse agents, but

also serves as the foundation for studying a counter-monotonic risk exchange mechanism,

in which only counter-monotonic risk allocations are allowed. In this paper, we investigate

the counter-monotonic risk sharing problem for heterogeneous underlying risk measures

ρh1 , . . . , ρhn .

When all agents are risk averse, meaning that hi is concave for each i ∈ [n], the

following relationship holds (Theorem 2 and Corollary 1):

n

⊟
i=1

ρhi
⩾

n

⊞
i=1

ρhi
= ρh =

n

□
i=1

ρhi
, where h =

n∧
i=1

hi.

In this case, comonotonic allocations are always preferred, implying that the counter-

monotonic inf-convolution generally yields a larger value than the other two. As a result,

finding a closed-form characterization of the counter-monotonic inf-convolution becomes

challenging, and it is not our focus in this paper. However, we provide a sufficient condition

under which ⊟n
i=1 ρhi

is equal to the other two inf-convolutions.

When hi is convex and continuous on [0, 1] for each i ∈ [n], indicating that agents are

risk seeking, the inf-convolution for such distortion risk measures admits explicit formulas

for X ∈ X⊥:

n

□
i=1

ρhi
(X) =

n

⊟
i=1

ρhi
(X) = ρg(X),

where g is such that (i) g = □n
i=1 hi if X = L+; and (ii) g̃ = ♢n

i=1 h̃i if X = L−. In this

setting, these results show that a representative agent (defined by the inf-convolution as

its reference) of several agents with distortion risk measures is no longer an agent with a

distortion risk measure, but rather with a distortion riskmetric.
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Dall’Aglio, G. (1972). Fréchet classes and compatibility of distribution functions. Sym-

posia Mathematica, 9:131–150.

Dana, R. A. (2002). On equilibria when agents have multiple priors. Annals of Operations

Research, 114(1):105–115.

Dana, R. A. (2004). Ambiguity, uncertainty aversion and equilibrium welfare. Economic

Theory, 23:569–587.

De Castro, L. I. and Chateauneuf, A. (2011). Ambiguity aversion and trade. Economic

Theory, 48:243–273.

Denneberg, D. (1994). Non-additive measure and integral. Springer Science & Business

Media.

Denuit, M., Dhaene, J., Ghossoub, M., and Robert, C. (2025). Comonotonicity and Pareto

Optimality with Application to Collaborative Insurance. Insurance: Mathematics and

Economics, 120(1):1–16.

Dhaene, J. and Denuit, M. (1999). The safest dependence structure among risks. Insur-

ance: Mathematics and Economics, 25(1):11–21.

Dhaene, J., Denuit, M., Goovaerts, M. J., Kaas, R., and Vyncke, D. (2002). The concept

of comonotonicity in actuarial science and finance: Theory. Insurance: Mathematics

and Economics, 31(1):3–33.

Dhaene, J., Vanduffel, S., Goovaerts, M. J., Kaas, R., Tang, Q., and Vyncke, D. (2006).

Risk measures and comonotonicity: a review. Stochastic Models, 22(4):573–606.

Embrechts, P., Liu, H., Mao, T., and Wang, R. (2020). Quantile-based risk sharing with

heterogeneous beliefs. Mathematical Programming, 181:319–347.

Embrechts, P., Liu, H., and Wang, R. (2018). Quantile-based risk sharing. Operations

Research, 66(4):936–949.
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