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Abstract

We introduce a new approach for prudent risk evaluation based on stochastic dominance,
which will be called the model aggregation (MA) approach. In contrast to the classic worst-
case risk (WR) approach, the MA approach produces not only a robust value of risk evaluation
but also a robust distributional model, independent of any specific risk measure. The MA
risk evaluation can be computed through explicit formulas in the lattice theory of stochastic
dominance, and under some standard assumptions, the MA robust optimization admits a convex-
program reformulation. The MA approach for Wasserstein and mean-variance uncertainty sets
admits explicit formulas for the obtained robust models. Via an equivalence property between
the MA and the WR approaches, new axiomatic characterizations are obtained for the Value-
at-Risk (VaR) and the Expected Shortfall (ES, also known as CVaR). The new approach is

illustrated with various risk measures and examples from portfolio optimization.

Keywords: Value-at-Risk, Expected Shortfall, stochastic dominance, model aggregation, worst-

case risk measures, model uncertainty, robust optimization

1 Introduction

Modern risk management often requires the evaluation of risks under multiple probability mea-
sures, called scenarios. The risk evaluation obtained under various scenarios needs to be aggregated
properly, and a prudent approach is often implemented in practice. As a prominent example, in
the Fundamental Review of the Trading Book (FRTB) of Basel IV (BCBS (2019)), banks need to
evaluate the market risk of their portfolio losses under stressed scenarios, in particular including
a model generated from data during the financial crisis of 2007, and the obtained risk models are

aggregated via a worst-case approach; see Wang and Ziegel (2021, Section 1) for a description of
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the stressed scenarios and the model aggregation in the FRTB, and Cambou and Filipovié¢ (2017)
for techniques to generate regulatory scenarios. In the literature of portfolio risk assessment and
optimization, the worst-case approach is popular; we refer to El Ghaoui et al. (2003), Natarajan
et al. (2008), Zhu and Fukushima (2009) and Glasserman and Xu (2014) for robust portfolio opti-
mization, and Embrechts et al. (2013) and Wang et al. (2013) for robust risk aggregation. This idea
further leads to many studies in distributionally robust optimization; see Delage and Ye (2010),
Gao and Kleywegt (2022), Esfahani and Kuhn (2018) and Blanchet and Murthy (2019). In this
paper, we will work in the context where a prudent risk evaluation under multiple models, which
is our main focus, is desirable.!

A natural question for risk management in the presence of model uncertainty is how to gen-
erate a robust model from a collection of models resulting from statistical and machine learning
procedures, operational considerations, or expert’s opinion. Such a robust model can be used for
risk evaluation, simulation, optimization, and decision making.

Our main ideas to address this question are described below. Let M be a set of distributions
on R, representing possible risk models, called distributional models; for illustrative purposes, we
focus on one-dimensional financial losses for which the theory of risk measures is rich. Suppose
that a risk analyst evaluates a random loss using different methodologies, scenarios or data sets,
and obtains a collection F C M of distributional models. Here, the number of models in F may
be finite or infinite. For instance, F may contain distributions of the random loss under different
probability measures (economic scenarios), estimation methods, or values of statistical parameters;
alternatively, F may represent distributions from losses which may occur from different possible
decisions from a business competitor. The set F will be called an uncertainty set. The distributions
in F will be used to assess the risk, together with a risk measure p : M — R, such as a Value-at-Risk
(VaR) or an Expected Shortfall (ES, also known as CVaR); see Section 2.2 for their definitions.
Prudent regulation and risk management require a conservative approach which aggregates the
above information. There are two conceptually intuitive ways to generate a robust assessment of

the risk:
(i) Directly calculate the maximum (or supremum) of p(F') over F' € F.
(ii) Calibrate a robust (conservative) distributional model F* based on F, and calculate p(F™).

Arguably, each of (i) and (ii) is a reasonable approach to take, but they may yield different

!This assumption is natural in a regulatory setting such as the FRTB, where risk measures are heavily used; see
also the above mentioned references. Other ways to aggregate risk models, such as averaging, max-min, smooth
aggregation (Klibanoff et al. (2005)) and anti-conservative (e.g., best-case) approaches, may be suitable in different
contexts, and they are outside the scope of the current paper.



risk evaluations. We shall call (i) the worst-case risk (WR) approach, and (ii) the model aggregation
(MA) approach. There are two obvious advantages of the MA approach: We obtain a robust model
which is useful for analysis and simulation, thus answering the motivating question above, and
the procedure applies for generic risk measures, not only a specific one. Other less obvious, but
important, advantages of the MA approach will be revealed through this paper. The model F* is
robust in two senses: First, it is more conservative than any models in F; second, it applies to a
wide range of risk measures or decision criteria.

At this point, we have not yet specified how the robust distributional model F* may be obtained
in the MA approach (ii). For this purpose, we need an order relation, often consistent with the
risk measure p used by the risk analyst. We will describe some natural choices of partial orders, in
particular, first- and second-order stochastic dominance, in Section 2.1.

Our main objective is a comprehensive theory on the two approaches of robust risk evaluation,

with a focus on the newly introduced MA approach. The following questions naturally arise.

Q1. What are the advantages and disadvantages of the MA approach in contrast to the WR ap-

proach, in addition to the points mentioned above?

Q2. What are theoretical and computational properties of the MA approach in distributionally

robust optimization?

Q3. Which risk measures yield equivalent robust risk evaluation results via the MA and WR ap-

proaches and how are they used in regulatory practice?

Q4. How is the MA approach implemented in common settings of uncertainty, optimization, and

real-data applications?

We will answer the four questions above by means of several novel theoretical results. Our main
contributions can be explained as follows. After introducing partial orders and risk measures in
Section 2, we present a rigorous formulation of the MA and WR approaches for risk evaluation and
distributionally robust optimization in Section 3. These optimization problems will be called WR
or MA optimization. Our new method is related to stochastic optimization of risk measures (e.g.,
Dentcheva and Ruszczynski (2004), Ruszczyiiski and Shapiro (2006), Shapiro et al. (2021)); see our
discussion in Section 3.

Features of MA risk evaluation will be discussed in Section 4 and MA robust optimization
will be studied in Section 5. We show convenient properties of the MA approach in risk evaluation

and optimization. In particular, the MA risk evaluation remains convex when the risk measure is



convex, and the MA robust optimization admits a convex program reformulation under suitable
conditions. This answers Q2, and also Q1 partially.

We establish in Section 7 that the property of equivalence in model aggregation characterizes
VaR and ES among very general classes of risk measures. The equivalence property identifies for
which risk measures the two approaches can be converted to each other. Through these results,
which require long technical proofs, the rich literature of robust risk evaluation and optimization,
popular in operations research,” is connected to that of the axiomatic theory of risk preferences,
popular in decision theory,® for the first time. Our results contribute to the latter literature by
offering new axiomatizations of both VaR and ES which are important issues in risk management
in themselves.® These results answer question Q3 above.

We address two settings of uncertainty, those generated by Wasserstein metrics and those
generated by moment information in Section 6. We illustrate that the MA approach leads to
closed-form robust distributional models in these settings, being easy to apply and computationally
feasible. Based on a new result on dimension reduction for Wasserstein balls (Theorem 5), we show
that the MA approach can conveniently handle multivariate Wasserstein uncertainty in the setting
of portfolio selection. Section 8 contains two applications of worst-case risk evaluation and portfolio
selection under uncertainty using real financial data. These two sections answer Q4.

Finally, advantages and limitations of the MA approach, as well as directions for future work,
are summarized and discussed in Section 9, which also contains a preliminary discussion on aggre-
gating multivariate risk models, in contrast to the univariate risk models treated throughout the
paper. These discussions address Q1 at a high level.

In the main text of the paper, we focus on the set of distributions with finite mean to make our
analysis concise and managerial insights clear. More general choices of the space of distributions

are treated in the appendices, which also contain technical proofs of all results.

2 Preliminaries and standing notation

We first introduce some notation. Let (£2,5,P) be a nonatomic probability space. For d € N,
let B(R?Y) be the Borel o-field on R%. A random vector X is a measurable mapping from (£, B)

2In addition to the literature on portfolio optimization, robust risk evaluation and optimization also broadly exist
in other applications of operations research; see Wiesemann et al. (2014), Esfahani and Kuhn (2018), Blanchet et al.
(2019) and Embrechts et al. (2022) for a small specimen.

3For developments on axiomatic studies in decision theory, see e.g., Klibanoff et al. (2005), Maccheroni et al. (2006)
and Cerreia-Vioglio et al. (2021). Axiomatic theory of risk measures have also been an active topic in quantitative
finance since the seminal work of Artzner et al. (1999); see Follmer and Schied (2016) for a comprehensive treatment.

“In particular, Chambers (2009) obtained an axiomatization of VaR and Wang and Zitikis (2021) obtained an
axiomatization of ES; see also Remarks 5 and 6 for other axiomatizations of VaR and ES.



to (R, B(R%)); a random variable is a random vector with d = 1. Denote by ux := P o X! the
probability distribution induced by a random vector X under P, where X! is the inverse image of X.
Denote by Fx the cumulative distribution function (cdf) of X under P, i.e., Fx(x) = P(X < x) for
x € R%, where the inequality is component-wise. We will take cdfs Fx, identified with distributions
ux, as the main research object of the entire paper. We use d¢ to represent the point-mass at
t € R% Let L' be the space of all integrable random variables on (Q, B,P), where almost surely
equal random variables are treated as identical. Denote by M the set of cdfs of all random variables
in L', i.e., My is the set of all cdfs F satisfying [, [#[dF(z) < oo. The mean of a random variable
X under P is written as E[X] = m(Fx), where E is defined on L' and m is defined on M;. We
denote by Ay the standard simplex {X € [0,1]7: 3% A; = 1} in R? and by [d] = {1,...,d}.

2.1 Stochastic orders and lattices

For any set of cdfs M, let < be a partial order on M, and (M, <) is called a partially ordered
set. The relevant tool is the lattice theory which we collect in Appendix C, and here we only present
a basic result needed to understand our main ideas. The most commonly used partial orders in

finance and economics are the first-order stochastic dominance <; and the increasing convex order

<9, defined as, for F,G € M,?
(a) F <1 Gif [udF < [udG for all increasing functions u;
(b) F <9 G if [udF < [udG for all increasing convex functions u.

Other useful equivalent definitions of <7 and <o are put in Appendix C. To build a robust dis-
tributional model, we need to define the supremum of a set F C M. Throughout, F is assumed

nonempty. For a partial ordered set (M, <) and F C M, let
UF)={He€U((F):H=G, VG eU(F)} with UF)={GeM:F <G, VF € F}.

Note that U(F) is by definition either a singleton or an empty set. If U(F) is not empty, then
the supremum of F, denoted by \/ F, is defined as the unique element of U(F); otherwise it is
undefined.® If U(F) is not empty, we say that F is bounded from above with respect to < (=<-

5Note that we treat F' and G as loss cdfs instead of wealth cdfs, and hence a larger element in <; or <» means
higher risk, see e.g., Shaked and Shanthikumar (2007). For a cdf F, denote by F the cdf of —X where X follows F.
Up to a sign flip, increasing convex order (for loss distributions) is economically equivalent to second-order stochastic
dominance (for gain distributions) in the sense that F' =2 G if and only if F <ssd 57 where <gq is defined via (b) by
changing increasing convex functions to increasing concave functions; see Lemma EC.1 in Appendix B .

5Note that this definition is analogous to the definition of supremum for a subset A of the real line: sup A is defined
as the smallest real number that dominates every element in A, if A is bounded from above; otherwise the supremum
of A does not exist in R (and by default set to co).



bounded, for short). The supremum does not always exist, but for the two choices of ordered sets
(M1, <1) and (M, =) that we consider in the main paper, this does not create any problem; see
e.g., Kertz and Rosler (2000) and Miiller and Scarsini (2006) for the lattice structure of cdfs with
=<1 and =5. The two cases of \/ F for <; and <2 admit explicit formulas, given in Proposition 1 in

Section 4.

2.2 Risk measures

In the classic framework of Artzner et al. (1999) and Follmer and Schied (2016), a risk measure
is traditionally defined as a mapping from a set X of random losses to R. Denote by M the set of
cdfs of random variables in X'. For a partial order < on M, a natural interpretation of F' < G is
that G is riskier than F' according to <. A risk measure p : M — R is <-consistent if p(F') < p(G)
for all FG € M with F <X G.

Definition 1. A distribution based risk measure is a mapping p : M — R satisfying <;-consistency.
For such p, its associated random-variable based risk measure is p : X — R given by p(X) = p(Fx).

Both p and p will be called risk measures in this paper.

Note that p is <j-consistent if and only if p is monotone (i.e., p(X) < p(Y) when X <Y).
The random-variable based risk measure in Definition 1 satisfies law-invariance (i.e., p(X) = p(Y')
whenever F'x = Fy). There exists a one-to-one correspondence between p: M — Rand p: & — R
satisfying law-invariance; see e.g., Proposition 1 of Delage et al. (2019). We will choose X = L!
in the main part of the paper, so that the two partial orders <; and <, both behave well.” For
a better exposition of distributional uncertainty, we will present ideas and results mainly using p
instead of p.

The two most popular and important risk measures in financial practice, VaR and ES, are
both law-invariant. The risk measure VaR at level a € (0,1) is the functional VaR, : M; — R
defined by

VaRq(F) = inf{x e R: F(x) > a},

which is the left a-quantile of a cdf. The risk measure ES at level @ € [0,1) is the functional
ES, : M1 — R defined by
1 1
ES.(F) = / VaR(F)ds,
l1—a/,

"In particular, it is well known that <5 is closely related to mean-preserving spreads of Rothschild and Stiglitz
(1970), and a finite mean is essential for such a connection. On the other hand, <; fits well in any space of random
variables or cdfs.



and in particular, ESo(F') = m(F). We can also define VaRg, VaR; and ES;, which are not finite-
valued on M7; see Appendix D. Note that in addition to the <;-consistency of VaR and ES, ES

also satisfies the <s-consistency.

3 Introducing the MA approach

We describe the two approaches for robust risk evaluation, the primary objects of this paper.
For a risk measure p : M — R and an uncertainty set F C M, a common way to obtain a robust

risk evaluation is to calculate the following worst-case risk measure

WR: pV(F) = sup p(F). (1)

The value in (1) is called the WR robust p value, and it has been widely studied in the literature;
some references are mentioned in the introduction. Next, we propose a new method of robust risk

evaluation, that is, assuming that the supremum \/ F with respect to < exists,

MA: pMAF) =) (\/f) , (2)

and pMA(F) = oo if F is not bounded from above. The value in (2) is called the <-MA robust p
value (“=<-" will be omitted if the order is clear from the context). In the main text of the paper,
\/ F exists for all F bounded from above, and hence, pM* is always well-defined. In case that \/ F
may not exist, (2) needs to be modified as in Appendix C.

The idea of the MA approach can be described in two steps: First, take the supremum \/ F of
the uncertainty set F as the robust distribution, and second, calculate the value of the risk measure
of the robust distribution. The robust distribution \/ F obtained in the first step can be used for any
risk measure. If; in addition, the risk measure p is <-consistent, then the MA approach produces a

larger robust risk value than the WR approach, that is, for any F C M,
pVR(F) < pMA(F), (3)

since <-consistency implies p(\/ F) = p(F) for all F' € F. The MA approach can be implemented
even in case no risk measure is involved (thus skipping the second step above), as the model \/ F
is ready to use without a specification of any specific objective.

In the sequel, we will focus on <7 and =<5. For a simpler notation, we write MA; when =< is

specified as <1, and MAy is similar. For these two stochastic orders, the explicit forms of \/ F



are obtained in Section 4. It is also worth noting that if p is consistent with more than one partial
orders, then the MA approach with a stronger partial order leads to a higher risk evaluation. For
instance, if p is both <j-consistent and <s-consistent, then pWVE(F) < pMA2(F) < pMA1(F) because
any (M, <1)-upper bound on F is also an (M, <s)-upper bound on F.

Using the WR and MA approaches, two types of distributionally robust optimization problems

arise:

R(Fay) and  min pMA(Fay), (4)

. W
min
P acA

acA

where A is a set of possible actions, f : A x R? — R is a loss function, F is a set of cdfs on R? and
Faf={Frax) : Fx € F}. (5)

The set F, s consists all univariate cdfs of f(a,X) where X has cdf in F. For instance, by choosing
A CR%and f(a,x) = a' x, one arrives at the setting of robust portfolio selection, where a represents
the vector of portfolio weights and x represents the vector of losses from individual assets. The WR

robust optimization problem in (4) is equivalent to a minimax problem:

. ~F
min sup p (f(a,X)), (6)

where pf'(f(a, X)) represents the value of p(f(a, X)) when X has the cdf F. If p is <-consistent,
then the MA robust optimization problem in (4) can be converted to a stochastic program with

partial order < constraints:

in i 1.6 af-
min %fp(H) st. G 2 H, VG € Far (7)

The above problem with < being <9 will be studied in Section 5. Section 6 is dedicated to the
portfolio selection problem, where two specific settings of uncertainty will be considered.

Comparison: Optimization with stochastic dominance. Dentcheva and Ruszczynski
(2004) introduced an optimization problem with stochastic dominance constraint. Adapting to our
notation, and focusing on =9, their model can be described as (see Appendix B for the details on
this equivalent representation)

ggg E[f(av X)] s.t. ng(a,X) =2 Fi, i€ [m]a (8)

where X has a fixed cdf, f,g1,...,9m are fixed functions, and Fi,..., F, € Mj. Note that if we



replace E by p and set g1 = -+ = g, = f, then the problem is

min p(f(a,X)) st Frax) =2 F, i€[m]. (9)

The problem (9) is similar to our MA problem (7), but there are a few essential differences. First,
for fixed a € A, the cdf of f(a, X) is fixed in (9), whereas (7) searches for a robust model for f(a, X)
over the uncertainty set F, y. Second, the direction of stochastic dominance is flipped, as our H
dominates every G in JF, y and their Fy(, x) is dominated by every F;. Note that the interpretation
of stochastic dominance is very different here: (7) looks at risks larger in <o (riskier) because
our objective is robust optimization, whereas (9) looks at risks smaller in <5 (safer) because of
risk constraint. In Dentcheva and Ruszczynski (2003), the following problem has been considered:
minxec p(X) s.t. Fx =<9 Fj, i € [m], where C is a set of random variables. When p is <9-consistent,
our MA risk evaluation problem can be written as minycr1 p(X) s.t. F; <2 Fx, ¢ € [m], which is
similar to the model of Dentcheva and Ruszczynski (2003); see the recent work of Dentcheva (2023)

for a related two-stage optimization with stochastic dominance constraints.

Remark 1. In this paper, we focus on risk measures taking real values. In some applications, risk
measures may be multi-valued or set-valued (e.g., Embrechts and Puccetti (2006), Hamel and Heyde
(2010), Hamel et al. (2011)). For such risk measures, the MA approach, together with multivariate

stochastic order, can also be applied.

4 MA approach in risk evaluation

In this section, we study properties of the MA risk evaluation by focusing on <; and <.

4.1 Computing the robust model

We use \/; F and \/, F to represent the supremum of the uncertainty set F on the ordered
set (My,=<1) and (M, <2), respectively, and 7p, represents the integrated survival function of

X € L', defined as

Try (2) = /OO(1 — Fx(t))dt =E[(X —z)4], z€R, (10)

where zy = max{0, z} for z € R. It is straightforward from (10) that a simple relationship between
the integrated survival function mp and the cdf F' is F = 1+ (7p)’., where (7p) is the right

derivative of 7. The left quantile function of F' € M is defined by F~!(a) = inf{x € R: F(x) >



a} for a € (0,1], which is VaRy(F) when o € (0,1). The functions mp and F~! will be used

throughout the paper. The supremum and infimum over functions are understood point-wise.

Proposition 1. (a) For a set F C M; that is =<1-bounded, we have \/{ F = infper F® and the

left quantile function of \/{ F is suppcr F1

(b) For a set F C M; that is <3-bounded, we have

/
T\, F = Sup g, and thus \/f =1+ <sup 7TF> ) (11)
? FeF 5 FEF n

where g denotes the right derivative of g.

Remark 2. Under the condition of Proposition 1 (b), the function \/, F = 1 + (suppcr 7r1r:)/+ is a
well-defined cdf by noting that np is a decreasing convex function, and thus, its right derivative
is well-defined, nonnegative, and right continuous. More details can be found in the proof of

Proposition EC.1.

By Proposition 1, for a risk measure p, the evaluation of MA; is equivalent to applying p to
the distribution with a worst-case quantile function. Similarly, the evaluation of MAs is equivalent
to applying p to the distribution with a worst-case upper partial moment given by (11). Worst-
case quanitle and worst-case upper partial moment functions have wide range of applications in
optimization; see e.g., El Ghaoui et al. (2003), Lo (1987), Natarajan et al. (2010) and Cowell (2011).
To compute m/, 7 numerically, as a decreasing convex function, Ty, F can be well approximated by
a piece-wise linear function with finitely many pieces (which requires computing it at finitely many

points). The next result concerns convexity of the uncertainty set.

Proposition 2. Suppose thati € {1,2}. For F C My, we have \/, convF = \/, F, where conv.F is
the convex hull of F.

Proposition 2 illustrates that for the MA; and M A4 approaches, one can convert freely between

any uncertainty set and its convex hull. For WR risk evaluation, this does not hold in general.

4.2 VaR and ES

Next we discuss the MA and WR. approaches applied to VaR and ES, and this will help us
understand the inequality (3). The case of VaR, coupled with the partial order <, is simple. By

8Note that the infimum of upper semicontinuous functions F' € F is again upper semicontinuous and thus a valid
cdf when F is <;-bounded.

10



Proposition 1, for a € (0,1) and any F that is <;-bounded, VaRYR(F) = VaRMA1(F), and thus
(3) holds as an equality in this specific setting; this result will be collected in Theorem 1 below.
The case of ES is more illuminating. Note that ES is consistent with respect to both <; and

=<o. First, we consider the MA approach with <. Since

ESY™(F) =

1
/ sup F~1(s)ds = ESMAL(F),

1
sup/ F~l(s)ds <
a FeF

~
—Qper e

for (3) to hold as an equality, one needs to exchange the order of a supremum and an integral. Such
an exchange, if legitimate, means that there exists F' € F such that F~1(s) > G~(s) for all G € F
and s € (o, 1), which is a quite strong assumption unlikely to hold in applications.

Next, we consider the MA approach for ES with <5. Recall a representation of ES, for
a € (0,1) in the celebrated work of Rockafellar and Uryasev (2002) and Pflug (2000), that is,

1
ESQ(F):{%{%{Q”JF 1_a7rp(x)}, F e M;. (12)

Using (12), we obtain the WR robust ES value, that is,

1
ESYR(F) = sup ES4(F) = sup min § = + () (- (13)
FeF Fer =R 1—a

On the other hand, the <3-MA robust ES value can also be calculated using (12) and (11) in

Proposition 1, that is,

1
A .
ESMA2(F) = ES,, (\2/.7:> :glelﬂg}glél;{x+ 1_a7rp(x)}, (14)
where the second equality follows from (12) and my/, #(x) = suppc r 7r(z) by Proposition 1 (ii). The
formulas (13) and (14) imply that the WR and MA robust ES values can be seen as, respectively, the
maximin and the minimax of the same bivariate objective function. This observation immediately

leads to
ESYVR(F) < ESMA2(F), and equality holds if a minimax theorem holds. (15)

Therefore, although (3) is generally not an equality, it may be an equality for ES, and <5 under
certain conditions on F. In particular, as shown by Zhu and Fukushima (2009), if F is a convex
polytope (see Section 7 for a definition) or a compact convex set of discrete cdfs, then (15) becomes

an equality. In the following theorem, we establish a more general sufficient condition to make (15)

11



an equality, where ESy = m and ES, for a € (0,1) are treated separately. We also collect the
corresponding result for VaR,, discussed above. Recall that pWR and pM* are defined in (1) and

(2) for any risk measure p.

Theorem 1. Suppose that F C M;.
(a) If supper [p(x —y)+dF(y) — 0 as @ — —oo, then mVR(F) = mMA2(F).
(b) For o€ (0,1), if F is convex and =<a-bounded, then ESVR(F) = ESMA2(F).
(c) For o€ (0,1), if F is =1-bounded, then VaRWR(F) = VaRMA1L(F).

The most useful part of Theorem 1 is (b), which offers a simple condition under which the
WR robust ES value can be obtained by implementing the MA approach. This result generalizes
Theorems 1 and 2 of Zhu and Fukushima (2009) where the set F is a convex polytope and a compact
convex set of discrete cdfs, respectively. Without convexity of F, for a € (0,1), ESVR(F) =
ESMA2(F) may not hold, as illustrated by the following example.

Example 1. Let a € (0,1). Let ¢ = (1 —«)/2, F1 = dp and F2 = (1 —€)0_1/1—c)—1 + €01 /e,
where §; represents the point-mass at t € R. By computing max{7ng,,7g,}, we get \/o{F1, Fa} =

(1 — 6)5_1/(1_5) + 551/5 and

171 1 1/1 2—¢
ES, (\Q/{F1,F2}> =5 (E —1 _€> > 5 (E — 1—£>+ = max {ES,(F}),ES.(F3)} .

Hence, ESYVR({F1, F»}) < ESMA2({Fy, Fb}).

The conditions on F in (a) and (b) of Theorem 1 do not imply each other. The following
example shows that mWE(F) = mMA2(F) may not hold in case F does not satisfy the condition in

(a) and satisfy the condition in (b).

Example 2. For n € N, let F,, = (1/n)d_,, + (1 —1/n)dp, and denote by F the convex hull of
{Fn}nen. By computing max{np,,n € N}, we have \/;, F = \/,{Fy }nen = do. Note that m(F) = —1
for any F € F. Hence, m(\/, F) =0 > —1 = suppcr m(F), that is, m"WE(F) < mMA2(F).

4.3 Convexity and other properties

We first introduce some standard properties of a risk measure p : M1 — R and its associated
p: L' — R. Translation invariance: p(X +c¢) = p(X) + c for any ¢ € R and X € L'. Positive
homogeneity: p(AX) = Ap(X) for any A > 0 and X € L'. Convexity: p(AX + (1 — N)Y) < M\p(X) +
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(1 = N)p(Y) for any A € [0,1] and X,Y € L. Lower semicontinuity: liminf, . p(X,) = p(X)
if X,,X € L' for all n and X, 4 X asn oo, where 4 denotes convergence in distribution.”
Comonotonic additivity: p(X +Y) = p(X) + p(Y) for any X, Y € L! that are comonotonic.'” A
risk measure is coherent, as defined by Artzner et al. (1999), if it satisfies translation invariance,
positive homogeneity, and convexity (also monotonicity, which is assumed in Definition 1). All the
properties are defined for both p and p.

It is well known that VaR, and ES,, a € (0, 1) satisfy translation invariance, positive homo-
geneity, lower semicontinuity, comonotonic additivity, and ES, further satisfies convexity. Trans-
lation invariance, positive homogeneity and convexity are standard properties with interpretations
extensively discussed by Artzner et al. (1999) and Follmer and Schied (2016). Lower semicontinuity,
called the prudence axiom by Wang and Zitikis (2021), means that if the loss cdf is modeled using
a truthful approximation, then the approximated risk model should not underreport the capital re-
quirement. Comonotonic additivity is popular in both the literature of decision theory (e.g., Yaari
(1987) and Schmeidler (1989)) and that of risk measures (e.g., Kusuoka (2001)). A coherent risk
measure on M, including ES, is automatically consistent with both <; and =s; see e.g., Leitner
(2005), Follmer and Schied (2016) and Shapiro et al. (2021).

Next we formulate uncertainty for p with different probabilities based on p : M7 — R. Let P
be the set of all probability measures on (2, B) absolutely continuous with respect to P. For Q € P,
define L' (2, B, Q) as the set of random variables (in the sense of P-almost sure equivalence class)
that have a finite first moment under (). Note that since Q € P, if two random variables are equal
P-almost surely, then they are equal Q-almost surely. Define p@(X) = p(F)?), X € LY(Q,B,Q),
where F)Cg denotes the cdf of X under Q € P. In particular, we have p' (X) = p(X) = p(Fx) for
all X € L'. For Q@ C P, denote by L = ﬂQGQ LY(Q,B,Q) and we use Fx|o to represent the set of
all possible cdfs of X € L under the uncertainty set, i.e., Fx|g = {F)C(2 1 Q€ 9}

In this setting, we study the properties of risk measures on L via WR approach

WR: pVR(X)=p"R (Fxio) = sup p(F) = sup p%(X),
FeFx|g QeQ

9Convergence in distribution corresponds to weak convergence on M;. Note that this lower semicontinuity is
different from L'-lower semicontinuity commonly used in the literature of risk measures (e.g., Follmer and Schied
(2016)).

"Random variables X and Y are comonotonic if there exists Qo € F with P(€9) = 1 such that for all w,w’ € Qo,

(X (w) = X (@)Y (w) — Y () > 0.
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and via MA; approach for ¢ = 1, 2,

_ _ p(V;Fxio), if Fxjo is =i-bounded;

MA - ﬁMAz(X):pMAZ (}—XIQ): ( ) | ) ‘ . v
0, otherwise.

The two mappings pV R and pMAi are well defined on the set L = nQe 0 LY(Q,B,Q). This set

always contains, for instance, all bounded random variables in L'. The next result gives properties

of pWE and pMA+ based on those of p.

Theorem 2. Let p: L' — R be a risk measure, Q C P, and L = ﬂQeQ LY (9, B,Q). The following

statements hold.
(a) If p is convez, then p"® and pMA2 are convex on L.
(b) If p satisfies comonotonic additivity, then pM*1 satisfies comonotonic additivity on L.

(c) If p satisfies translation invariance (positive homogeneity), then pW =, pMAL and pMA2 satisfy

translation invariance (positive homogeneity) on L.

A direct result from Theorem 2 is that p" & and pMA2 are coherent whenever p is a coherent
risk measure. Note that p"V® may not be comonotonic additive even if 5 is. For instance, the

mapping pVE : X — max{EF1[X],E*2[X]} for P; # Py is not comonotonic additive in general.

Remark 3. Although all the risk measures considered in the paper are law-invariant with respect
to P, pWR 5MAL and pMA2 may not be law-invariant with respect to any one probability measure.
~WR

Nevertheless, p pMAT and pMA2 are all law-invariant with respect to the probability set Q

according to the definitions of Delage et al. (2019) and Wang and Ziegel (2021).

5 MA approach in distributionally robust optimization

In this section, we consider optimization problems in which uncertainty is addressed by the
WR and MAjs approaches, i.e., =9 is chosen as the partial order. Let A be a set of possible actions,
f: AxR? = R be a loss function, F be a set of cdfs on R?, and Fa,r is defined by (5). We consider

the following two optimization problems

: WR . MA.
d 2 . 1
min p (Faf) an min p (Faf) (16)

14



Recall the equivalency between the WR optimization and (6), i.e.,

: WR . ~F
Fag) = X)).
min p™ " (Fa,f) min Sup p (f(a, X))

It is straightforward to see that the WR optimization is a convex problem if A, p and f (in its first
argument) are convex because p is monotone and the inner problem is the supremum of a set of
convex functionals. We demonstrate in the following result that the MAs optimization is convex

under the same conditions.

Proposition 3. Let A be a convex set. Suppose that a risk measure p : My — R is convex, and
f:AxRY =R is conver in its first argument. Then, the mapping a — pMA2 (Fa,f) is convex. As

a consequence, the MAg optimization problem in (16) is a convex one.

We note that the convexity of both WR and MAs optimization problems may not always
coincide; see Section E.2.
Next, we detail the application of the MAs approach to a broad class of coherent risk measures.

We introduce an extra assumption before diving in.
Assumption 1. For any a € A, the uncertainty set Fu 5 is 22-bounded.

Assumption 1 guarantees that \/, Fa ¢ exists for any a € A. This assumption is mild. For
example, it holds if we consider a common compact support of all involved cdfs.
A law-invariant coherent risk measure has a Kusuoka representation (Kusuoka (2001) and

Shapiro (2013)), which can be approximated by the following form®!!

p(F) = sup ZP}”ESa;v (F), (17)

weW j=1

where W is a finite index set, and for each w € W, n* € N, (p¥,...,p% ) € Apw and (o, ..., a%) €
[0,1]"". We formally show in Proposition EC.2 in Section E.1 that (17) can approximate any law-
invariant coherent risk measure as the size of W goes infinity. For the risk measure in (17), we

obtain a reformulation of the MAs optimization.

Theorem 3. Suppose that Assumption 1 holds, and let p be given by (17). The MAg optimization

\While our primary focus is on law-invariant coherent risk measures, we note that there is no extra difficulty to
deal with a law invariant convex risk measure which has the form p(F) = sup,,cw{>_j-, pjESaw (F) — B(w)} where
B : W — R is a penalty function.
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problem in (16) can be reformulated as the following problem

min h (18)
acA, zy ,h,h;’ eRr

nw
st. > pVhY <h, weW
j=1

x +

S EF(f(a,X) — ) < AP, € "), we W,
— Q5 FeF

<

Consider a finite uncertainty set F = {F1,..., F,,}, where n € N. Under this setting, we refor-
mulate the MAy optimization, which is a direct consequence of Theorem 3. The two optimization
problems in (16) can be respectively reformed as

WR: min h (19)

acA, x;fj ,h,h;fj €R

n'LU
s.t. Zp;-”hfjj <h, i€n], weW
j=1

1
w
Tigt 1— a;.”

EFi[(f(aax) _x?,)j)-i-] < Zj? (S [n]a j S [nw]a w e W;

SEN(f(aX) —af) ] <Y, ien] je "], weW.
If p = ES, for a € (0,1), then the two optimization problems in (16) can be reformed as

: .. % ! ) — A < ; ;
WR aeﬂfheﬂ% h st x;+ . aE [(f(a,X) —x;)4+] < h, i € [n]

1
MAs: min h st -+ 1

acA, z,heR _ aEFi[(f(aa X) - $)+] <h, 1€ [n]

A comparison between the computation time of (19) and (20) based on a specific example is

given in Section E.2.

Remark 4. By Theorem 3 (or using Proposition 2), the MAy optimization retains the form (20) if
we substitute the uncertainty set F = {Fi,..., F,,} with any set F , whose convex hull has extreme

points Fi, ..., F,.
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For other settings of Problem (18) that are solvable by convex program, see Section E.2. The
two optimization problems in (16) are equivalent under a convex uncertainty set F when p = ES,
for all a € (0,1). This equivalence stems from the fact that Fj ; is convex for all a € A which
combining with Theorem 1 imply ESYR(F, ;) = ESMA2(F, ;) for all a € A. Many results in the
literature rely on converting between ESVE(F, ) and ESMA2(F, ;); see e.g., Zhu and Fukushima

(2009), Natarajan et al. (2010) and Cowell (2011).

6 Wasserstein and mean-variance uncertainty sets

In this section, we focus on three specific and popular uncertainty sets: (a) univariate Wasser-
stein uncertainty, (b) multivariate Wasserstein uncertainty, and (c) mean-variance uncertainty. We
obtain explicit formulas for the robust models as well as the WR and MA robust risk evaluation.
Furthermore, the portfolio selection problem will be explored based on these two robust approaches.

For results in this section and Section 8, we define a few classes of risk measures other than

VaR and ES. The Range Value-at-Risk (RVaR), proposed by Cont et al. (2010), is defined as

1
b —a

B
RVaR, g(F') = / VaRs(F)ds, 0<a<p<1.

Special and limiting cases of RVaR,, g include ES, with f = 1 and VaRg with o T 8 € (0,1). If
B < 1, then RVaR, g is not <p-consistent by e.g., Wang et al. (2020, Theorem 3). The power-
distorted (PD) risk measure (Wang (1995); Cherny and Madan (2009)) is defined as

1
PDk(F):/ ks* 'VaR,(F)ds, k> 1.
0

The PD risk measure is coherent. The expectile, proposed by Newey and Powell (1987) and denoted

by exq, is defined as the unique solution ¢ = ex,(Fx) € R to the following equation,
oE[(X —t)4] = (1— )E[(X —#)_], X €L,

where z_ = max{—z,0} for z € R. The risk measure ex, is coherent (and thus <s-consistent) if

and only if o € [1/2,1); we will use this specification.

6.1 Uncertainty induced by the univariate Wasserstein metric

We first focus on an uncertainty set induced by the Wasserstein metric. Let M, be the set

of cdfs on R with finite pth moment and Fyp € M, be a pre-specified cdf used as benchmark. For
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p = 1, the p-Wasserstein metric between F' and Fy is defined as

Wy (F, Fo) = </ P 01<s>|pds)1/p. 21)

The corresponding uncertainty set is, for a parameter € > 0,

Fpe(Fo) ={F € My, : Wy(F, Fp) < ¢}, (22)

)

which is a convex set. The parameter ¢ represents the magnitude of uncertainty. Denote by
2
pa\Fo \/}—» (Fo) and F, pelFo — \/fp,s(FO)
2

the supremum of F, . (Fp) with respect to <1 and =g, respectively. In the following result, we will

identify an explicit form of the suprema F*! el Fo and F IRy in terms of left quantile functions.

Theorem 4. Suppose that e >0, p > 1 and Fy € M,,.

(a) The left quantile function of F! el Fo is uniquely determined by

p

1
/a <(F15|Fo)_1(o‘) - F(TI(S)) ds=¢P, ae€(0,1). (23)

+

(b) The set Fy.(Fy) is not <o-bounded. For p > 1, the left quantile function of F? bl Fo is given by

(Fpam) ' (@) = Fy ' (a) + (1 ~ ]1)) (1—a)™Pe, ae(0,1). (24)

Since the cdfs F e|Fo and F? as well as their quantile functions, are obtained explicitly

pelFo?
in Theorem 4, the robust risk values pMA1(F, . (Fp)) and pMA2(F, . (Fp)) can be computed in a
straightforward manner. On the other hand, p“R(F, . (Fp)) is often difficult to compute if the risk
measure is complicated, although there are some results in the literature that considered the WR
approach for special choices of risk measures. Postek et al. (2016) presented combinations of risk
measures and uncertainty sets that allow for computationally tractable reformulations.

As a feature of the robust model, both F IR and F E| F, are heavy-tailed even if the benchmark

distribution Fy is light-tailed. Heavy-tailed distributions are common for modeling financial data;

see e.g., McNeil et al. (2015). Indeed, (F! > (F?_.)7% and (F?

el Fo Dl Fo )~1 is the sum of the

p,e|Fo )
quantile Fjy” L and a Pareto quantile with tail index p > 1. Some other observations on the supremum

distributions in Theorem 4 are made in Remark EC.2.
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Noting that the Wasserstein uncertainty set JF,.(Fp) is convex, we have ESWR(F, .(Fy)) =
ESMA2(F, .(Fp)) by Theorem 1. A simulation result in case of p = 2, & = 0.1 and a standard normal

benchmark distribution is reported in Section F.2.

6.2 Multivariate Wasserstein uncertainty
Forp>1landa > 1, let Mp(Rd) be the set of all cdfs on R¢ with finite pth moment in each
component. The p-Wasserstein metric on R? between F,G € ./\/lp(Rd) is defined as

d _ : _vpni/p
Wop(F:G) = inf _ (B[IX =YD,

where || - || is the L* norm on R% sce e.g., Blanchet et al. (2022). If d = 1, then W is W, in (21)
where the infimum is attained by comonotonicity via the Fréchet-Hoeffding inequality. Define the
Wasserstein uncertainty set for a benchmark distribution Fy € M, (R?) as, similar to (22),

f’d

a7p75

(Fy) = {F € My(RY) : W (F, Fy) < g} , e>0. (25)

We focus on a portfolio selection problem, i.e., the loss function is chosen as the linear function
f(w,x) = w'x. The portfolio risk is p(F,vx) for some weight vector w € R? and risk vector X

with unknown cdf in the multi-dimensional Wasserstein ball F¢

ap.c(F0). The univariate uncertainty

set for the cdf of w'X is denoted by
Fuane(F) = { Fyrx : Fx € Fi, (R}, Fo € My(RY). (26)

In the following theorem, we show that the problem of multivariate Wasserstein uncertainty can be

conveniently converted to a univariate setting.

Theorem 5. Fore >0, a > 1 and p > 1, random vector X with Fx € M,(R?) and w € R?, we

have

]:W%p,E(FX) = ‘FP,EHW”b(FWTX)?

where b satisfies 1/a+ 1/b=1. As a consequence, for any p: My — R and i € {1,2},

pWR(}—W’a,p,E(FX)) = pWR(‘vaeHWIIb(FwTX)) and PMAi (-FW,a,p,s(FX)) = PMAi (‘Fp,el\WHb(FWTX))'

Intuitively, by Theorem 5, the multi-dimensional Wasserstein ball has the simple property of a

usual Euclidean ball, that its affine projection is a lower-dimensional ball (this intuitive observation
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is not completely trivial because of the infimum in the Wasserstein metric). This result allows us
to solve the MA robust portfolio optimization by applying Theorem 4.

We illustrate Theorem 5 with the setting of an elliptical benchmark distribution. An elliptical
distribution with characteristic generator v is denoted by E(u, X, ), which has normal and t-
distributions as special cases; see McNeil et al. (2015, Chapter 6) for a precise definition. Let the
benchmark distribution Fy = E(u, 3, 9) and denote by Fyy = E(0,1,). Define a Pareto distribution
Gp with G, () = (1 — ) 7V/? for a € (0,1). By Theorems 4 and 5, it holds that

. ~ - 1 _
mig s P Pl 80) =7 (Wt VTEWE ) + (121 ) elwliGy ) (21

where U is a uniform random variable on [0,1]. The WR approach does not admit an explicit
formula like (27), unless p is a coherent distortion risk measure; see Wozabal (2014) and Postek et
al. (2016).

Consider a coherent distortion risk measure defined by pp(F) = fol VaR;(F)dh(s), where
h :[0,1] — [0,1] is increasing and convex with h(0) = 1 — h(1) = 0. In this case, by applying

Proposition 4 of Liu et al. (2022) and Theorems 4 and 5, we obtain the following reformulations

o P (Foipe(Fo)) = W g+ pn(Fyp)VwTEw +((p, h)e|[wll, (28)

(this is also obtained by Wozabal (2014)) and

min = (Fupe(F0) = W't pn(Fp)Vw TEW +€(p, h)e[wlls, (29)

where

1 (r-1)/p _ 1
ot = ([0 0as) T and g =2t [ s

In particular, (28) and (29) are second-order conic program (SOCP) when a = 2; see e.g., Ben-Tal
and Nemirovski (2001). Coherence of p (convexity of h) is essential for the WR formula in (28)
because general formulas are not available for non-convex distortions under Wasserstein uncertainty.
In contrast, the MA formula (29) holds for any distortion risk measures (even if they may not be
=<y-consistent) which directly follows from Theorems 4 and 5. Numerical and empirical results on

the above approaches for robust portfolio selection are presented in Section 8.2.
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6.3 Uncertainty induced by mean-variance information

Next, we pay attention to an uncertainty set defined by the first two moments, that is, for

some p € R and o > 0, the set
Fuo ={F € My:m(F) = p and var(F) = 02} , (30)

where m(F') and var(F') represent the mean and the variance of F', respectively. The two equalities
in (30) can be safely replaced by inequalities m(F) < p and var(F) < o2 in the problems we
consider, and we omit the formulation with inequalities. The WR robust risk value for different risk
measures based on this uncertainty set F, , has been extensively studied in literature, see e.g., El
Ghaoui et al. (2003), Zhu and Fukushima (2009), Natarajan et al. (2010), Cowell (2011), Li (2018)
and the references therein.

For the MA approach, we will identify the supremum of F,, with respect to <; and =s.
Theorem 1 of El Ghaoui et al. (2003) and Corollary 1.1 of Jagannathan (1977) (see also Miiller and
Stoyan (2002, Theorem 1.10.7)) yield

sup VaR,(F) = p+a,/i, aec(0,1)
FEFu o 11—«

<u—:1:—|— (x—u)2—|—02), z eR.

and

sup  mp(x) =
FeFuo

N | =

Denote by F,},o— = \/1 Fuo and Fivg = \/2 Fu.o the supremum of F,, with respect to <; and
=<9, respectively. Using Proposition 1 and above two equations, we immediately get the explicit

: 1 2
expressions of Fy, , and F ;.

Proposition 4. Suppose that p € R and o > 0. We have

T — )2
Fho(e) = e IR (31)
F2,(x) = % (1 + = :)’; — 02> , z€R (32)

We note that both F) ﬁ - and Fﬁ - are in My, so they are ready for implementation with any risk
measures or preferences well-defined on M;j; however, none of Fl}?g and Fig is in My. Most risk

measures in practice, including ES and VaR and the other examples in this section, are well-defined

and finite on Mj.
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Table 1: WR and MA under uncertainty induced by Fo 1

WR pMAl
ESa 5 T da /s o
RVaRas | /1% ghaJly/isds gha JU o
VaR,, g \/g \/a%

k1 VAT(k+1/2 Va(k—1) D(k+1/2
PD;,, AL lﬁ(k) /2) 2}271) (F(k)/ )
eXq 0;*(112&) Xy (F()l,l) aoj(iii)

Note: I is the gamma function; ex, (]—'&,1) can be numerically computed but it does not admit an explicit formula.

By Proposition 4, for a risk measure that is <j-consistent or =<s-consistent, the MA robust
risk value for the uncertainty set F, , can be directly obtained by calculating the risk measure of
F ;’o or F, 57(,. To compute the WR robust risk value, for a coherent risk measure p, Li (2018) gives
the explicit expression of pWR(]:M,U) based on the Kusuoka representation. In addition, noting that
Fuo is a convex set, if p is an ES, then pWVR(F, ) = pMA2(F,,) = p(FiU). If p is a VaR, then
PVR(Fro) = MM (Fuo) = p(F} ). The explicit WR and MA robust risk values for ES,, RVaRq,g,

1,'? and a few figures on

the power-distorted risk measure and the expectile are given in Table
their numerical values are reported in Section F.2. Since those risk measures satisfy translation
invariance and positive homogeneity, it suffices to consider the case (u, o) = (0,1).

Similar to Section 6.2, we apply the MA approach with mean-variance uncertainty to robust
portfolio selection. The portfolio risk is p(F,tx) for some portfolio weight vector w € R? and
risk vector X with unknown cdf in the uncertainty set with given first two moments, which can be
formulated as, for a feasible set W of w,

nglv PMA (Fapus), where Fyy ux = {Fyrx : EX] = p, Cov(X) =X}, (33)

where E[X] and Cov(X) represents the mean vector and the covariance of X. Applying the general

projection property in Popescu (2007) (see also Cowell (2011, Lemma 2.2)), the two sets Fy 5

'?To obtain these formulas, we use the following results. Li et al. (2018) showed that RVaRY § (Fu.0) = ESY¥(Fpu.0)
for all 8 € (a,1). The value of PDy via the WR approach can be directly derived by Li (2018, Theorem 2). An
expectile can be represented as the supremum of convex combinations of ES and expectation; see Bellini et al.
(2014, Proposition 9). By Theorem 6 and noting that all elements in F, , have the same expectation, we obtain

WR _MA,

X (]:#70') = €Xq (‘FIL,U)'
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and F_ -+, /o5, are identical. Hence, (33) is equivalent to

W
. MA
nin - p (fwm,\/m) :
In case of MA; or MAs, this leads to

min s PV (Fr, sy ) = 20 (WTk+ VT Ewx) (34)

where F&l is given by Proposition 4 in explicit form for ¢ = 1,2.  In particular, if p satisfies
translation invariance and positive homogeneity, Problem (34) leads to the following convenient
formulation of SOCP, for i =1, 2,

min : pMA" (f

L ANTRVA

) = {WTM +VwiXw p (F&l)}.

7 Characterization of risk measures by equivalence in MA

In this section, we aim to characterize the risk measures under which the WR and MA ap-

proaches are equivalent, that is,

p(\/F) = sup o(F), (35)

reF
for all F € §, where § is a collection of subsets of M. We are interested in the case that S is the

collection of all convex polytopes which is defined by
n
F =conv(Fy,...,F,) = {Z)\F ‘e An} ,
i=1

where F1, ..., F, are finitely many cdfs. The corresponding property is called equivalence in model

aggregation for convez polytopes (cEMA); that is, (35) holds for all convex polytopes F C M.

<-cEMA: Let (M, <) be an ordered set. A mapping p : M — R satisfies <-cEMA if p (\/ F) =
suppcr p(F) holds for any nonempty convex polytope F C M.

All results in this section remain valid if convex polytopes in the above definition are replaced

by convex sets bounded from above, and such a property is stronger than cEMA.?

13Recall that characterization results are generally stronger if imposed properties are weaker, so we aim for a weaker
formulation of the properties.

23



Our main focus is the partial orders <; and <. By Proposition 2, <;-cEMA is equivalent to

p (\/{Fl, .. ,Fn}> = sup {,0 (Zn: AF) ‘e An} . i=1,2, (36)

for all Fy,...,F, € M. By (36), <;-cEMA is stronger than =;-consistency since for any F' =<; G,
we have p(G) = p (V/,{F,G}) = supycpo1) pP(AF + (1 = A)G) = p(F) under =<;-cEMA.

By Theorem 1, VaR satisfies <;-cEMA, and ES satisfies <9-cEMA. The more challenging
question is in the opposite direction: Are VaR and ES the unique classes of risk measures, with
some standard properties, that satisfies <i-cEMA and =<5-cEMA, respectively? This question is
particularly important given the special roles of VaR and ES in banking practice. We obtain two
main results: With the additional standard properties of translation invariance, positive homogene-
ity, and lower semicontinuity, <i-cEMA characterizes VaR, and <y-cEMA characterizes ES. As far

as we are aware, this is the first time that VaR and ES are axiomatized with parallel properties.
Theorem 6. For a mapping p: M1 — R,

a) it satisfies translation invariance, positive homogeneity, lower semicontinuity and <1-cEMA if
(a) D geneity y

and only if p = VaRy, for some a € (0,1);

b) it satisfies translation invariance, positive homogeneity, lower semicontinuity and <o-cEMA i
;D g ) Y

and only if p = ES, for some « € (0,1).

The special case of ESy = m is excluded from Theorem 6, as it satisfies <o9-cEMA (by Theorem
1) but not lower semicontinuity. Theorem 6 states that <;-cEMA and <9-cEMA can identify VaR
and ES, respectively. In contrast to VaR which satisfies (35) for any F bounded from above
(Theorem 1), ES fails to satisfy (35) for non-convex set F (Example 1).

Remark 5. There are a few sets of axioms which characterize VaR, each with the additional help
of some standard properties such as continuity, monotonicity, translation invariance or positive
homogeneity. In Chambers (2009), the main axiom for VaR is ordinal covariance, an invariance
property under some risk transforms. In Kou and Peng (2016), the main axioms for VaR are
elicitability and comonotonic additivity. In He and Peng (2018), the main axiom for VaR is surplus-
invariance of the acceptance set. In Liu and Wang (2021), the main axioms are tail relevance and
elicitability. In Theorem 6, the new axiom of <i-cEMA leads to a characterization of VaR, and

this new axiom standalone does not imply any axioms mentioned above.

Remark 6. ES is recently axiomatized by Wang and Zitikis (2021) in the context of portfolio capital

requirement. Their key axiom is called no reward for concentration (NRC) which intuitively means

24



that a concentrated portfolio does not receive a diversification benefit. Han et al. (2024), who also
considered concentrated portfolio, obtain another characterization of ES by relaxing NRC. Another
characterization result on ES is obtained by Embrechts et al. (2021) based on elicitability and Bayes
risk. In contrast, our characterization result does not involve the consideration of elicitability or
portfolio risk aggregation. Therefore, the interpretation of Theorem 6 is quite different from results

in the literature and can be applied to robust modeling outside of a financial or statistical context.

Remark 7. Equivalence in model aggregation has some similarity to max-stability studied by Kupper
and Zapata (2021), which is defined on the set of random variables with the natural order, i.e.,
X =Y if and only if X < Y pointwisely. This leads to completely different interpretations and

mathematics.

8 Numerical results for financial data

In this section, we report some numerical experiments based on real financial data to show the
performance of the MA approach. We select 20 stocks and collect their historical loss data from
Yahoo! Finance.!* We use the period of January 1, 2019, to August 1, 2021, with a total of 649
observations of the daily losses of the 20 stocks.

We shall conduct two sets of numerical experiments. First, in Section 8.1, we present the robust
distributions based on the MA approach when the uncertainty set consists of finite cdfs generated
from the historical data, and compare the robust risk values with the WR ones. This analysis is
based on data of single asset, and we only report results on AAPL for a simple illustration. Second,
in Section 8.2, we consider the application of the MA approach with Wasserstein and mean-variance

uncertainty as in Section 6, and data of all 20 stocks will be used.

8.1 Performance of MA with finite uncertainty set

We examine the MA approach for the uncertainty set that consists of the cdfs generated by the
real portfolio data AAPL. We use Matlab to fit the data with normal, t- and logistic distributions
that will be denoted by F,, Fy and Fig, respectively, and the empirical cdf is denoted by F. Let F
be the uncertainty set that consists of these four cdfs, i.e., F = {F, F,,F, F}.

Figure 1 (top panels) shows the cdfs and integrated survival functions defined by (10) of the
cdfs in F. Noting that \/| F(z) = inf{F(z),Fn(x),Ft(x),Eg($)} for z € R, the supremum \/; F
can be roughly divided into four parts. By Proposition 1, \/, F' = F* € F on (a,b) if F* has

“They are AAPL, MSFT, GOOGL, AMZN, ADBE, NFLX, AMD, V, JNJ, COST, WMT, PG, MA, UNH, DIS,
HD, INTC, PYPL, GS, IBM.
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Figure 1: Left: cdf; Middle: Integrated survival function; Right: Suprema of F

EEEE!

R
°
©

the largest value of integrated survival function on (a,b). Hence, the figure of integrated survival
functions illustrates \/, F can be divided into three parts: \/, F = Fy, on (—00,0.02); \/y F = F
on [0.02,0.0445); \/5 F = F; on [0.0445,00). The curves of \/; F and \/, F are given in Figure 1
(bottom panel) from which we can see that \/, F <1 \/; F. Moreover, \/, F has a jump at 0.02
which can be explained by the difference between left and right derivatives of the integrated survival
function of \/, F at 0.02.

In the following, we compare the MA; and MAs robust risk values and the WR ones with the
uncertainty set . The risk measures are RVaR or ES. In the case of RVaR,, g, we set o = 0.95 and
let B vary in [0.95,1]. In the case of ES,, « varies in [0.9,0.99].

Figure 2 shows the value of RVaR, g of the cdfs in F, and RVaR, g based on the MA and
WR approaches, and Figure 3 presents the results of ES. From both figures we can see that the
MA robust risk value is larger than the WR one. Moreover, from Figure 2, one can find that
these two robust approaches have identical performance for 5 € [0.95,0.9685]. This is because
the quantile function of Fj, dominates other elements in F on [0.95,0.9685] which implies that
RVaRgs!4(F) = RVaR{': 5(F) = RVaRgg5,5(Fa) for B € [0.95,0.9685]. From Figure 3, we find
that ES,(F,) and ES,(Fig) are always smaller than ES,(F) and ES,(F,) for a € [0.9,0.99). The
reason is that financial market loss data are heavy-tailed empirically (see e.g., McNeil et al. (2015)),

SMA

and ES with high level a focuses on the tail loss. In addition, the curve of E always lies above

the curve of ESWE, which implies that the MA approach is more conservative.

8.2 MA approach in robust portfolio selection

In this section, we consider the application of the MA approach with <5 in the setting of

portfolio selection in Section 6. The MA approach will be contrasted to the WR. approach, and the

26



Figure 2: RVaR for individual models, via WR and via MA («=0.95)
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standard sample average approximation (SAA) approach, which evaluates risks using the empirical
distribution; see e.g., Shapiro et al. (2021). We construct a portfolio from the 20 stocks mentioned
in the beginning of this section, whose daily losses are denoted by X; (AAPL), Xy (MSFT), ...,
Xo0 (IBM). Mean, variance and correlation matrix of the return rate of the 20 stocks are given in
Appendix H. The wealth invested in the asset X; is denoted by w; for i € [20]. Thus, the total loss
from the investment of these 20 stocks is w' X, where w = (wq,...,ws) and X = (X1,..., Xa).
The feasible region of w is the standard simplex Aoy.

We consider the setting in Section 6 where uncertainty is modeled by a multi-dimensional
Wasserstein ball. For the choice of the risk measure p, we will work with PDj, defined in Section 6

to measure the portfolio risk. There are a few reasons for this choice. First, PDy, is <s-consistent
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(which also implies <j-consistency). Second, the WR and MA, approaches are similar in the
portfolio optimization problem under the Wasserstein or the mean-variance uncertainty if the risk
measure is selected as ES or expectile, so we move away from these two choices. Third, the portfolio
optimization problem of PDj leads to a convenient formulation of SOCP under the Wasserstein or
the mean-variance uncertainty as in Section 6.

As in many classic settings of portfolio selection, e.g., the classic framework of Markowitz
(1952), we assume that the investor has a target level of expected annualized return rate and
minimizes the risk. That is, with the constraint E[w'X] < —rq/m where ry is the expected
annualized return rate and m = 250, the investor minimizes p(Fy,7x).

We set the parameter ¢ = p = 2 in the Wasserstein uncertainty ball F¢ (Fy), and use a

a,p,e
multivariate t-benchmark distribution Fy fitted to the data. The case of a normal benchmark
distribution, which has a lighter tail, is reported in Appendix H. For the whole-period data, the
fitted t-distribution has v = 3.994 degrees of freedom. The choice of a t-distribution is by no
means restrictive, and we will consider the case of normal distribution which has a lighter tail
in Appendix. We apply the WR and the <5-MA approaches, and the corresponding portfolio
optimization problems are converted to SOCPs which can be computed efficiently. By (28) and

(29) in Section 6.2, the optimization problems via the WR and the MA approaches are, respectively,

min : PV (Fw22:(Fo) =w' o+ PDL(F)VWISW + GeVw w  sit. w'!pu < —rg/m, (37)

weEAgg

and

l’éliAIl : pMA2 (Fw2.2:(Fo)) = w'p+ PDy(F )VW Ew + &eVwiw - sit. w'p < —ro/m,
w 20

(38)

where (& = k/v2k —1, & = (Val(k +1))/(20(k + 1/2)), F, is the unit variance t-distribution
with the tail parameter v, and g and ¥ are the mean and the covariance of the fitted Fy, i.e.,
the mean vector and the covariance of the whole-period data. The SAA approach optimizes the
portfolio according to the empirical cdf of the asset losses. Figure 4 presents the optimized risk
value of SAA approach and the optimized robust risk values under Wasserstein uncertainty with
the WR and MA approaches for different values of €, ry and k using the whole-period data. In the
left panel, the MA robust risk value is larger than the WR, one, and both are generally larger than
that of SSA. This is consistent with our intuition as MA is more conservative than WR, and SAA

is not a conservative method. In the middle and the right panels we set ¢ = 0.01 and let k£ and r
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Figure 4: The optimized robust values of PD; under Wasserstein uncertainty using the whole-period
data. Left: ro = 0.2, k = 10, ¢ € [0,0.1]; Middle: ro = 0.2, ¢ = 0.01, k € [1,20]; Right: k& = 10,
e =0.01, ro € [0.15,0.5]
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vary. In practice, the parameter € should not be too small; one may tune € so that the empirical
cdf remains in the Wasserstein ball.

We choose slightly more than half of the period (350 trading days) for the initial training,
and optimize the portfolio weights in each day with a rolling window. That is, on each trading
day starting from day 351 (roughly June 2020), the preceding 350 trading days are used to fit the
benchmark distribution, and compute the optimal portfolio weights. Note that the parameter k
reflects the degree of risk aversion of the decision maker, that is, a larger value of k£ indicates a
more risk-averse decision maker, and thus a larger corresponding risk measure. In this experiment,
we choose k = 2 and 20, and the decision maker with k£ = 20 is more risk-averse than the one with
k = 2. Figure 5 depicts the performance of SAA approach, the mean-variance model of Markowitz
(1952) (minimizing the variance of w'X subject to E[w'X] < —rg/m), and the MA and WR
approaches under Wasserstein uncertainty over the remaining 300 trading days with r¢ = 0.2 and
e = 0.01, and we set k = 2 (left) or k£ = 20 (right). Table 2 presents realized annualized return
rates and Sharpe ratios of all methods. In all results, the MA and WR approaches, being robust
methods, perform similarly. MA and WR generally outperform the SAA and the Markowitz model,
especially after the first 150 trading days. Intuitively, this means that, during the period from
Jan to Aug 2021, robust investment strategies likely outperform non-robust strategies. The similar
performance of the MA and WR approaches under Wasserstein uncertainty is not a coincidence
due to the similarity of problems (37) and (38) by noting that ¢ is small.

Table 3 presents the nominal transaction cost for different strategies by using the average
weight change ZtT:l lWir1 — we|l1/T where wy is the weight used on day ¢ € [T] by each strategy
(see Olivares-Nadal and DeMiguel (2018)). The MA and WR approaches based on Wasserstein
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Figure 5: Wealth evolution for different portfolio strategies from May 2020 to Aug 2021 (¢ = 0.01,
ro = 0.2). Left: k= 2; Right: £k =20
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Table 2: Annualized return (AR), annualized volatility (AV) and Sharpe ratio (SR) for different
strategies from May 2020 to Aug 2021; ro = 0.2 and the risk-free rate is 0.165% (1-year US Treasury
yield on May 22, 2020)

AR (%) AV (%) SR (%)
Approach k=2 k=20 k=2 k=20 k=2 k=20
SAA 25.42  26.72 14.82 14.35 1704 185.0
Markowitz 29.50 29.50 13.54 13.54 216.6 216.6
WR 32.75 30.79 14.25 13.30 228.7 230.3
MA, 33.77 32.01 14.48 13.56 232.0 234.9

uncertainty have similar transaction costs, which are smaller than the other methods in most cases.

A similar analysis using the mean-variance uncertainty is reported in Appendix H.

9 Concluding remarks and discussions

The MA approach for robust risk evaluation is proposed. Below, we summarize some the
advantages of the MA approach, which are illustrated and discussed through several technical

results.

1. The MA approach is natural to interpret, and it is motivated by the need for a robust distri-

butional model. The WR approach is also natural to interpret, but the focus is on the risk
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Table 3: Nominal transaction cost Zthl |lWir1 — wel|1/T with e = 0.01 and T = 299

ro = 0.1 ro = 0.2 ro =0.3

Approach k=2 k=20 k=2 k=20 k=2 k=20
SAA 0.0549  0.0071  0.0871 0.0121  0.0969  0.0833
Markowitz 0.0102 0.0102 0.0110 0.0110 0.0746  0.0746
WR 0.0127 0.0032 0.0127 0.0033 0.0271 0.0382
MA, 0.0114  0.0035 0.0105 0.0035 0.0239 0.0348

value instead of the risk model. Different from the WR approach, the MA approach is built
on stochastic orders and lattice theory. The robust model produced by the MA approach can

be readily applied to different risk evaluation procedures and decision problems (Section 3).

. The MA robust risk value is straightforward to compute (Section 4.1). In some settings of
uncertainty, the MA approach leads to explicit formulas for the robust model (Section 6).
In particular, it can handle Wasserstein uncertainty in portfolio selection, based on a new

dimension reduction result on Wasserstein balls (Theorem 5).

. The MA approach admits reformulations in distributionally robust optimization similar to the
WR approach, and it leads to a convex program when the loss function and the risk measure

are convex (Section 5).

. The MA approach gives rise to the useful property of cEMA which characterizes VaR and
ES (Section 7). These results reveal a profound connection of the popular regulatory risk
measures to robust risk evaluation methods, and highlight the special roles of VaR and ES

among all risk measures, which is in itself a highly active research topic in risk management.

The MA approach requires a stochastic order to be specified. For an interpretation of prudent

risk evaluation as in (3), the risk measure of interest should be consistent with this stochastic order.

We recommend, in most applications, using <, in an MA approach as the default option, for its nice

interpretation in decision theory (strong risk aversion) and mathematical properties as developed

in this paper.

We have focused on studying the MA and WR approaches together with risk measures through-

out the paper. Both approaches can be easily applied to other objectives other than risk measures,

such as expected utility functions, rank-dependent expected utilities, or other behaviour decision

criteria. Some decision criteria may work better with notions of stochastic dominance other than

FSD and SSD, and they may include considerations of model uncertainty by design; see e.g., Hansen

and Sargent (2001), Maccheroni et al. (2006) and Cerreia-Vioglio et al. (2021).
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Our theory is built on model spaces of univariate cdfs on R for the following reasons. First,
classic risk measures, especially the ones used in regulatory practice such as VaR and ES, are
defined on one-dimensional cdfs representing potential (portfolio) losses; second, commonly used
stochastic orders, the key tool to build robust model aggregation in this paper, are usually defined
on one-dimensional cdfs and they are naturally interpretable in this setting; third, many problems
that are multivariate in natural often boil down to robust risk evaluation in one-dimension; see
the settings in Sections 6.2, 6.3 and 8.2. If desired by specific applications, the theory of the MA
approach can be readily extended to a multi-dimensional setting (see e.g., Embrechts and Puccetti
(2006)) with the help from multivariate stochastic orders (e.g., Shaked and Shanthikumar (2007))
and set-valued risk measures (e.g., Hamel and Heyde (2010), Hamel et al. (2011) and Ararat et al.
(1999)).

In addition to the multi-dimensional extension mentioned above, we mention a few promising
directions of future study. First, one can consider the recently introduced notions of fractional
stochastic dominance of Miiller et al. (2017) and Huang et al. (2020), which generalize the first-
and second-order stochastic dominance used in this paper. Second, instead of relying only on the set
F of uncertainty, which treats each cdf as an element of equal importance ex ante, we can equip a
prior probability measure p on set F, and this will open up many new challenges or conceptualizing
and constructing robust models in a similar framework to our theory. Third, we can apply the MA
approach to many other settings of uncertainty other than the ones studied in Section 6, and this

will lead to convenient tools in various new applications and contexts.
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Online Supplement: Technical Appendices
Model Aggregation for Risk Evaluation and Robust Optimization

We organize the appendices as follows. We first introduce some extra notation and terminology
in Appendix A. Appendix B contains a lemma formally connecting increasing convex order and
increasing concave order, and related discussions in Section 3. In Appendix C, we formally introduce
the lattice theory and prove a generalized version of Proposition 1 in Section 4. The proofs of the
main results are presented in Appendices D (other results in Section 4), E (results in Section 5),
F (results and omitted figures in Section 6) and G (results in Section 7). In Appendix H, we
present the summary statistics of the return rates as well as the numerical results in portfolio
selection under mean-variance uncertainty and Wasserstein uncertainty with a normal benchmark

distribution, which complements the numerical studies in Section 8.

A Setting and notation

We will use the same notation as in the main paper. In addition, let LP be the space of random
variables in (2, B, P) with finite pth moment, p € [0, 00), and L> be the space of all bounded random
variables. Accordingly, denote by M,, p € [0, 0], the set of cdfs of all random variables in L?, i.e.,
M, is the set of all cdfs F satisfying [, [#[PdF(z) < oo for p € [0,00), and Mo is the set of all
compactly supported cdfs. On M., we can define VaRg, VaR; and ES; which are finite, by

VaRg(F) =inf{z e R: F(z) >0} and VaRy(F)=inf{zx e R: F(z) > 1}, F € M,

and

ES(F) = VaRy(F), F € Mx.

Denote by My, the set of all cdfs F' with a support bounded from below, i.e., F'(z9) = 0 for some
xo € R. For two real objects (numbers or functions) f and g, f V g is their (point-wise) maximum,
and f A g is their (point-wise) minimum.

For p € [0,00], the following are some properties of a risk measure p : M, — R and its
associated p : LP — R. Translation invariance: p(X + ¢) = p(X) + ¢ for any ¢ € R and X € LP.
Positive homogeneity: p(AX) = Ap(X) for any A > 0 and X € LP. Convezity: p(AX + (1 —A)Y) <
A(X)+ (1= N)p(Y) for any A € [0,1] and X,Y € LP. Lower semicontinuity: liminf, . p(X,) >
p(X) if X,,, X € LP for all n and X, 4 Xasn— 00, where 4 denotes convergence in distribution.

All the properties are defined for both p and p.
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B Increasing convex order and increasing concave order

For two random variables X and Y in L', with cdfs Fix and Fy, respectively, we define the
second-order stochastic dominance =44, also known as the increasing concave order, as Fx =<gq Fy
if E[u(X)] < E[u(Y)] for all increasing concave functions u. Here, we define <4 and <o for both
random variables and their cdfs; that is, we write X <9 Y for Fx <9 Fy, and similarly for <.

The following lemma, clarifies the connection between these two partial orders.

Lemma EC.1. For any random variables X and Y in L', we have X =<4q Y if and only if
~Y =9 —X. Moreover, for a given Y € L', the set {X € L': X =5 Y} is conve.

Proof. Note that u is increasing convex if and only if x — —u(—=z) is increasing concave. The
equivalence condition between the two partial orders follows from this observation. To be more
specific, let Ujex (resp. Uicy) be the set of all increasing convex (resp. concave) functions on R. It
holds that Uicy = {v : v(z) = —u(—2z), z € R, u € Ujcex}. Therefore, we have X <4q Y, that is,
Eu(X)] < E[u(Y)] for all u € Uiey if and only if Eju(—X)] > E[u(-Y)] for all u € Ui, that is,
-Y <9 —X.

Based on this equivalence condition, we have for a given Y € L', it holds that {X € L' : X =<,
Y} ={X € L': -Y =<,q —X}. The convexity of this set follows from Dentcheva and Ruszczynski
(2003, Proposition 2.3), which states that for any Z € L', {X € L' : Z <4q X} is convex, and
thus, {X € L' : =Y <q X} ={-X € L' : -Y =< q —X} is convex. This completes the proof. [

It is worth noting that Dentcheva and Ruszczynski (2004) used <yq in the constraints of their
optimization problems, whereas we use =5 in Problems (8) and (9). In the following, we explain
why our formulation remains consistent with that of Dentcheva and Ruszczynski (2004).

Let Z be a given random vector and each of its positive components represents a gain; Given
functions u, hi,...,hy, and Gy,...,G, € My, Dentcheva and Ruszezynski (2004) considered the
following optimization problem

meajc Elu(a, Z)] s.t. Fy(a,z) Zssd Gi, 1 € [m], (EC.1)

where A is a set of possible actions. Note that we consider random losses, denoted by X, which
represent the negative value of the gains, i.e., X = —Z. Define f(a,x) = —u(a, —x) and g;(a,x) =

—h;(a,—x), i € [m]. Therefore, we have

f(a,X) = —u(a,—X) = —u(a,Z) and gi(a,X) = —h;i(a,—X) = —hi(a,Z), i€ [m].
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Further, let F; be the distribution of —Y;, where Y; has distribution G; for i € [m]. Then, it follows
from Lemma EC.1 that the constraint in (EC.1) is equivalent to Fy,, x) =<2 Fj, i € [m]. Therefore,

Problem (EC.1) is equivalent to

1;1611141 E[f(av X)] s.t. ng(a,X) =2 Fi7 (&S [m]7

which is exactly our Problem (8).

C Lattice theory and the proof of Proposition 1

In this appendix, we introduce the lattice structure of an ordered set which complements the
main paper. For more details of the lattice theory, the reader is referred to Davey and Priestley

(2002).
Definition EC.1. Let (M, <) be an ordered set (i.e., < is a partial order on M) and F C M.

(i) A set F is said to be bounded from above (below, resp.) in (M, =), if the set of upper (lower,
resp.) bounds on F, denoted by U(F) (L(F), resp.), is nonempty, where

UF)={GEM:F<G VFeF} and L(F)={GeM:G=F VFeF}. (EC2)

(ii) For F C M which is bounded from above (below, resp.), if there exists Fy € U(F) (L(F),
resp.) such that Fy < (=, resp.) G for all G € U(F) (L(F), resp.), then Fy is called the
supremum. (infimum, resp.) of F and we write \/ F = Fy (A F = Fp, resp.).

(iii) If for all F,G € M, \/{F,G} and \{F, G} exist, then (M, <) is called a lattice. If \/ F exists
for all 7 C M that are bounded from above and A F exists for all ¥ C M that are bounded

from below, then (M, =) is called a complete lattice.'

Remark EC.1. In case (M, <) is a lattice which is not complete, \/ F may not exist even if F is
bounded from above. In this case, the definition of the MA robust risk value needs to be modified.
We can alternatively define pMA(F) = infgep(F) p(G) where U(F) is defined by (EC.2), and this
definition is equivalent to (2) if (M, <) is a complete lattice and p is <-consistent. For any partial

order <, the supremum and infimum are both unique whenever they exist.

15The definition of complete lattice in Davey and Priestley (2002) is slightly different to ours. In Davey and Priestley
(2002), a complete lattice has the largest and the smallest elements, and our M does not. Nevertheless, if we extend
M to M := MU {Fmin, Fmax} where Fnin < F and F < Fyax for all F € M, then our definition of complete lattice
on the ordered set (M, <) is equivalent to the one of Davey and Priestley (2002).
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For stochastic dominances <7 and =<5, there are several equivalent definitions that are useful
throughout the paper; see e.g., Bauerle and Miiller (2006). In case of <1, the following statements
are equivalent: (i) F =1 G; (ii) F(x) > G(z) for all x € R; (iii) F~!(a) < G~!(a) for all a € (0,1).
In case of <9, the following statements are equivalent: (i) F' <o G; (ii) 7p(x) < mg(z) for all z € R
where 7 is the integrated survival function defined by (10); (iii) Er(«a) < Eg(a) for all o € (0,1)

where Er is the integrated quantile function'® defined by
Er(a) = (1 — )ESa( / Fl(s)ds, acl0,1]. (EC.3)

The complete lattice structure of (Mg, <1) and (M, <2) and the formulas for the suprema
are known in the literature; see Kertz and Rosler (2000). Here My = {F € My : [;* zdF(x) < oo}
The following proposition which is a generalized result of Proposition 1 considers general space M,
p € [0,00] with partial order <; and =<5. Specifically, in Proposition EC.1 below, (a) generalizes
Proposition 1 (a) to the domain M, p € [0, 0o, and similarly, (b) and (c) generalize Proposition 1
(b).
Proposition EC.1. (a) For each p € [0,00], the partially ordered set (M,, =<1) is a complete

lattice. If F C M, is bounded from above, then its supremum \/{ F is given by infpcr F', and

the left quantile function of \/{ F is supper F~1

(b) The partially ordered set (M1, =<2) is a complete lattice, and for F that is bounded from above,

/
ﬂvzf:;up T, \/.7-“- 1+ (sup 7TF> .
eF FeF "

(¢) For each p € (1,00], the ordered set (My,=2) is a lattice and not a complete lattice. The
supremum is gwen by \[,{F,G} =1+ (rp V ng), for F,G € M,.

Proof. We first give one fact: For p € [0,00] and an increasing and right-continuous function

H:R—[0,1],if F,G € M), and F < H <G, then H € M,,. It suffices to verify that

1. 0 <limyy oo H(z) < limgy oo G(z) =0 and 1 > limy oo H(z) > lim,_,_o F(z) = 1, which
imply that H is a cdf on R, that is, H € M.

2. If p € (0 00), then we have F' =1 H =1 G and thus [(¥aPdH(z) < [j°aPdF(z) < oo
and f x)PdH (z) < fgoo(—x)pdG(:L‘) < oo. It follows that fR\:E|de(:L‘) < 00, that is,
H e Mp.

16The integrated quantile function Er is also called the (upper) absolute Lorenz function, see, e.g., Shorrocks (1983)
and Cowell (2011).
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3. If F,G € My, then there exists =, y € R such that G(z) = 0 and F(y) = 1. Then we have
H(z)=0and H(y) =1, that is, H € M.

(a) For p € [0, 00], let F C M,,. Suppose that F is bounded from above. Define H = inf pcz F' which
is increasing and right-continuous. Then there exists G € M, such that I > H > G for any F' € F.
By the above fact, we have H € M,,. If F is bounded from below, define H(z) = limy,, Hi(y)
where Hy = suppcr F. Then H is increasing and right-continuous and there exists G € M,, such
that G > H > F for any ' € F. By the above fact, we have H € M,. Therefore, we have that
(Myp, =1) is a complete lattice for p € [0,00]. The statement on the left quantile of \/; F follows
from (infper F)~! = supper F~1. Hence, we complete the proof of (a).

(b) The proof is similar to that of Theorem 3.4 of Kertz and Résler (2000) which shows that
(M, =<9) is a complete lattice. We give a proof for completeness. Let F C M; be bounded from
above. There exists G € M; such that F' <o G for all F' € F, that is, suppcrr(z) < me(z) for

z € R. One can check that

1. mo(z) := supper mr(z) is decreasing convex as each mp(x) is decreasing convex. This implies

1 + (mo)", () is right-continuous and increasing.

2. limy—o0 mo(z) < limg—oo mg(2) = 0 which implies lim, o0 (m0)!, () = 0, that is, im0 (1 +

(mo)y (x)) = 1.

3. Since x + 7 (z) is increasing in « for all F' € F, we have x + mo(z) is increasing in « and thus
limg o x 4+ mo(x) exists (may take —oo). Let F* € F, and we have x + mo(x) = z + mp«(z)
for all x € R. Noting that lim;_, o z+7p«(z) = m(F*) € R, we have lim,_, o z+m(z) € R,

which implies limy oo 1 + (m)’, (x) = 0.

Combining the above three observations, we have H = 1 + (suppcr7r),. € M. By definition of
supremum, it is standard to check that \/, F = H.

Let F C M be bounded from below. There exists G € M such that G < F for all F € F,
that is, Fg(a) < infper Er(a) for a € [0, 1]. Similar to the proof of Steps 1-3 for F that is bounded
from above, one can show that inf pc 7 Er is an integrated quantile function of some cdf in My, say
H. By definition of infimum, we have H = A, F. It follows from the relation between a cdf and its
integrated quantile function that H~! = —(infpex Er)" . This completes the proof of (b).

(c) For F,G € M,, define F| = \/,{F,G} and F» = A\, {F,G}. It follows from (b) that
Fy =1+ (7p V 7g),. which implies min{F, G} < F; < max{F,G}, and F, ' = —(Ep A Eg)"_ which
implies min{F~1, G71} < FQ_1 < max{F~1 G7'}, and hence, min{F,G} < F; < max{F,G}. By
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the fact in the beginning of the proof, we have Fi, Fy € M), and thus (M,, <2) is a lattice for
p € (1,00].

Below, we give a counterexample to illustrate that (M,, <) is not complete lattice for p €
(1,00]. For p € (1,00), define F'(z) = (—x)7P for < —1. We have F' ¢ M), and for y < —1, let F,

be a cdf with integrated survival function

e p)+, R = )+ 7o)}

p—1

It is clear that F,, € M for all y < —1 and the set {F}},<_1 is bounded from above as Fy, <9 §_;
for y < —1. Noting that sup,._; 7, = 7F and F' ¢ M,,, we have that (M, =2) is not a complete
lattice. =

D Proofs for other results in Sections 4

Proof of Proposition 2. For a fixed z € R, both F' — F(x) and F — 7wp(z) are affine on M.
Hence, for F' € convF with F = Y | \iF; where (A1,...,\,) € Ay, and F; € F for i € [n], there
exist G1,Gy € {F1,...,F,} C F such that Gi(x) < F(x) and 7g,(xz) > mp(z). The results follow
immediately from Proposition 1. O

Proof of Theorem 1. (a) Since m(F') = lim,_, o {x + 7mp(z)} for each F' € M;, we have

FeF
{m(F) + /R(x - y)+dF(y)} < glell;m(F) + lim ;gg/R(:c —y)+dF(y)

mMA2(F) =m <\/ ]-") = wli}rjloo {a: + 7rv2]_-(x)} = zgr_noo {CE + sup WF(JI)}
P
F
)

where the third equality comes from (ii) of Proposition 1, and the forth equality follows from
r+7p(z) = 2+EF (X —2),] = m(F) +EF[(x — X),]. The converse direction mM42(F) > mWVE(F)
is trivial. Hence, we complete the proof of (a).

(b) Suppose that 7 C M is a convex set which is <s-bounded. Denote by Ilg = suppeg mr
for any set G C M. If G is a convex polytope, then by Theorem 1 of Zhu and Fukushima (2009),

we have

ESWE(G) = ESMA2(g). (EC.4)
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Let ¢ = ESMA2(F). Using (14), we get

1
x + 17]._.[]-‘(33) > ¢ forall z € R. (EC.5)
-«

Take an arbitrary G € F. Since (ng)’, (z) = —1 as © — —oo, we have (1 — o)z + 1g(x) — oo as

x — —oo. There exists xg < ¢ such that

T+

1 () = ¢ for all x < xg. (EC.6)
-«

Fix € > 0. Let G C F be a convex polytope such that
Ig(x) > lIx(x) —e for all x € [xg,c|. (EC.7)

We illustrate why such G exists. Let Q be a set of all rational numbers on R, and we represent it
as Q = {gi}ien. Suppose that {F;;}jen C F satisfies lim; o0 7F, ;(¢:) = II#(g;) for i € N. Define
Gi = {F14,Fs,...,F;;} for i € N. It holds that Ilg,(x) — IIz(z) on Q. By Theorem 10.8 of
Rockafellar (1970), we have {Ilg, };en uniformly converges to IIx on [zg,c]. This implies that such
G in (EC.7) exists. Let Gy = conv(GU{G}) C F, which is again a convex polytope. Using (EC.4),
(EC.5), (EC.6) and (EC.7), we obtain

ESWR(Go) = ESN#2(Gy) = min {x - Hgo("”)}

rzeR 1l -«

II II II
= min inf T + M , min T+ Go (x) ’ inf {2 + M
r<xo 11—« z€[zo,c] 1« >c 1 — o
> minq inf ¢+ ma(2) , min {xz+ lg(z) e
z<zo 11—« € [xo,C] 11—«
II
>min< min <z + 7(x) I ,C
€ [zo,c| 11—« 11—«
11
> min< min< z + (@) ,Cp — c =c— c .
z€R e e e

Note that ESWE(F) > ESWR(Gy) > ¢ — ¢/(1 — ) because Gy C F. Since ¢ is arbitrary, we get
ESVR(F) > ¢ = ESMA2(F). Together with ESYWR(F) < ESMA2(F), we obtain the desired equality
ESYR(F) = ESY™2(F).

(c) It follows directly from Proposition 1. O
Proof of Theorem 2. (a) We first consider the convexity of p"VR. Suppose that p is convex.
Note that pWR is the supremum of a family of functionals p%, Q € Q. It suffices to verify that p@
is convex on L for all @ € Q. Let @ € Q and X3, X9 € L. By a version of Skorhod’s Theorem (see,

43



e.g., Theorem 3.1 of Berti et al. (2007)), we can construct measurable mappings X1, X} on (£, B)
such that P(X{ < x1, X} < @2) = Q(X1 < 21, X9 < x9) for all z1,29 € R, ie., the joint cdf of
(X1, X2) under @ is same as the joint cdf of (X}, X3) under P. Hence, we have X}, X} € L', and

FROXL + (1= \)Xz) = BAX] + (1= NXE) < ABXD) + (1= NA(XE) = Mo2(X1) + (1 — NP (Xa),

where the inequality follows from the convexity of p. This yields the convexity of pW&.

To see the convexity of pMA2, by Theorem 2.2 of Kaina and Riischendorf (2009), p: L' — R
is continuous with respect to the L'-norm because p(X) € R for all X € L!. Tt then follows from
Theorem 5.1 of Cerreia-Vioglio et al. (2011) that p is <s-consistent. For any F' € M, denote
gr(a) = ES,(F) for a € (0,1), and define

G={9r:(0,1) > R|FeMi} and p:G—=R as plgr) =p(F), gre€g.

We assert that G is a convex set and p is convex in G. To see it, take F,G € M; and A € [0, 1].
Define H as a distribution whose quantile is H~!(a) = AF~1(a)+(1-A)G (), a € [0,1]. One can
verify that H € M; and gg = Agr + (1 — \)gg, and thus, Agr + (1 — A\)gg € G, which implies that
G is a convex set. Let U € L! be a uniform random variable on [0, 1] under P, i.e., P(U < z) = =
for € [0,1], and such random variable exists because (£, F,P) is a nonatomic space (see e.g.,
Lemma A.27 of Follmer and Schied (2016)). It holds that AF~1(U) + (1 — A\)G~}(U) € L' has the

distribution H. Therefore, we have

p(Agr + (1= Nga) = plgn) = p(H)
=pAFHU)+ (1 = NG HU)) < Ap(FHU)) + (1= N)p(GHU))

= Ap(F) + (1 = Np(G) = M\plgr) + (1 — N)pl9a),

where we have used the convexity of p in the first inequality. This implies that p is convex in G.

We assert that
pH4(X) = inf {p(9) + O(X, 9)} (EC.8)
where ©(X, g) = 0 if supgeg E/J\E}QQ(X) < g(a) for all a € (0,1), and O(X, g) = 0o otherwise. To see

it, note that if Fx|o is not bounded, then pMA2(X) = 0o and O(X, g) = oo for all g € G, which
imply (EC.8) holds. If Fx|g is bounded, then note that F' <3 G if and only if gr(a) < gg(a) for
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all a € (0,1). Since p is <-consistent, we have

pA(X) = p (\/fX|Q> = inf {p(F) L F e My, Cs;%ﬁngf) < gr(@), Ya e (0, 1)}
2 S

= inf {ﬁ(g) .9 € G, sup BS¢ (X) < g(a), Va e (0, 1)}
QeQ

— ;22 {plg) +O(X,9)}.

Therefore, (EC.8) holds for all X € L. It remains to show that p(g) + ©(X,g) is convex in
(X,9) € L xG. Since p is convex in G, it remains to verify that ©(X, g) is convex on L x G. To see
this, by definition of ©(X, g), it suffices to show that the set {(X,g) € L x G : supgeg EAJQS(X) <
g(a), a €[0,1]} is a convex set. Take X1, Xy € L and ¢1,92 € G. For a € [0, 1], it holds that

sup B8 (AX1 + (1 1)) < sup {ABSS (X1) + (1 - MESS ()}

QeQ QeQ
< A sup ESS(Xl) + (1 —A) sup Eég(Xﬁ <Ag1+ (1= A)go,
QeQ QeQ

where the first inequality follows from the convexity of ES. Hence, we have that pMA2? is convex.
(b) Define fr(a) = VaRn(F) for a € (0,1) and F € M;. Let M{' = {fr : (0,1) —
R|F € My}. Define p: M;! — R as the risk measure satisfying p(fr) = p(F). Noting that p
satisfies comonotonic additivity, we have p(f1 + f2) = p(f1) + p(f2) for all f1, fo € M[*. Suppose
now X1, Xo € L are two comonotonic random variables. By Proposition 4.6 of Wang and Ziegel
(2021) who prove that the mapping X + supgeg \72;1/{2 (X) satisfies comonotonic additivity for all

a € (0,1), we have

sup fro (@) = sup VaRe (X1 + X2)

QeQ Fiex QeQ
——Q T Q
= sup VaR,, (X1) + sup VaR,, (X2) = sup fre (@) + sup fre (o), Va € (0,1).
QeQ QeQ QeQ M QeQ X2
Hence,

~MA1 _ o~
Pt X1+ Xe)=p <\/]:X1+X2|Q> =p (5161% fF§1+X2>

1

=p|sup fre +sup fre | =p|sup fre | +p | sup fre
QeQ X1 QeQ X2 QeQ X1 QeQ X2

=AM (X)) + M (X).
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This yields the comonotonic additivity of pMA1,

(c) We only consider the case of translation invariance as the case of positive homogeneity
is similar. Suppose that p satisfies translation invariance. We have p(G) = p(F) + ¢ whenever
F,G € M satisfy G(z) = F(z — c) for all x € R. The translation invariance of p"® is trivial
because we have

PUX +0) = p(FR,.) = p(F) +c=pX) +¢

forany X € L, Q € Q and ¢ € R. To see the case of MA, it follows from Proposition 1 that

VaRa | \/ Fxieo — sup VAR (X +¢) = sup VaR_(X)+¢ = VaRy \/ Fxjo | +¢ Vo€ (0,1).
1 QeQ QeQ 1

This means that \/; Fxico(r) =V, Fxjo(z — ¢) for all z € R. Hence, we have

P (X +e)=p (\/fx+c|g> =p (\/}"X|Q> +c=pM(X) + ¢
1 1

"’MA1

which yields translation invariance of p . For MA,, using Proposition 1 again, we have

7r\/2~7'—X+c\Q(x) - CSQESEQ[(X te- $)+] - WV2}—X\Q({B - C)’ vz €R,

which implies \/, Fx ¢ o(z) =V, Fx|jo(x — ¢) for all z € R. Hence, we have

P2 (X +e)=p (\/]:X+C|Q> =p (\/]:X|Q> +e=p"2(X) + o
2 2

which shows that pMA2 is translation invariant. O

E Proofs for results in Sections 5 and omitted examples

E.1 Proofs

Proof of Proposition 3. We introduce some notation that defined in the proof of Theorem
2 (a). Let gr(a) = ES,(F) for a € (0,1) and FF € M;. Define G = {g : (0,1) — R|(1 —
a)g(a) is concave for a € (0,1), lima—1(1 — a)g(a) = 0}, and p: G — R as p(gr) = p(F). As
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shown in the proof of Theorem 2 (a), we know that p is <9-consistent. Hence, we have

pMAZ(]-"aJ) = inf {p(G) : G € My, sup E/‘Ei(f(a, X)) € gg(a), Ya € (0, 1)}
FeF

—iut {lg) 9. 6. sup BB (7(a. X)) < gle), vare (0.1)]

= inf {plg) + O(a, 9)}
where ©(a, g) = 0 if suppcp ]:D\ég(f(a, X)) < g(a) for all @ € (0,1), and ©(a,g) = co otherwise.
The remained proof is similar to that of Theorem 2 (a) by noting that f(a,x) is convex in a. [
The following proposition shows that any law-invariant coherent risk measure on M can be
approximated by risk measures in the form of (17). Recall that any law-invariant coherent risk

measure that is finite on M; admits a Kusuoka representation (see e.g., Shapiro (2013))

1
p(F) = sup / ESo(F)du(a), F € My, (EC.9)
neEPo  JO

where Py is a subset of the set P of all probability measures on [0, 1].

Proposition EC.2. Let p : M; — R be a law-invariant coherent risk measure. There exists
a sequence of risk measures (pp)nen of the form (17) such that lim, o pn(F) = p(F) for any
F € My. Moreover, if Py in (EC.9) is finite, then for any set G of distributions supported within

a common compact interval, uniform convergence holds: suppcg |pn(F) — p(F)| = 0 as n — oo.

Proof. Denote by D,, = {i/2" :i=0,...,2"}, n € N, and D = |J,,cry Dn. Note that D is countable
and dense in [0,1]. For n € N, denote by P,, the finite set of convex combinations of elements of

{0, : j € Dy} with weights in D,,, that is,
on -
Pn = {Zaz’@;/zn ta; €Dy, i=0,...,2", Zo‘i = 1}_
=0 i=0

Let Py be given by (EC.9), which represents p. For each p € Py, define p,, = Zial Qn,i0ijon € Pr,

n € N, where o, ; = Bn; — Bni—1 and

L+ 1
ﬁn,i:zin ’72nlu<|:07Z;,_n:|>-‘a Z:0772n_17 /Bn,—l:o-

Here, [z] is the smallest integer dominating . This construction guarantees that yu, <1 p and py,

converges to u in distribution as n — oco. Therefore, for F' € My, we have that a — ES,(F) is

47



continuous and bounded from below, and hence,

1 1
hmlnf/o ESqo(F)dpn (@) 2/0 ESq(F)du(a).

n—oo

Let Wy, = U, ep, {1tn} and

1
pn(F) = sup / ES.(F)dv(a), F € M.
veW, JO

Note that W,, C P, is a finite set, and hence p,, is a risk measure of the form (17). For each p € Py,

n—oo n—oo

1 1
liminf p, (F) > lim inf/ ESq(F)dpn(a) = / ESo(F)du(a).
0 0
Therefore, we have for F € My,

1
liminf p,(F) > sup /0 ESo(F)du(a) = p(F).

n—oo /LGPO

On the other hand, by u, =1 g, we have p,(F) < p(F) for all n € N, and thus, lim,_ pn(F) =
p(F). This completes the proof of the first statement.

Next, we show uniform convergence on G, assuming that Py is finite. Note that

1 1
sup / ESqo(F)dpn(a) — sup / ESqo(F)du(a)
wePo JO uePo JO

sup |pn(F) — p(F)| = sup
Feg Feg

< sup sup
HEPo Feg

1 1
| ESa(Pydinte) = [ ESa(F)duta)
0 0

Recall that p and p, for n € N satisfy translation invariance and positive homogeneity. To see

limy, 00 SUPpeg |Pn(F) — p(F)| = 0, it suffices to verify that for p € Py

lim  sup =0, (EC.10)

n—oo FEM[OJ]

1 1
/ ESu (F)dpin(a) — / ESo (F)dp(a)
0 0

where M0, 1] is the set of all distributions with support in [0,1]. Below let us prove (EC.10).
Define, for s € [0, 1],

1
11—«

1
1—a

G(s) = u((0.5]), Gn(s) = ([0, 5]), h(s) = /O Tl 4G(), and ha(s) = /0 "L e,
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Applying integration by parts, we have

~ Gy(s) 5 Gp(a) G(s) * G(a)
hn(s) — h(s) = T —/0 (1_a)2doz— 1_8—1—/0 mda.

Let A be the set of all continuity points of G. Since u,, — p in distribution, we have G, (o) — G(«)
for all & € A, and this also implies [; Gn(a)/(1 — @)*da — [; G(a)/(1 — @)*da for all s € [0,1).

Hence, we have

hn(s) — h(s) = 0 for s € A. (EC.11)
Using the relation that (1 — a)ES,( f VaRs(F)ds, we have
1 1
sup / BSu (F)dpin(a) — / FS. (F)dp(a)
FeM|0,1] 0
= sup / / VaR(F)dsdpuy, (« / / VaR(F)dsdu(a)
Femo1]lJo 1 —« -«
1
= sup / VaRs(F)hy,(s)ds — / VaRs(F)h(s)ds
FeM(0,1] 0
1
< sup / | (Fon( h(s))VaRs(F)|ds < / |hn(s) — h(s)|ds,
FeM(0,1] 0

where we have used Fubini’s theorem in the second step. By (EC.11), we know that h,, — h almost
surely on [0,1]. On the other hand, it follows from Theorem 4 of Huang and Wang (2024) that

h(1) < co. Note that p, <; p and h,, is increasing on [0, 1]. For any s € [0,1] and n € N, we have

and this implies that {h, }nen is a bounded sequence. Therefore, we conclude that lim,, o fol | (s)—

h(s)|ds = 0, and (EC.10) holds. This completes the proof. O

Proof of Proposition 3. Note that minaec4 pMA2 (Fa,r) is equivalent to

n

min sup Zp;”ES (\/ fayf> , (EC.12)
2

acA wGW
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where Fu r = {Fax) : Fx € F}. It holds that

(\/ﬂf) = inf {w+ ]L_l(WTrwfa,f(x)} = :j:rel]%{fwr : _1a f}égE [(f(a,X) —w)+]},
J

where the first and the second steps follow from (12) and Proposition 1, respectively. Substituting

the above equation into (EC.12) yields the following equivalent problem

min _ sup E pj by
aC AP R yew {

1
s.t. ;relﬂg {x—i— - EEI}E [(f(a,X) —:Jc)+]} <hY, jen”], weW.

This is again equivalent to Problem (18) which completes the proof. ]

Proof of (19). Note that minaea pWV 2 (Fa ) is equivalent to

nv

min sup su ES a, X)),
min ZE[BWE%ZPJ v (f(a,X))

that is,

min h
acA, heR

n® )
5.t Zp;PEsa}U(f(a, X)) <h, i€n], weW.
j=1

This is again equivalent to

min h
acA,h,h €R

prh“f] <h, i€n], weWw

ETéfzu(f(a X)) <Y, i€ n], j e "], weW.

; ) 1,77
j )]

~F
Substituting the representation ES, (f(a, X)) = inf,er{z + Z-EF[(f(a, X) — 2)4]} into the above
problem yields (19). O
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E.2 Examples

First, we propose the following example to demonstrate that the convexity of WR and MAs

robust optimization problems may not always coincide.

Example 3. Let A C R? be convex. Define f : A xR — R as f(a,z) = (a1 V az)z, where
a1 V az = max{aj,az}. Denote by F = {Fy, Fo} with F} = §_; and F» = 2§_9/3 + d9/3 where
d; represents the point-mass at ¢ € R. For a € [1/6,1/3), we consider the WR and MAj robust

optimization problems:

WR
gélﬁl ES, " (Fay) and géli’ll ESM (fa,f)- (EC.13)

For WR robust optimization, we have

ESWR(Fay) = max ES. (f(a, X)) = (ESa(F1) V ESa(F2))(a1 V as)

_ ((_1) v <1—6a - 9)) (a1 V az).

Note that 6/(1 —a) —9 < 0 as a € [1/6,1/3). We have WR robust optimization in (EC.13) is not

a convex optimization problem. For MAjs robust optimization, one can check that
\/’Faf Y G(Cll\/az) + 59(0,1\/(12)7 va € A

Hence,

ESMA2(F, (\/ Fa f> <5 - 6) (a1 V az).

Note that 5/(1 —a) —6 > 0 as « € [1/6,1/3). We have MAjy robust optimization in (EC.13) is a
convex optimization problem. If we let f(a,z) = (a1 A a2) - x, where a; A az = min{a;, az}, then
it follows the similar arguments previously that the WR optimization problem is convex, and the

MA, optimization problem is not convex.

Next, we study the tractability of the MAs robust optimization under two common convex
uncertainty sets, namely box uncertainty and ellipsoid uncertainty, that are specifically associated

with discrete cdfs.
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Example 4. Suppose that the sample space is {x1,...,xx}, and consider the uncertainty set

N
Fo = {Zaidxi :oe@},

i=1

where O is a subset of Ay. We have that for any fixed a € A and = € R,

S EF[(f(a,X) —a)4] = sup Z; 0i(f(a,xi) — )4

This implies that Problem (18) can be equivalently reformed as the following problem with variables

ac Aand h e R; h",x* ¢ R" for w € W; v/ € RN for j € n¥ and w € W:

min h (EC.14)

ul > fla,x;) —a¥, i€[N], je "], weW

w™ >0, ie[N], jen], weW.

When O is chosen as a box uncertainty or an ellipsoid uncertainty, we can further reform the above

problem as follows.

(i) Box uncertainty. We set O as a box, i.e.,
0=05={0:0=0"+n, e'n=0, n<n <7}

where 0 is a nominal distribution, e is the vector of ones, and 1 and 7 are given vectors.

The constraints of 7 in the above set ensure that ©p C Ap. Using a similar argument of
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Section 2.2.1 in Zhu and Fukushima (2009), Problem (EC.14) is equivalent to

min h (EC.15)
st. (p¥)"hY <h, weW
1 ) . .
z¥ + —(6°) Tl 4 —@E +n )<Y, jE Y], weW
1-— o 1-— aj

ezj,w + Ej’w +’7j7w = 07 £j,w > 07 7j’w < 07 .7 € [nw]a wew

u > fla,x;) — 2

i ]7Z€[N]7j€[nw]7wew

w >0, i[N], j €[], weW,

where variables are a € A and h € R; h%,x¥ € R"” for w € W; 2% € R and v/, &%, v ¢
RY for j € [n%] and w € W. If f(a,x) is convex in terms of a and A is convex, then Problem
(EC.15) is a convex optimization problem that is consistent with Proposition 3. Specifically,
when f(a,x) is linear in a and A is a convex polyhedron, the optimization problem simplifies

to a linear program.

1 ipsoid uncertainty. We set O as an ellipsoid, i.e.,
(ii) Ellipsoid inty. W (C] llipsoid, i
©=0p={0:0=0"+Cn, e'Cn=0, 6°+Cn >0, |nll2 <1},

where ||n|l2 = vn'n, 6° is a nominal distribution which is also the center of the ellipsoid,
and C € RV*V is the scaling matrix of the ellipsoid. The constraints of 1 in the above set

ensure that ©p C An. The dual problem of

sup {u' An:e'Cn=0, 6°+Cn >0, [nlla <1}
nerRN

is an SOCP, which has the form:

f OOT - _CT CT :CT, <’ 20
et o g C T @)y =€ = CTy+CTez=CTu, figla < ¢ v >0}

The strong duality between above two problems holds under some mild condition such as

the Slater’s condition. In this case, using a similar argument of Section 2.2.2 in Zhu and
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Fukushima (2009), Problem (EC.14) can be equivalently reformed as

min h (EC.16)
st. (p¥)"hY <h, weW
2+ T (0 T (P (00) ) < B G E Y], weW
J J

— g - Ty 1 OTet = CTw, €07y > ¢, /" <0, j € "], we W

2w

u?' > f(a,x;) — ¥, i€[N], j€n"],n", weW
=0

, 1€[N], g€ n”], weW,

where variables are a € A and h € R; h*,x* € R" for w € W; 2% (3% € R and
w g v e RN for j € [n%] and w € W. If f(a,x) is convex in a and A is a convex set,
then Problem (EC.16) is a convex optimization problem that is consistent with Proposition
3. Additionally, if f(a,x) is linear in a and A is a convex polyhedron, the problem simplifies

to an SOCP, which can be efficiently solved using interior-point methods.

To end this section, we compare the tractability of (19) and (20). Set

d
fla,x) = [Bilai — i)y + milws — a;)+],

i=1
where 3;,m; € Ry. This is the loss function of the newsvendor problem.'” For i € [n], we take
F; as the empirical distribution of N sample points from the distribution N(u;,¥;); this can be
seen as an approximation of the corresponding normal distributions via Monte Carlo simulation.
We generate the parameters by (i, ;) Lig No4(0, I5q) and ¥; = diag(exp(o;)) for @ € [n], where
1y is the d x d identity matrix and exp is applied component-wise. Figure EC.1 presents the
computation times of two approaches where we use the cvxpy library with MOSEK as the chosen
solver. The corresponding parameters are summarized below. We set 3; = ¢ and n; = d — i + 1 for
i € [d]. We assume that the values of n are identical for all w € W, and p¥’, j € [n"] are uniformly
generated from the standard n*-simplex, and of = (2j —1)/(2n") for j € [n”]. Each panel in
Figure EC.1 illustrates the performance as one parameter varies, while the other parameters are
held constant at (n*,d,n,|W|, N) = (10,3,3,3,100). As shown in Figure EC.1, the computation
times of the two approaches appear to be similar for most values of d, n and N. In the case of large

n' or large |W|, the MA approach is visibly faster. This is consistent with our intuition that MA

17See Fu et al. (2022) for a related distributionally robust newsvendor optimization based on ambiguity set con-
structed based on <j.
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Figure EC.1: Computation times of MA and WR methods
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Note: d is the dimension of the random vector; n is the number of cdfs in F; |W| is the cardinality of W; N is the
sample size drawn from each F; € F. We assume that n" is identical for each w € W.

may work better when the risk measure itself is more complicated.

F Proofs for results in Section 6 and omitted figures

F.1 Proofs

Proof of Theorem 4. Statement (a) can be directly obtained by applying Proposition 4 (i) of Liu
et al. (2022). To see (b), if p = 1, one can check that suppcr, () Tr(2) = g, (2) +¢ for all z € R.
There does not exist G € My such that 7¢ = suppcr, _(m) TF since limg—o0 SUPpe 7, (1) wp(x) =
e > 0. Hence, the set Fj .(Fp) is not <o-bounded. For p > 1, Since the Wasserstein ball is convex,
it follows from Theorem 1 that suppcr, . (m) ESa(F) = ESa(FIiE'FO). By Proposition 4 (ii) of Liu
et al. (2022), we have suppcr, _(m)) ESa(F) = ESqa(Fo) + (1 — o)~ Pe for o € (0,1). Therefore, one
can obtain

1 1
/ VaR, (Fﬁs'Fo) ds = / VaR,(Fo)ds + (1 — o) "7e, a € (0,1).

Take the derivative on the left and right sides of the above formula for a;, we have

VaRa (F%dFO

p

) = vao(Fi) + (1= ) ()5
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Hence, we complete the proof. O

The following remark is related to the robust distributions in Theorem 4.

Remark EC.2. In this remark, we collect some observations related to the robust distributions

Fl

2 . .
el Fo and Fp76| Fo obtained in Theorem 4.

(i) The order szy€ =<1 F!

- 1
7y =1 F), .|, holds since (F

p,€|F0)71(04) > (F?_ . )7 Ha) for all a € (0,1).

p,E‘F()

.o 1 2 . . . .
(ii) Both F, Py and Fy <, Are increasing in & with respect to <.

(iii) The left-hand side of equation (23) is increasing in p. Hence, a larger value of p leads to a

1 .
smaller cdf Fp’ <y with respect to <.

(iv) The left quantile functions (F15|F0)_1 and (F?

s pE|FO)_1 has the same limit F, ' + ¢ as p — oc.

(v) None of F;},e| F, and insl F, is in any Wasserstein ball of the form (22) since W, (F! Fy) =

p7E|F0’
Wp(Fz and F?2

o . . . . 1
p,leo’FO) = oo. This is not surprising, as F el Fo

min ry element in
el Fo dominate every element

the Wasserstein ball and their quantile functions are of a different shape in general.

Proof of Theorem 5. For two random vectors X and Y of the same dimension, define £, as
Lap(X, YY) =E[[|X = YI[F].

For any F € Fw.ape(Fx), by definition, there exists Z with Fz € F2

a,p,e

(Fx) and F' = Fyt4. We

can verify that

Wp(Fyrx: Fwrz) = inf (B[ X — Z|)'»
XiwTX, z4wTZ
= inf (E[jw X' —w'Z/[P))'/P
wTX’ngX7 wTz'iwTzZ
< in Wl Lap(X', Z')

d
wiX'=wTX, wlZ'=w'Z

IN

x/i;,lfz/gz IWlloLap(X', Z') = |lw] Wi, (Fx, Fz) < e[ wls,
where the infima are taken over (X, Z) or (X', Z'), b satisfies 1/a+1/b = 1, and the first inequality
follows from the Holder inequality. Hence, Fw ap.c(Fx) € Fpcjwl, (FwTx)-

We next show the opposite direction of the set inclusion. For any F' € F, ojjw|, (FwTx),
since the set {Y : (E[]Y —w ' X[P])//? < ¢||w]|y} is closed, there exists Z such that Fy = F and
(E[|Z — wTX|P])'/P < ¢||w]|s. Below we consider the case that a > 1. Denote by Y = Z — w'X

and Z = X 4 (WY /(w'w?%), where w¥® = (sign(wy)|w; |2, ..., sign(wg)|wq|®/*) and sign:
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R — {—1,1} is the sign function. We have E[|Y|?] < [w]|[Je?. Moreover, noting that w ! wbh/e =

S w e = 0wl = |[w]|%, we have

b/a p
d p _ W

a

W EIY P w e BV EQYP] _

b lwie wlp

[w]

1/a
where the forth equality is due to Hwb/ “Ha = (Zle |w¢]b> = ||w||Z/ “ and the last equality comes

from b(1 — 1/a) = 1. Hence, Fyz € F(f’p,s(FX), which implies Fyy17 € Fw,ape(Fx). Noting that

w'Z=w'X+Y = Z, we obtain F € Fy qp(Fx). This implies Fu a.p.c(Fx) 2 Fp,wpe(FuTx)-
Hence, we conclude that Fy ape(Fx) = Fp ||wj,e (F-

w

tx) for a > 1. If a = 1, then we let i € [d] be
such that |w;,| = ||W|/eo, and denote by Y = Z — w'X and Z = X + sign(w;,)ei,Y/||W/||oo, Where
e;, is a vector with its ip-th element equal to 1 and all other elements equal to 0. Similar to the

previous proof of the case that a > 1, the desired result holds. ]

F.2 Omitted figures from Section 6

We present a few figures omitted from Section 6. Figures EC.2 and EC.3 are related to
Section 6.1 for the Wasserstein uncertainty set Fj, .(Fp) with k = 2, € = 0.1, where the benchmark
distribution Fjy is the standard normal distribution function. Figure EC.2 shows the left quantile
functions of the supremum. In Figure EC.3, we obtain the WR and MA robust risk values and the
risk measure is chosen as ES, or PDy.

Figure EC.4 shows the curves of robust risk evaluation via the WR and MA approaches for
the mean-variance uncertainty set Fo 1 in Section 6.3. The risk measure is chosen as ES,, RVaR, g,

PD;. or ex,.

G Proofs and generalizations for results in Section 7

We first recall that, by Proposition 2, <i-cEMA and =<s-cEMA imply the properties <i-

consistency and <s-consistency, respectively, and <;-cEMA (i = 1, 2) is equivalent to

p (\/{Fl, . ,Fn}> = sup {,0 (i )\in) A€ An}

for all F4,...,F, € Mand n > 1.
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Figure EC.2: The supremum of F5 . 1(Fp) with Fy ~ N(0,1).
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G.1 A generalization of Theorem 6 (a) and related results
The following theorem is a generalized version of Theorem 6 (a) to the domain M,, p € [0, c0).

Theorem EC.1. Let p € [0,00). A mapping p : M, — R satisfies translation invariance, positive

homogeneity, lower semicontinuity and <1-cEMA if and only if p = VaRy for some a € (0,1).

To prove Theorem EC.1, we need some technical lemmas. The following lemma shows that a

=<1-consistent and lower semicontinuous risk measure can be uniquely extended from M, to My,

Lemma EC.2. Let p € [0,00) and p1,p2 : M, — R U {oo} be two =i-consistent and lower
semicontinuous risk measures that coincide on Mos. Then pi(F) = pa(F) for all F € My, N M,,.

Proof. For F' € My, N M,, without loss of generality assume that the support of F' is bounded
from below by —M. Define F,(z) = ZZSF(k/TL - M)]l{%<$+M<2%} + Lypymrzny, n € N. We
have F,, € My, F, =1 Fy1q foralln > 1, F, L Fasn— oo, and

pr(F) = limsup pi (F,) = lim sup p2(Fy) > liminf pa(F,) > pa(F),

n—oo n—o0

where the first inequality follows from the =<i-consistency of p;, and the last inequality is due to

the lower semicontinuity of ps. By symmetry, we have p; = ps. O

Denote by ¢ the Lebesgue measure on [0, 1] and M, ¢(¢) the space of all finitely additive prob-
ability measures on ([0, 1],B([0,1])) that are absolutely continuous with respect to ¢. By Theorem

4.5 of Jia et al. (2020), for any =<j-consistent, translation invariant and positively homogeneous
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Figure EC.3: The WR and MA approaches under F» .1 (Fp) with Fy ~ N(0,1).
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risk measure p : Mo, — R, there exists a family {M, : £ € Z} (2 is an index set) of nonempty,

weak*-compact and convex subsets of M ¢(¢) such that

1
p(F) = min max / VaRs(F)u(ds), F € Mu. (EC.17)
E€E neMe Jo

Applying this representation, we can establish the following lemma.

Lemma EC.3. Let p: M, — R, p € [0,00), be a mapping satisfying =<1-consistency, translation
invariance, positive homogeneity and lower semicontinuity. Denote by p the restriction of p on

Moo, ie., p(F) = p(F) for all F € My,. Then the following three statements are equivalent.
(a) p = VaRy for some o € (0,1) on M.
(b) p satisfies =1-cEMA.

(c) p admits a representation (EC.17) which satisfies max¢e= mingea, (4([0, 8]) = szqy for some

a € (0,1).

Proof. The implication (a)=(b) is straightforward to check by Proposition EC.1.
(b)=(c): By the discussion before this lemma, there exists a family {M¢ : { € E} consisting

of nonempty, weak*-compact and convex subsets of M; ¢(¢) such that p admits a representation

(EC.17). Denote by

gu(B) = u([0,8]), B€[0,1], ge= Jél/i&lg g and g= = MAX g

99



Figure EC.4: The WR and MA approaches under mean-variance uncertainty Fo 1.
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All these three functions are nonnegative, increasing, and take value one at 1. We complete the

proof of (b)=(c) by verifying the following three facts.

1. Right-continuity of g=. Note that for any 8 € [0,1),

1
P38+ (1= 5)51) = min e /O VaR, (8% + (1 — B)6)u(ds)

= min max 1u(ds
fe= “eMs/(m i

= ?éiélﬁ?ja\i n((B,1]) = ?Qgﬁ%u —g9u(B) =1-g=(8). (EC.18)

Fix f € [0,1). Let {8n}nen C [0,1) such that 5, > g and B, | B as n — oco. We have
Budo + (1 = B)61 =1 B + (1 — B)d1, n € N, and By + (1 — Bu)d1 > B0 + (1 — B)8y as
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n — oo. Therefore, by (EC.18), we have

lim sup{1 — g=(8,)} = limsup p(Bndo + (1 = Bn)d1) < p(Bdo + (1 = )01) =1 — g=(P),

n—o0 n—oo

where the inequality comes from 3,60 + (1 — 3,,)01 =1 B + (1 — 3)d1 and =;-consistency of

p. By lower semicontinuity of p, we have
lim inf{1 — g=(B,)} = liminf p(Bado + (1= 5)31) > p(B8 + (1 — B)o1) = 1 — g=(8).

Hence, we obtain g=(5) = lim,—,c0 g=() which implies the right-continuity of g=.

. g=(1—) = g=(1) = 1. Assume by contradiction that g=(1—) = 1 — ¢ with § € (0,1]. By
the definition of g=, we obtain that for all £ € Z, there exists p € Mg such that g,(1—) <
g=(1—) =1—0. Take G € M)\ M, p € [0,00) with support on Ry. For any M € R, take
B =G(M) € [0,1) and define F := 3y + (1 — )0y € Moo. One can verify that F' > G and
thus, F' <1 G. Therefore,

p(G) > p(F) = H(F) = i ms / VaR,(F)u(ds) = M(1 — g=(8)) > 6],

where the last inequality follows from g=(8) < ¢g=(1—) = 1 —§ for any 5 < 1. Since M is
arbitrary, this yields a contradiction to that p : M, = R, p € [0, 00).

. 9=(B) = N{g=q) for some a € (0,1). Define
a=inf{B:g=(8) > 0} € [0,1]. (EC.19)

We assert o € (0,1). To see this, first note that g=(1—) = 1 which implies a < 1. We next

show a > 0 by contradiction. Suppose that a@ = 0, which means g=(8) > 0 for each 5 > 0.
Let F' = 0_qo+ (1 — )d1 and G = 6 with § € (0,1) and a > 0. We can calculate the MA

robust risk value

D (\/{F, G}) = p(Bdo + (1 = B)o1) =1 — g=(B),

1
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and the WR robust risk value

sup p(AF 4+ (1 = A)G) = sup p(ABI_q + (1 = X)dp + A(1 — B)d1)
A€[0,1] A€[0,1]

= sup min max{—ag,(A\3)+1— 1—-X1-—
b i g (g, () + 1= g1~ ML= 5)

= 1= Inf max min {ag,(A9) +g.(1 = A(1 = B))}

<1— inf i A i 1—A(1—
(i et 2l ouO0) + i 000 = A0 O}

=1- inf max{age(A8) +g¢(1 - A(1 - B)}-

The property <1-cEMA implies p (\/{{F,G}) = supyep,1) p (AF + (1 — A)G), and thus,

9=(B) = Aér[hfl] rggg{agg(kﬁ) +9¢(1=A1-5))}, Be€[0,1], a>0. (EC.20)

Fix § > 0. By (EC.20) and the definition of infimum, for each a > 0, there exist ¢, and
Aa € [0, 1] such that lim, o €, = 0 and

9=(5) > maxc{a ge(Aaf) + ge(1 = Aa(1 = )} — <o (BC.21)

It follows that g=(8) > maxgcz a ge(Aaf) — €a = a g=(Aaff) — €, Which implies g=(Aa) — 0
as a — oo. That is, A\, — 0 as a — oo since g(f) > 0 for 5 > 0. Therefore, (EC.21) implies

9=(B) = maxeez ge(1 — Aa(1 = ) — €0 = 9=(1 — Aa(1 = B)) — 4. Letting a — oo, we have
g=(B) = g=(1-) = 1 for any 8 > 0 which implies g=(s) = L0y for s € [0,1], and this
yields a contradiction to that g is right-continuous on [0,1). Hence, we have o > 0, and thus,
a € (0,1). By the definition of « in (EC.19), we have g=(5) = 0 for all 8 € [0,«). Fix
B > a, there exist g, and A, € [0,1] such that lim, - g, = 0 and (EC.21) holds. Similarly,
we have g=(A\,f8) — 0 as a — oo which implies limsup,_,., A\s < a/B. It then follows that

9=(B) = g=(1 — X\o(1 — B)) — &4. Letting a — oo, we have

g(8) > limnsup g=(1 — A(1 - §)) > g= ((1 - 0‘“‘5)) —> .

a— 00 IB

Since 8 < 1 — a1l — 8)/B for 8 > «a, and the sequence {f,}nen, where By = 5 and B,+1 =
1—a(l—3,)/By for n > 0, converges to 1, and g= is increasing, we have g=(3) takes constant
on 8 € (a, 1), that is, g=(8) = g=(1—) = 1. By right-continuity of g=, we have g=(8) = 1ig>a},
which completes the proof of (b)=-(c).
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(¢c)=(a): By (EC.18), under the condition of (c), for F' = Sy + (1 — )1, we have p(F) =
1 —g=(8) = VaR,(F'). By positive homogeneity and translation invariance of p, this implies that
for any F = (0, + (1 — 3)0p,

p(F) =a+(b—a) Igleig;g% u((B,1]) = a+ (b — a)VaRa(Bdo + (1 = B)é1) = VaRa(F),

where the second equality follows from mingez max e, (5, 1]) = 1—maxeez mingen, ([0, B]) =
Lfscal-

For F' € My, define G = Bovaryr) + (1 — ﬁ)(SVaRB(F) for § < a. One can check G <1 F
and thus, p(F) > p(G) = VaRa(G) = VaRg(F) for f < a. By left-continuity of VaR, we have
p(F) = limgy,, VaRg(F) = VaRq(F). On the other hand, define H = ady,gr, () + (1 — @)0var, (r)-
One can check F' <; H and thus, p(F) < p(H) = VaR,(H) = VaR,(F). Therefore, we have
p(F) = VaRy (F). O

Proof of Theorem EC.1. Sufficiency follows directly from Proposition EC.1. Below we show
necessity. Note that <;-cEMA implies <;-consistency, and hence, by Lemma EC.3, we have p =
VaR,, for some a € (0,1) on M. It remains to show that p = VaR, on My, p € [0,00). By
Lemma EC.2, we have p = VaR, on My, N M,,. Next, we will prove p = VaR, on M), \ My,,.
Take F € M, \ My, and ¢ < VaRq(F). We have

p <\/{F, 54}> = VaR, (\/{F, 5<}> = VaR,(F) V ¢ = VaRq(F), (EC.22)
1 1

where the first equality is due to \/{{F,d;} € My, N M, and the second equality follows from
Proposition EC.1. By F' <1 \/{{F,d¢} and <;-consistency, we have (EC.22) implies that

p(F) < VaR,(F) for all F € M, \ M. (EC.23)
By =<i-cEMA of p, and together with (EC.22), we have
sup p(AF + (1 — X)é¢) = VaRo(F) for ¢ < VaR.(F). (EC.24)
0<A<1

We assert that if ' is continuous at VaR,(F'), then (EC.24) implies

limsup p(AF + (1 — X\)é¢) = VaRo(F), (¢ < VaRy(F). (EC.25)
A—1
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To see this, fix e > 0 and ¢ < VaRq(F'), and let A € [0,1—¢). Since F' is continuous at VaRq(F), we
have (' := VaR(q—c)/(1—e)(F') < VaRa(F'). Hence, AF'+(1—))d; has probability at least a—e+¢ > a
for the interval (—oo, ¢’ V(]. Therefore, we have VaRq (AF + (1 —X)d¢) < ¢'V{ < VaRo(F). Hence,

sup  p(AF + (1= X)) < ¢V ¢ < VaRo(F).

0<A<l—¢

Therefore, the supremum in (EC.24) is not attained on [0,1 — ) for any € > 0, and we have

limsup p(AF + (1 = X)é¢) V p(F) = VaRo(F), (¢ < VaRy(F).
A—=1

By lower semicontinuity of p, we have

p(F) < liminf p(AF 4 (1 — A)d¢) < limsup p(AF + (1 — A)d¢).
A—1 A—1

Combining above two equations, the assertion (EC.25) is verified. In the following, we will show
that p(G) = VaR4(G) for G € M,, \ My, in two cases by applying (EC.23) and (EC.25).

Case 1: G is continuous at VaR,(G). By (EC.23), p(G) < VaR,(G), and we suppose by contra-
diction that p(G) < VaR,(G). Since G is continuous at VaR, (G), there exist 2* € (p(G), VaRy(G))
such that G is continuous at *, and z* is an element of the support of G, which implies VaRg(,+) (G) =

x*. Noting that x* < VaR,(G), we have \* := G(z*)/a € (0,1). Define a cdf as

H(z) = +G(z) A1, x < VaRy(G)

L, z > VaR,(G).

One can check that H is continuous at x* and VaR,(H) = z*. By (EC.25), we obtain for { < z*,

limsup p(AH + (1 — A\)d¢) = VaRn(H) = 2™ (EC.26)
A—1

For ¢ < z* and A € [A\*, 1], we have A\H+(1—\)d¢ > G pointwise, which implies AH +(1-X)d¢ =1 G.
It follows from <i-consistency that p(G) = p(AH + (1 — A\)d¢) for all ¢ < * and A € [A*,1]. Hence,
by (EC.26), we obtain p(G) > x*, and this yields a contradiction.

Case 2: G has a jump at VaR,(G). In this case, we can construct a sequence {Gy, }nen such that
G, =<1 F for all n € N, G,, is continuous at point VaR,(G,,) and VaR,(G,) — VaR,(G). By Case
1 and =<j-consistency of p, we have p(G) > p(G,) — VaR4(G). Note that the converse direction
holds by (EC.23). Hence, we obtain p(G) = VaR,(G) for all ' € M), \ My, such that G has a
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jump at point (.

In summary, we compete the proof of this theorem. ]

G.2 A generalization of Theorem 6 (b) and related results
The following theorem is a generalized result of Theorem 6 (b) for the space M, p € [1,00).

Theorem EC.2. A mapping p : M, — R, p € [1,00), satisfies translation invariance, positive

homogeneity, lower semicontinuity and <o-cEMA if and only if p = ES, for some a € (0,1).

By Theorem 1, we know that ES satisfies <o-cEMA. In order to prove the necessity of Theorem
EC.2, we need to apply Corollary 5.9 of Jia et al. (2020). Define

H:={h:[0,1] — [0,1] : h is increasing convex, h(0) =0, h(1) = 1}.

For any <s-consistent, translation invariant and positively homogeneous risk measure p : Mo, — R,

there exists a family {#¢ : £ € Z} of nonempty, compact and convex subsets of H such that

1
p(F) = min max/ VaR;(F)dh(s), F € M. (EC.27)
£eE heHte Jo

Here, compactness is defined with respect to the weak topology induced by all continuous functions

n [0,1]. As pointed out by Jia et al. (2020), both the min and max can be attained, that is, for
each F' € M, there exists h € H¢ for some & € = such that p(F) = fol VaRs(F)dh(s). Therefore,
for any g € [0,1], by p(B8d0 + (1 — B)d1) = mingez maxpep, fﬂl 1dh(s) = 1 — maxeez minyew, h(B),

we can define

he(B) = min h(3) and h=(8) = maxhe(B), 6 € [0.1] (EC.28)

Applying this representation, we can establish the following lemma.

Lemma EC.4. Let p: M, — R, p € [1,00), be a mapping satisfying <2-consistency, translation
invariance and positive homogeneity. Denote by p the restriction of p on Ms. Then the following

three statements are equivalent.
(a) p=ES, for some a € [0,1) on M.
(b) p satisfies <9-cEMA.

(c) p admits a representation (EC.27) which satisfies h=(f) = (6—a)+/(1—a) for some a € [0,1)
where hz= is defined by (EC.28).
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Proof. The implication (a)=(b) follows immediately from Theorem 1 (b).

(b)=(c): By the discussion before this lemma, there exists a family {H¢ : £ € 2} of nonempty,
compact and convex subsets of H such that p admits a representation (EC.27). Define h¢ and hz
by (EC.28). One can check that both h¢ and hg are increasing and satisfy he(0) = hz(0) = 0 and
he(1) = h=(1) = 1. In the following, we show (c) by verifying the following facts.

1. h=(1—) = h=(1) = 1. This can be showed by similar arguments as in (b)=-(c) of Lemma EC.3.
2. h=(8) = (B —a)+/(1 — «) for some a € [0,1). Let F = Bo_, + (1 — )61 and G = dp with
B € (0,1) and a > (1 — 3)/5, and calculate the MA robust risk value

. R . h=(B)
p (\2/{F G}> =p <55_1ﬁe +(1- ﬁ)&) =1-—=

and the WR robust risk value

sup p(AF + (1 =XN)G) = sup p(ABI_q + (1 — X)dg + A(1 — B)d1)
A€(0,1] A€[0,1]

= sup minmax{—ah(A3)+1—h(1—-X1-7
o i s (—ah(49) + 1= h(1 = (1~ 6)}

=1 Ag[%)f,q IgleaEX F{ggﬁl&{a h(AB) + h(1 — X1 —=5))}

<1— inf max{a min h(A3) + min h(1 — (1 —3))}

A€[0,1] €€ heHe heHe
=1— inf he(A he(1 — X1 — .
ot Igeag{a ¢(AB) + he( (1-8)}

The property <5-cEMA implies supycpo.11 2 (AF + (1 — A\)G) = p (Vo {F, G}), and thus,

: 1-p
5 ,\g[%)f:u I?Eaéc{a he(AB) + he(1 = X1 —-8))}, B€l0,1], a> 5

WV

(EC.29)

Define

a=inf {f: h=(8) >0} €[0,1), (EC.30)

where the fact o < 1 comes from hz(1—) = 1. Fix § > a. By (EC.29) and the definition of infimum,
for each a > (1 — )/, there exist A\, € [0, 1] and ¢, such that lim,_. £, = 0 and

h=(B)
B

> ypax{ahe(\B) + he(1 = dall = B)} 20, (EC.31)
S=
It follows that h=(8)/8 > maxecz ahe(AaB) — €a = ahz(Aaf) — €q. Letting a — oo, we obtain
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limg—y00 hz(Aef) = 0. By definition of «, limsup,_,., Aq < /. Again, by (EC.31), we have

h=(8)
B

= I?eazx{hﬁ(l - >‘a(1 - 5))} — & = hE(l - )\a(l - /8)) —¢&a (ECBQ)

By monotonicity of hz and limsup, ,., As < /B, we get limsup,_,., h=(l — Ao(1 — B)) — &4 =
h=((1 — a(1 — B)/B)—). This combined with (EC.32) implies h=(8)/8 = h=((1 — (1 — B)/5)—).
Denote by hz () = limyy, h=(y). We have hz (o) = 0 and

hz(B) = hz () _ hz(a+ (1 —a/B)) = hz(a)
B—a ~ 1—a/B ’

B> a. (EC.33)

o(1=f)+(B=a)a"+!

Letting fo = B and Bp+1 = 1+ a—a/p, for n > 0, we have 3, = (=) T (F—a)a=" T

1 1asn— oco.

Combining with (EC.33), we obtain

hz(B) —hz(@) _ hz(Bn) —hz(a)  hz(1) —hz(e) 1
35—« = B, —a — —a “1"a as n — oo

for all 8 € (a, 1]. It follows that h=(8) = hz(8) > (B — a)+/(1 — «) for € (o, 1]. We next show
h=(8) < (B—a)+/(1—a) for B € (a, 1] by contradiction. Suppose that there exists 8* € («, 1) such
that hz(8*) > (6% — a)+/(1 — ). Noting that h=(8) = maxeez minyey, h(B), there exists & € =
such that

min h(S*) > M.

EC.34
hEHgO 1l -« ( )

Meanwhile, by hz(8) = 0 for 8 < a, we have minjez, h(8) = 0 for any 8 < o and any & € Z,
and thus, mingey,, h(B) = 0 for B < «. This implies that there exists hg € Hg, such that
ho(B) = 0 for f < a. By (EC.34), we have ho(8*) > (5* — a)+/(1 — «), which, combined with
ho(1) = 1 and ho(8) = 0 for 8 < a, yields a contradiction to that hy € H is convex. Hence,
h=(8) = (B — @)+ /(1 — «), and this completes the proof of (b)=(c).

(c)=(a): One can check that under the condition of (c), for F' = Bdy + (1 — 8)d1, we have
p(F) = 1— hz(B) = ES4(F). By positive homogeneity and translation invariance of p, for any
F = B6s+ (1= B)0, p(F) = ESa(F). For F' € My, define G = adyary(r) + (1 — a)dgs, (7). By
computing the 7 function, one can check G <5 F' and thus, p(F') > p(G) = ES,(G) = ESy(F). On
the other hand, define H = B0v,r,, (r)+(1—B8)dvar, (), Where 8 > a satisfies (8 —a)VaRq(F)+(1—
B)VaRi(F) = (1—a)ES,(F), that is, ES,(H) = ES,(F). By computing the ES;, s € [0, 1], one can
check F' <9 H and thus, p(F) < p(H) = ES,(H) = ES,(F). We therefore have p(F) = ES,(F),
which completes the proof. O
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Proof of Theorem EC.2. Translation invariance, positive homogeneity and lower semicontinuity
of ES,, a € (0,1), are well-known, and the property <s-cEMA of ES follows from Theorem 1.
Conversely, note that <o-cEMA implies <s-consistency, and hence, by Lemma EC.4, we have
p = ES, for some a € [0,1) on M. Thus, it remains to show that this representation can be
extended to M), for p € [1,00). To see this, for F' € M,, let X be a random variable with cdf F'.
Since the probability space is nonatomic, there exists a uniform random variable U on [0, 1] such

that X = F~1(U) P-a.s. (see, e.g., Lemma A.28 of Féllmer and Schied (2016)). Define

i nd (1—a)i
=N"Z1, . At , v > 1.
Un Z n L %<U<7a(zn+l)} + Z (a + n > ]l{aJri(l_na”<U<a+7(1_a7)z(l+l)}’ n>l
=0 =0

and denote by X,, = E[X|U,]. One can obatin Fx, € My, and p(Fx, ) = ESy(Fx,) = ES4(F). On
one hand, since Fx, =5 F for all n > 1, and note that <3-cEMA implies <s-consistency, we have
p(Fx,) < p(F). Hence, we have ES, (F) = limsup,,_,., p(Fx, ) < p(F). On the other hand, noting
that X, 4 x , it follows from the lower semicontinuitycof p that ES,(F) = liminf, , p(Fx,,) =
p(F). Hence, we conclude that p(F') = ES,(F). Since ESy = E is not lower semicontinuous, we
obtain p = ES,, for some « € (0,1). O
Remark EC.3. The characterization results in Theorems EC.1 and EC.2 are obtained for spaces
My, p € [1,00), ie., cdfs with finite pth moment. On the space My, of compactly supported
cdfs, the situation is more delicate. In particular, for a € (0,1) and A € (0,1), we find that the
mappings \VaR,, + (1 — A\)VaR; and AES,, + (1 — \)VaR; on M, satisfy the conditions in (a) and
(b) of Theorem 6, respectively. These mappings are not real-valued on M, for p € [1,00). A full
characterization on M, seems beyond current techniques and requires future study. This hints at

the level of technical sophistication of the theory.

H Supplementary numerical results in Section 8

We present the summary statistics of the return rates of 20 stocks in Section 8 in Table EC.3.

H.1 Portfolio selection under mean-variance uncertainty

We follow the portfolio selection setting discussed in Section 8.2 to assume that only the mean
and the covariance matrix are available to the investor. This appendix complements the study in
Section 8.2 with Wasserstein uncertainty.

For a given portfolio weight w, the uncertainty set is ]:WTM, VwTsw: Where p is the mean vector

and Y is the covariance matrix of losses from the stocks as reported in or computed from Table
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EC.3. By the results in Section 6.3, the optimization problem of the portfolio selection under the

MA approach with <7 and =<y are

min o M (F ) =W s VW TS stow s onofm, (EC39)
and
wrgiAI;o : pMA2 (JT:WTHA/W) = WT#’ +mVwiZw st WTN < —ro/m, (EC.36)

respectively, where Sy = (v/7I' (k+1/2))/T(k) and v, = (v/7(k — DT (k+1/2))/((2k — 1)T'(k)),
as in Table 1, and rp is the expected annualized return and m = 250. Using the results of Li (2018),
the WR portfolio optimization problem is

min : p"VR (.7-" T;L,\/ﬁ) =w p+pVwIsw  stow! p < —ro/m, (EC.37)

W€A20 w

where n, = (k — 1)/v/2k — 1. Figure EC.5 presents the optimal values of the optimization problem
under mean-variance uncertainty with the SAA, WR and MA approaches for different values of
k and rg using the whole-period data. We can see that the robust value computed by the MA
approach with =<1 is always the largest one and that of SAA is always the smallest one; this is
consistent with our intuition as MA with =<1 is the most robust approach among them, and SAA

is not conservative.

Figure EC.5: The optimized values of PD; under mean-variance uncertainty. Left: rq = 0.2 and
k € [1,20]; Right: & =10 and ¢ € [0.15,0.5].

— SAA sl — SAA
0.10 WR ’ WR

— MA; osl — MAL

— MAZ - MAZ
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Similarly to Section 8.2, we choose 350 trading days for the initial training, and compute
the optimal portfolio weights in each day with a rolling window. Figure EC.6 presents the SAA
approach, Markowitz model, and WR and MA approaches under Wasserstein uncertainty set with
t benchmark distribution and mean-variance uncertainty over the remaining 300 trading days with
ro = 0.2 and k = 2 (left) or £ = 20 (right). In the case k = 2, the WR and MAs approaches
exhibit comparable performance but underperform the other approaches. In the first 150 trading
days, the SAA approach outperform the others, and its performance aligns closely with the MA;
approach thereafter, with the Markowitz model delivering the best performance. In the case k = 20,
the Markowitz model stands out with superior performance, particularly in the final 100 trading
days. Both the MA and WR approaches perform very similarly, trailing slightly behind the SAA
approach during the first 150 trading days.

Tables EC.1 and EC.2 present the Sharpe ratios and the nominal transaction cost, respec-
tively, for SAA, Markowitz, WR and MA approaches under mean-variance uncertainty as well as
Wasserstein uncertainty, which has been shown in Section 8.2. With rg = 0.2 and 0.3, the MA and
WR approaches based on Wasserstein uncertainty have smaller transaction costs than the other
approaches. Additionally, these approaches also exhibit larger Sharpe ratios. The MA; approach

with mean-variance uncertainty has the smallest transaction cost for ro = 0.1.

Figure EC.6: Wealth evolution for different portfolio strategies from May 2020 to Aug 2021 with
ro = 0.2. Left: k = 2; Right: k& = 20.

135 1.35{— SAA

Markowitz
1301 — WR
—MA;
1.25{ — MA2

2020/05/22 2020/07/28 2020/09/30 2020/12/03 2021/02/09 2021/04/15 2021/06/18 2020/05/22 2020/07/28 2020/09/30 2020/12/03 2021/02/09 2021/04/15 2021/06/18
Trade times Trade times

Remark EC.4. The similar performance of MA and WR approaches for large k is not a coincidence.
In the setting of mean-variance uncertainty, as k grows, the weights S, v and n; in the optimization

problems (EC.35), (EC.36) and (EC.37) also grow. If these weights are large enough, then the
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Table EC.1: Annualized return (AR), annualized volatility (AV) and Sharpe ratio (SR) for different
portfolio strategies from May 2020 to Aug 2021 with rg = 0.2

AR (%) AV (%) SR (%)
Approach k=2 k=20 k=2 k=20 k=2 k=20

SAA 2542 26.72 1482 1435 1704 185.0
Markowitz  29.50  29.50 13.54 13.54 216.6 216.6
W-WR 3275  30.79 1425 1330 228.7  230.3
W-MA; 33.77 32.01 1448 13,56 232.0 234.9
MV-WR 2210 25.60 1530 12.86 1434 1978
MV-MA;, 25.26 2593 12.92 12.81 1942 201.1
MV-MA, 2224 2571 1390 12.84 158.8 198.9

Note: W-WR: WR with Wasserstein uncertainty; W-MA,: MA; with Wasserstein uncertainty; MV-WR: WR with
mean-variance uncertainty; MV-MA1: MA; with mean-variance uncertainty; MV-MA2: MAs with mean-variance
uncertainty.

terms involving vVw  ¥w in those problems become dominant in the optimization. For this reason,
Problems (EC.35), (EC.36) and (EC.37) are similar to the case that the mixture of mean and

standard variance as the objective risk measure with a large weight on the standard variance.

H.2 Wasserstein uncertainty with normal benchmark distribution

We follow the portfolio selection setting discussed in Section 8.2 under Wassserstein uncertainty
with a fitted normal benchmark distribution. The considered optimization problems have the

same form of (37) and (38) with the unit variance t-distribution replaced by the standard norm

Table EC.2: Nominal transaction cost Zthl |[Wir1 — we||1/T with e = 0.01 and 7" = 299

7’0:0.1 TU:0.2 7“0:0.3

Approach k=2 k=20 k=2 k=20 k=2 k=20

SAA 0.05649 0.0071  0.0871 0.0121  0.0969  0.0833
Markowitz  0.0102  0.0102  0.0110  0.0110 0.0746  0.0746
W-WR 0.0127 0.0032 0.0127 0.0033 0.0271  0.0382

W-MAy 0.0114 0.0035 0.0105 0.0035 0.0239 0.0348
MV-WR 0.0321  0.0062  0.0766  0.0074 0.0690 0.0714
MV-MA; 0.0080 0.0024 0.0108 0.0047 0.0714 0.0714
MV-MA, 0.0236  0.0049 0.0496 0.0065 0.0714 0.0714
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distribution. Figure EC.7 presents the robust risk values of the optimization problem with the SAA,
WR and MA approaches for different values of €, ro and k using the whole-period data. In the left
panel, we see that SSA may be the largest if ¢ < 0.002, because the empirical cdf of the data may
be outside the Wasserstein uncertainty set if ¢ is too small. As seen from Theorem 4, although the
multivariate normal distribution of X leads to a light-tailed benchmark distribution of w'X, the
robust model we use in the MA approach is heavy-tailed. Figure EC.8 reports the wealth process
under SAA approach, and WR and MA approaches under Wasserstein uncertainty with a normal
benchmark distribution as well as a t-benchmark distribution which has been shown in Section 8.2.
All robust approaches perform similarly, and they generally outperform SAA approach, especially

after the first 150 trading days.
Figure EC.7: The optimized values of PD; under Wasserstein uncertainty. Left: ro = 0.2, £ = 10

and ¢ € [0,0.1]; Middle: rg = 0.2, ¢ = 0.01 and k& € [1,20]; Right: & = 10, ¢ = 0.01 and
ro € [0.15,0.5].
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Figure EC.8: Wealth evolution for different portfolio strategies from May 2020 to Aug 2021 (¢ =
0.01, ro = 0.2). Left: k= 2; Right: k& = 20.
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