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Abstract

Classic optimal transport theory is formulated through minimizing the expected transport
cost between two given distributions. We propose the framework of distorted optimal transport
by minimizing a distorted expected cost, which is the cost under a non-linear expectation. This
new formulation is motivated by concrete problems in decision theory, robust optimization,
and risk management, and it has many distinct features compared to the classic theory. We
choose simple cost functions and study different distortion functions and their implications on
the optimal transport plan. We show that on the real line, the comonotonic coupling is optimal
for the distorted optimal transport problem when the distortion function is convex and the
cost function is submodular and monotone. Some forms of duality and uniqueness results are
provided. For inverse-S-shaped distortion functions and linear cost, we obtain the unique form
of optimal coupling for all marginal distributions, which turns out to have an interesting “first
comonotonic, then counter-monotonic” dependence structure; for S-shaped distortion functions
a similar structure is obtained. Our results highlight several challenges and features in distorted
optimal transport, offering a new mathematical bridge between the fields of probability, decision

theory, and risk management.
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1 Introduction

Optimal transport theory, originally developed by Monge and Kantorovich (see Villani (2009)
for a history), has been an important field of study over the past several decades, by connecting var-
ious scientific fields, including probability, economic theory, operations research, statistics, machine
learning, and quantitative finance. For a mathematical background on optimal transport and its
applications, we refer to the monographs of Santambrogio (2015) and Villani (2009). A specialized
treatment of optimal transport in economics is given by Galichon (2016).

Classic optimal transport theory concerns the minimization of the expected cost of transporting

between two marginal distributions, that is, using a probabilistic formulation,
to minimize E[c¢(X,Y)] subject to X g wand Y g v,

where p and v are two probability measures on suitable spaces, X 5 p means that X has the
distribution g under a fixed probability measure P with respect to which the expectation E is
evaluated, and c is a real-valued cost function. The joint distribution of (X,Y) is called a transport
plan or a coupling in the literature.

In this paper, we consider a novel setting of minimizing non-linear expectations (e.g., Peng
(2019)) of the transport cost. With a non-linear expectation € replacing E in the classic formulation,

the corresponding optimal transport problem is
to minimize E[c(X,Y)] subject to X 9 pand Y L. (1)

We will mainly focus on a popular and tractable class of non-liner expectations, the distorted
expectations, denoted by £, where h is a distortion function (see Section 2 for its definition). The
distorted optimal transport problem is (1) with & = £". The non-linearity of £" leads to many
mathematical challenges that are not treated in the classic theory.

In addition to its mathematical novelty, we explain in Section 2 three different motivations for
using non-linear and distorted expectations in optimal transport, which arise from the fields of de-
cision theory (e.g., Quiggin (1982); Yaari (1987)), robust optimization (e.g., Gilboa and Schmeidler
(1989); Goh and Sim (2010)) and risk management (e.g., Riischendorf (2013); Embrechts et al.
(2014)), respectively. In particular, non-linear and distorted expectations are useful tools to model
preferences under risk, regulatory risk measures, and transport cost under uncertainty. Thus, the
study of distorted transport brings together ideas and techniques from these fields.

As the first study on distorted optimal transport, we will focus on the basic setting of transport



between two distributions on the real line. We work mainly with simple forms of cost functions,
and analyze different distortion functions and their implications on the optimal transport problem.
The optimal couplings will be described by using copulas (Nelsen (2006)), which are convenient
in our setting. As a well-known result in classic optimal transport theory, if the cost function
on the real plane is submodular, then an optimal transport plan is the comonotonic coupling.
Moreover, such a transport plan is universally optimal, in the sense that its optimality does not
depend on the marginal distributions. In the setting of distorted transport, we show that if the
distortion function is convex and the cost function is submodular and monotone (i.e., increasing
component-wise or decreasing component-wise), then a universally optimal transport plan is the
comonotonic coupling (Theorem 1). This result highlights two distinct features of distorted optimal
transport compared to the classic setting. First, convexity of the distortion function A is essential
for the optimal transport plan. The classic setting corresponds to a linear A, thus both convex and
concave. Second, monotonicity of the cost function is important for the optimal transport plan.
Note that monotonicity is irrelevant to the classic transport problem, since the optimal coupling is
invariant if we add to the cost function some terms that depend only on one of the variables. This
is not true in the distorted transport setting, because the distorted expectation is not linear, and
additive terms that only depend on one variable generally affect the optimal coupling. Moreover,
we establish a weak version of duality for convex h, but strong duality holds only in case of an affine
cost (Theorem 2). These results are discussed in Section 4.

We proceed to concentrate on the linear cost ¢(z,y) = = + y, which is submodular, supermod-
ular, and monotone, in Sections 5-7. The linear cost represents an additive structure, and it is the
standard model in decision making with background risk (see e.g., Pratt (1988)) and risk aggrega-
tion problems (e.g., Embrechts et al. (2013)). This cost function is trivial in the classic transport
theory, but it yields some clean and nontrivial results in the framework of distorted optimal trans-
port. With the linear cost, we show uniqueness of the universally optimal coupling based on strict
convexity or concavity of h (Theorem 3). This and some other general results on the linear cost are
presented in Section 5. In decision theory, abundant research has elicited distortion functions from
experimental data of human behavior. A special form of distortion functions that is empirically
plausible is the inverse S-shaped distortion functions (Edwards (1954)), which plays a central role
in cumulative prospect theory (Tversky and Kahneman (1992)).! We pay special attention to this

class of distortion functions in Section 6. Such distortion functions are neither convex nor concave,

'Kahneman was awarded the Nobel Memorial Prize in Economic Sciences in 2002 “for having integrated insights
from psychological research into economic science, especially concerning human judgment and decision-making under
uncertainty.”



leading to considerable technical challenges. In this setting, we obtain equivalent conditions for the
existence of universally optimal couplings, which turn out to have an interesting “first comonotonic
then counter-monotonic” structure (Theorem 4). In contrast to inverse-S-shaped distortion func-
tions in decision theory, S-shaped distortion functions are closely related to popular risk measures
in risk management. Universally optimal couplings for S-shaped distortion functions (Theorem 5)
and its connection to robust risk aggregation are discussed in Section 7.

The framework of distorted optimal transport is new and many questions remain unanswered.
Section 9 concludes the paper with discussions on several open questions and future research direc-

tions.

2 Non-linear and distorted expectations

We first define non-linear and distorted expectations. Fix an atomless probability space (2, A, P),
and let X be the set of bounded random variables. A non-linear expectation £ is a mapping from

X to R satisfying
(i) Monotonicity: E[X] < E]Y]if X <Y;
(ii) Constant preserving: &[c] = ¢ for ¢ € R;
(iii) Law invariance: £[X| = £[Y] if X and Y are identically distributed.

In Peng (2019), only the first two properties are required in the definition. In optimal transport
problems, only the distribution of ¢(X, Y') matters, because the constraints on X and Y are specified
by marginal distributions; therefore, it is without loss of generality to assume law invariance.” A

sub-linear expectation £ is a non-linear expectation that further satisfies
(iv) Subadditivity: E[X + Y] < E[X]+E[Y] for all X, Y € &
(v) Positive homogeneity: E]AX] = AE[X] for A > 0.

Similarly, a super-linear expectation £ is a non-linear expectation that satisfies positive homogeneity
and —¢& is subadditive.
We will focus on the popular class of non-linear expectations, the distorted expectations. A

distortion function is an increasing (in the non-strict sense) function A : [0,1] — [0, 1] satisfying

2Even if we use a function £ : X — R that is not law invariant, the optimization in (1) is equivalent to using a law-
invariant function &£ given by £[Z] = inf{€[Z’] : Z’ is identically distributed to Z}. Hence, requiring law invariance
does not lose generality.



h(0) = 1 —h(1) = 0. The set of distortion functions is denoted by H. The distorted expectation
associated with distortion function h is £* : X — R defined by

[e's) 0
EMX) = /0 h(P(X > z))dx +/ (h(P(X > z)) — 1)d. (2)

—0o0

For an unbounded random variable X, a distorted expectation can also be defined via (2), which
may be infinite or undefined. We focus on bounded random variables in this paper to illustrate
the main ideas, while keeping in mind that most results also hold on more general spaces, provided
that £"[X] is well defined. A distorted expectation is a non-linear expectation, and it is sub-linear
if and only if A is concave (see Lemma 2 below). Moreover, any sub-linear expectation on X’ can
be written as the supremum of sub-linear distorted expectations, as shown by Kusuoka (2001).

Distorted expectations are used in many different fields under different names, and they belong
to the general class of Choquet integrals characterized by Schmeidler (1986, 1989). We refer to
the monographs of Denneberg (1994), Wakker (2010) and Follmer and Schied (2016) for general
theories of the Choquet integral and distorted expectations in economics and finance.

In decision theory, the distortion function h represents a subjective inflation/deflation of the

true probability. If the random variable X is nonnegative, then (2) reduces to
oo
EMX)| :/ h(P(X > z))dz.
0

If the distortion function h is left-continuous, through a change of variable, £* can be written as

(see e.g., Wang et al. (2020, Lemma 3))

1
£Mx] = /0 Qu(X)dh(t), (3)

where

Qp(X) = inf{z e R: P(X <) >p}, pe (0,1];

ie., Qp(X) is the left-quantile of X at p € (0,1]. From (3), it is clear that if h is the identity, then
EMX] = E[X], which is the expectation with respect to P. The formula (3) will be frequently used in
the paper, and it has the natural interpretation that a distorted expectation puts different weights
on different quantile levels. The left-quantile @, itself can be expressed as a distorted expectation,

Qp = E" where h(t) = Lisqpy for t € [0,1]. Another common example of ", popular in finance,



is the Expected Shortfall (ES) at level p € [0,1), defined as
1 1
ES,(X) = 1/ Qr(X)dr for X € X. (4)

It holds that ES, = £" where h(t) = min{t/(1 — p), 1} for t € [0,1]. Moreover, ES admits a dual
representation (Follmer and Schied (2016, Theorem 4.52)):

dpP 1
ESp(X)—sup{EP[X]:P<<IP, dPgl_p} for all X € X, (5)

where P < P means that P is absolutely continuous with respect to IP.
Next, we describe three different motivations for considering distorted expectations in optimal

transport from decision theory, robust optimization, and risk management, respectively.

1. Behavioral decision making. Distorted expectations are most commonly used in decision
theory, where decision makers maximize distorted expected utility of their random payoffs.
The use of distorted expectations was developed by Quiggin (1982), Yaari (1987), Schmeidler
(1989) and Tversky and Kahneman (1992) to address paradoxes that the classic expected
utility theory (EUT) fails to accommodate. By now, theories based on distorted expectation,
in particular, the rank-dependent utility theory (Quiggin (1982); Yaari (1987)) and the cu-
mulative prospect theory (Tversky and Kahneman (1992)), are the standard alternatives to
EUT in decision making under risk; see Wakker (2010) for a general treatment. The portfolio
selection problem with cumulative prospect theory is studied by He and Zhou (2011).

To give a concrete example, consider a decision maker whose preference is modelled by rank-
dependent utility theory; that is, her welfare of a random payoff Z is evaluated by £ h[u(Z )]s
where " is a distorted expectation and u is a utility function. Suppose that the decision
maker can choose assignment between two known distributions p and v, for instance, pairing
suppliers X S @ and consumers Y L v of a certain commodity. The welfare of the decision
maker for the assignment is £"[u(f(X,Y))], where f(x,%) represents the profit of matching
supplier x with consumer y. The use of the rank-dependent utility in this context means that
the decision maker puts different weights on large and small profits (for instance, she may be
more concerned about pairs with small profit, for a fairness consideration). Therefore, the
optimization problem of the decision maker is to maximize E"[u(f(X,Y))] subject to X L i

and Y 4 v, which is a distorted transport problem.

2. Robust optimization. As a useful property of distorted expectations, any convex (resp, con-



cave) distorted expectation can be written as the supremum (resp. infimum) over a class of
usual expectations under different probability measures (see Section 3 for details). Taking
the convex case as an example, the distorted transport problem is equivalent to solving for
the optimal transport plan under the worst-case scenario within a class of probability mea-
sures. This approach can be traced back to Wald’s minimax criterion (Wald (1950)) and was
axiomatized by Gilboa and Schmeidler (1989) in decision theory. This idea also aligns well
with the idea of distributionally robust optimization, studied by e.g., Goh and Sim (2010),
Wiesemann et al. (2014) and Blanchet and Murthy (2019).

Consider a classic transport problem to minimize E[c(X,Y")] subject to X 2 pand Y L.
Suppose that the decision maker is uncertain about the probability measure P she used to
assess the transport cost (for instance, P may be estimated from data). Instead, she considers
the robust objective

to minimize sup E[¢(X,Y)],
PeQ

where Q is a class of probability measures not far away from P, called the uncertainty set.
For many choices of Q, the robust optimization problem can be converted into a distorted
optimal transport problem. As a concrete example, consider the uncertainty set Q = {P <
P:dP/dP < 1/(1 — )} where 8 € [0,1), that is, the set of all probability measures with a
likelihood ratio with respect to P bounded by 1/(1— /), with 5 = 0 corresponding to Q = {P},

the case of no uncertainty. By (5),

sup EX'[Z] = ES3(Z) for all random variables Z,
PeQ

and hence, we arrive at a distorted transport problem. In general, any £ : Z + suppcgo EF [Z]

is a sub-linear expectation, provided that it satisfies law invariance.

. Robust risk aggregation. In financial risk management, distorted expectations are known
as distortion risk measures; see McNeil et al. (2015). A robust risk aggregation problem

typically concerns
h d d
sup{EM( X1+ -+ Xp) : Xq ~ 1y, X~ pndy

where p1,...,u, are n probability measures on R. For robust risk aggregation problems in
risk management, see the survey of Embrechts et al. (2014) and the monograph Riischendorf

(2013). A robust risk aggregation problem for £" corresponds to a multi-marginal distorted



transport problem, and we focus on n = 2 in this paper. Robust risk aggregation problems are
motivated by the fact that the dependence structure of multiple risks is typically difficult to
accurately specify. This type of uncertainty is referred to dependence uncertainty, as studied
by Embrechts et al. (2013, 2015) and Blanchet et al. (2024). Distorted expectations £ arise
in this context because the standard regulatory risk measures used in banking and insurance,
such as Basel IV and Solvency II, are the Value-at-Risk (VaR) and the ES, both of which are
special cases of distorted expectations. Moreover, distortion risk measures are popular in the
literature of risk management. In the special case that h is concave, robust risk aggregation
can be reformulated as a multi-marginal classic optimal transport problem, as studied by

Ennaji et al. (2024).

In the above settings, distorted expectations E® appear for three different reasons: as preference
models in the first setting, as a result of statistical uncertainty in the second, and as externally
specified regulatory risk measures in the third. Moreover, although both the second and the third
settings deal with uncertainty, their mathematical structures and interpretations are quite different.
In robust optimization, uncertainty is reflected by the probabilities representing £”, and there is no
uncertainty associated with the transport plan; in robust risk aggregation, uncertainty is reflected
by the transport plan representing dependence among risks, and there is no uncertainty associated

with the risk measure E.

3 The framework and some preliminaries

We describe our main setting in this section. Throughout, equalities and inequalities between
random variables hold in the almost sure sense. For real numbers u and v, we write uAv = min{u, v},

u Vv =max{u,v} and u; = max{u,0}.

3.1 Non-linear and distorted optimal transport

We first briefly explain the classic Monge-Kantorovich optimal transport problem, and then we
focus on non-linear and distorted optimal transport on the real line.

Denote by II(X) the set of all Borel probability measures on a Polish space X equipped with the
Borel o-field B(X). Consider Polish spaces X, 92), and probability measures p € II(X) and v € I1(9)).
We will always equip X x ) with the product o-field. Given a function ¢ : X x ) — R, which
models the transportation cost, the classic optimal transport problem raised by Monge asks for the

minimum of the expected transport cost [y ¢(z,T(z))p(dx) for T over the set T (j,v) of transport



maps from y to v, i.e., measurable functions T': X — Q) such that po7~! = v. The Kantorovich

problem is a relaxation of Monge’s problem, which solves for the minimum of

/ e, y)m(de, dy) (6)
Xx9)

for m over the set II(u, v) that is the set of transport plans from u to v, i.e., distributions on X x Q)
with marginal ¢ on X and marginal v on ). Expressing the cost using random variables, the

problem of (6) can be written as
to minimize E[c(X,Y)] subject to X g pand Y L. (7)

Replacing E in (7) by a non-linear expectation £ or £", we formulate the problem of non-linear

optimal transport mentioned in the introduction:

to minimize E£[c(X,Y)] subject to X i pand Y L, (8)
as well as the special case of distorted optimal transport :

to minimize £"[c(X,Y)] subject to X i pand Y L. 9)

The problems (8) and (9) are technically quite different from (7). In case c is a linear combination
of separable terms, that is, c¢(x + y) = f(x) + g(y) for some functions f: X - Rand g : 9 — R,
the problem (7) is trivial since E[¢(X,Y)] = E[f(X)] + E[g(Y)], which does not depend on the
dependence structure of (X,Y’) and thus any transport plan is optimal. However, even with a
linear cost ¢, the problems (8) and (9) are highly nontrivial because the non-linear expectation is
not an additive operator. In the case of additive cost, we may, without loss of generality, replace

f(X) and g(Y) by X and Y, respectively, and consider the problem
to minimize &£[X + Y] subject to X b9 pwand Y b9 v, (10)

where p and v are probability measures on R. From now on, we will assume X =9%) = R.

In some contexts, such as robust risk aggregation (see Section 7), the maximization of E[c(X,Y)]
is relevant, which represents the worst-case risk under unknown dependence structure. The maxi-
mization problem of £[¢(X,Y)] can be converted to a minimization problem by taking the cost —c

and a different non-linear expectation (see Lemma 3 below for the explicit case of £*). Therefore,



we can, without loss of generality, only study the minimization problems (8)-(10).

3.2 Copulas

To address problem (7) in the classic setting and our problems (8)-(10), a convenient tool is the
concept of copulas. For general references on copulas in risk management, see Nelsen (2006) and
McNeil et al. (2015).

Let Z = [0,1], and thus Z? is the unit square Z x Z. A 2-copula (or briefly, a copula) is a
distribution function on Z? with U0, 1] marginals. Equivalently, C' : Z? — T is a function with the
following properties: For every u,v € Z, C(u,0) = 0= C(0,v), C(u,1) = v and C(1,v) = v, and for
every uj, ug, vy, vy € Z with u; < ug and v; < vg, C(u2,v2) — C(ug,v1) — C(uy,va) + C(ui,v1) = 0.
Throughout the paper, we denote by C the set of all 2-copulas.

Sklar’s theorem states that for any joint distribution function H with margins F' and G, there

exists a copula C such that
H(z,y) =C(F(z),G(y)) for all z,y € R. (11)

If F and G are continuous, then C'is unique. The copula C' in (11) is called a copula of (X,Y) LH ,
and it is denoted by Cx y if it is unique.

Transport plans, including transport maps, can be represented by copulas; for this reason,
transport plans are also called couplings in the literature. The optimization problem (8) can be
equivalently formulated via copulas

to minimize E[e(F, }(U), F, (V)] subject to C € C where (U, V) < C, (12)

where F), is the distribution function of y with the corresponding left-quantile function Fj- L that
is, Fy,(x) = p((—o0,a]) for z € R and F7'(t) = Q,(X) for t € (0,1] with X < pu.
Two important copulas that we will frequently encounter are the comonotonic copula (or the

Fréchet-Hoeffding upper bound)
Ct(u,v) =u v for u,vel0,1],
and the counter-monotonic copula (or the Fréchet-Hoeffding lower bound)

C (u,v) =(u+v—1)4 for u,ve0,1].

10
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Figure 1: The transport maps between two normal distributions described by the copulas C* (left)
and C~ (right)

— =

Two random variables X and Y are comonotonic if there exist increasing functions f and g such
that X = f(X +Y) and Y = g(X +Y); they are counter-monotonic if X, —Y are comonotonic.
It is well known that two random variables are comonotonic if and only if one of their copulas is
C*, and two random variables are counter-monotonic if and only if one of their copulas is C~.
Moreover, C~ < C < C™ for all C € C. This is known as the Fréchet-Hoeffding bounds; see Nelsen
(2006, Theorem 2.2.3). The transport maps represented by C~ and C* are presented in Figure 1.

Another class of copulas that we will use is the class of ordinal sum copulas (Nelsen (2006,

Section 3.2.2)), indexed by p € (0,1), defined by
C,={CeC:C(1-p,1—p)=1-p}. (13)

One can verify (¢ (g 1)Cp = {C} (e.g., Wang and Zitikis (2021, Theorem 4)) and C~ ¢ U,¢(0,1) Cp-
The copulas C™ and C~ play special roles in classic transport problems (7), equivalent to (9)

with h being the identity. A function ¢ : R — R is submodular if
c(uAv)+c(uVvv) <c(u)+e(v), forall u,v e RY

where uAv is the component-wise minimum of u and v, and uV v is the component-wise maximum
of u and v. A function c is supermodular if —c is submodular. A simple example of a submodular
cost function is ¢(z,y) = |x — y|P for p > 1. For the classic transport problem, it is well known
(see e.g., Puccetti and Wang (2015)) that if ¢ is submodular, then C* minimizes (7), and if ¢ is a
supermodular function, then C'~ minimizes (7). The class C, solves a special case of (9), which we
will see below.

With given £ and ¢, optimality of a copula C for the problem (12) may depend on the choice
of 1 and v. However, in some interesting cases, the choice of p and v is irrelevant for optimality.

For instance, as we see above, for the identity h and submodular ¢, C" is optimal regardless of u

11



and v. This leads to our definition of universal optimality. In what follows, X 4 X’ means that X

and X’ have the same law.

Definition 1 (Universal optimality). Let £ be a non-linear expectation and ¢ : R? — R. The

copula C'is universally optimal for (¢, &) if for all X, Y € X with copula C,
Ele(X,Y)] < E[e(X,Y")] for all X', Y’ € X satisfying X < X’ and Y < V. (14)

If (14) holds with & = &" for h € H, we say that the copula C is universally optimal for (c, k).

We sometimes drop “universally” in the text (but never in results) when the context is clear. We
also say that a random vector (X,Y") is optimal if (14) holds. In the special case that c¢(z,y) = z+y
which we focus on in later sections, we omit ¢ and say that the copula C is universally optimal
for £ (or for h). As in the classic optimal transport literature, the term “optimality” refers to
minimization. We will replace “optimal” with “maximal” if “<” in (14) is replaced with “>".
Maximality can be useful when computing the worst-case dependence structure in risk aggregation
problems, treated in Section 7.

Universal optimality allows for the optimization problem (12) to be computed independent
of the marginal distributions p and v. This is arguably a quite strong condition, and universal
optimizers may not exist. However, universal optimizers do exist in some special and important
cases. For instance, as we see above, comonotonicity is universally optimal for £ = E and ¢ being
submodular. For an example outside classic transport problems, take £(X) = —ES,(—X) for
X € X and p € (0,1); equivalently, £ h = ES, (see Lemma 3). The recent result of Wang and Zitikis
(2021, Theorem 5) on risk aggregation of ES implies that C' is universally optimal for h if and only
if C' € C1—p; in that result, the worst-case risk aggregation problem is studied by maximizing ES,,

which corresponds to minimizing £".

3.3 Properties of distorted expectations

We present some well-known properties of distorted expectations in the following three lemmas,

which will be useful in our analysis.
Lemma 1. For h € H, " is additive for comonotonic random variables.

Lemma 1 follows from the fact that all Choquet integrals, including £”, are additive for comono-
tonic random variables (e.g., Schmeidler (1986)).
For random variables X and Y, we say that X is dominated by Y in convex order, denoted by

X <& Y, E[f(X)] <E[f(Y)] for any convex function f provided that the expectations exist. A

12



function p : X — R is increasing in convex order if p(X) < p(Y') whenever X <. Y. In the above
definition, if “convex function” is replaced with “increasing convex function”, “concave function”

) ) M
or “increasing concave function”, then the three resulting orders are called increasing convex order,

concave order, and increasing concave order, respectively.
Lemma 2. For h € H, the following are equivalent:
(i) €M is subadditive (resp. superadditive);
(i) EM is increasing in convex order (resp. concave order);
(iii) E" is increasing in increasing convex order (resp. increasing concave order);
(iv) h is concave (resp. convex).

A more general version of Lemma 2 can be found in Theorem 3 of Wang et al. (2020), where
several other properties are considered and h is not assumed monotone. Point (iii) is not included
in Theorem 3 of Wang et al. (2020) but its equivalence to (ii) with increasing h can be easily shown
using standard arguments in stochastic order. As an example, for £* = ES, where p € (0,1),
the function h is concave, and hence ES, is subadditive; this is a key property that makes ES, a
coherent risk measure in the sense of Artzner et al. (1999).

The next lemma on sign changes of distorted expectations will also be useful. For h € H, let

h € H be given by h(t) = 1 — h(1 —t) for t € [0,1], which is called the dual of h. If h is continuous,

/Qu Jh(t /Qt

Lemma 3. For h € H and X € X, EM(X) = —EM(-X).

then (3) can be rewritten as

Lemma 3 can be found in Dhaene et al. (2012) and Wang et al. (2020, Lemma 2), which also
holds for non-monotone A in the latter reference. This lemma will be useful by allowing us to
convert between a minimization problem and a corresponding maximization problem.

Finally, a distorted expectation may be written as the worst-case or best-case value of expecta-
tion over a collection of probability measures. In particular, i is concave if and only if there exists

a collection Q of probability measures on (£2,.4) containing P such that

EMX] = sup EP[X] forall X € X, (15)
PeQ

13



and h is convex if and only if there exists a collection Q of probability measures on (€2, .4) containing

P such that

EMX] = inf EP[X] for all X € X. (16)
PeQ

The representations (15) and (16) are direct consequences of the fact that £* with a concave h is
a sub-linear expectation, and also a coherent risk measure (Artzner et al. (1999)). An example
of such a representation is (5) in Section 2. Using (15) and (16), a special case of the distorted
optimal transport (9) is to minimize the worst-case or best-case values of the expected cost over an

uncertainty set, as explained in Section 2.

4 General results

In this section, we present some general results on non-linear and distorted optimal transport.
In what follows, the cost function ¢ : R> — R is monotone if it is increasing or decreasing in the

component-wise sense.

Theorem 1. The copula C™ is universally optimal for any (c, E) with super-linear £ and monotone
submodular c. The copula C~ is universally optimal for any (c,E) with sub-linear € and monotone

supermodular c.

Proof. We first consider the case that & = £". Let h be concave and ¢ be supermodular and

monotone. Let X,Y be comonotonic. We next show that, for X’ dXandy’ 2 Y,
E[f oe(X,Y)] =2 E[f o c(X',Y")] for all increasing convex f. (17)

That is, ¢(X,Y) dominates ¢(X’,Y”) in increasing convex order. Note that E[g(X,Y)] > E[g(X',Y”)]
for all supermodular functions g; see Miiller and Stoyan (2002, Theorem 3.9.8). It remains to show
that f o c is supermodular. For any u,v € R? let t = c(u A v) + c(uV v) — c(u) — ¢(v). We have
t > 0 because c is supermodular. Monotonicity of ¢ implies either c(u A v) < ¢(u) < ¢(uV v) or
c(uAv) = c(u) = c¢(uVv). Hence, there exists A € [0, 1] such that c(u) = Ac(uAv)+(1—=N)c(uVv),
which implies ¢(v) +t = (1 — A)e(u A v) + Ac(u V v). Convexity and increasing monotonicity of f
yield
fle(uAv)) + fle(uvv)) = fle(u) + f(e(v) +1) = fle(w)) + f(e(v)),

and thus f o ¢ is supermodular. Therefore, (17) holds. By Lemma 2, £ is increasing in increasing

convex order. Hence, the comonotonic vector (X,Y) maximizes £"[c(X,Y)]. Using Lemma 3,
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(X,Y) minimizes £ E[—C(X ,Y)]. Note that h is an arbitrary convex distortion function and —c is
an arbitrary monotone submodular cost function. Therefore, we conclude that C" is universally
optimal for any (¢, h) with ¢ monotone and submodular and h convex.

Next, suppose that &£ is a super-linear expectation. Using Theorem 4 of Kusuoka (2001),® there
exists a set Ho C H of convex distortion functions such that £[X] = infyey, EMX] for X € R.
Since C* is universally optimal for (¢, h) with any convex h, it is also universally optimal for (c, £).

The other statement is symmetric by using the fact that E[g(X,Y)] > E[g(X’,Y")] for all

submodular functions g, where X,Y are counter-monotonic, X’ X andY' Ly, ]

Different from the classic transport problem, the cost function ¢ is assumed to be monotone in
Theorem 1. This excludes, in particular, the popular cost function ¢(z,y) = | —y|P. Unfortunately,
this restriction is essential and cannot be dropped. For instance, take ¢(x,y) = x 4+ y which is both
supermodular and submodular. With given marginal distributions, a counter-monotonic random
vector (X,Y') minimizes ES,(X +Y’), which has a simple interpretation that a maximally hedged
portfolio has the smallest risk. This optimality is implied by the second statement in Theorem 1.
On the other hand, if we take ¢(z,y) = x — y which is also both supermodular and submodular,
then a comonotonic random vector (X,Y) minimizes ES,(X —Y’), with the same interpretation
as above. We can see that although c¢ is submodular in both cases, the optimal transport plans
(copulas) are completely different, due to the fact that ¢ is not monotone in the second example.
This explains why monotonicity is important in distorted optimal transport problems.

To explain why monotonicity is irrelevant to the classic transport problem, for the linear expecta-
tion, optimality of (X,Y") for the cost ¢ is the same as that for the cost ¢/ (z,y) = c(z,y)+ f(x)+9(y)
with arbitrary functions f and g, because monotonicity of the cost ¢ can be amended by freely
choosing f and g. However, this is not true for distorted transport problems, since E*[¢/(X,Y)] #
EMe(X, V)] + EMf(X)] + EM[g(Y)] in general, and monotonicity of the cost function cannot be
adjusted freely by adding separable terms.

Next, we state a weak form of duality. For any cost function ¢ and p € II(R), let

Se ={(¢,9) [ () + ¢ (y) < c(z,y) for all 7,y € R},

and let X* be a random variable with distribution pu.

3This result has a continuity assumption that is later removed by Jouini et al. (2006) and Delbaen (2012).
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Theorem 2. Let £ be a super-linear expectation. For any cost function c, weak duality holds:

inf  Ele(X,Y)] > sup {E[p(X")] + E[H(XY)]}. (18)
Xg,u;Ygu (¢ ¥)€Se
If ¢ is affine (i.e., c(z,y) = o+ Bz + vy for some a, B,v € R) and & = E" for some h € H, then
strong duality holds:

inf  E"Me(X,Y)] = sup {gh[¢(X“)]+5hW(X”)]}~ (19)
ng,u;Ygl/ (¢, ¥)€Se

Proof. For any (¢,1) € S., by super-linearity, for any random variables X S pwand Y 5 v, we have
Ele(X,Y)] = E[¢(X) + ¢(Y)] = E[o(X)] + E[p(Y)].

Taking an infimum over (X,Y) on the left-hand side and a supremum over (¢,v) € S. on the
right-hand side yields (18). If £ = " and c is affine with c¢(z,y) = a + Bz + vy, then we can take
Y(x) = a+ Bz and ¢(y) = vy. If By > 0, then, for comonotonic X and Y, using comonotonic
additivity of £ in Lemma 1, £ a + BX + Y] = EMa + BX] + EM[yY]. If By < 0, then, for
counter-comonotonic X and Y, using the same property, E?a+ X + Y] = Efa+ BX] + EM[yY].
In either case, (18) holds as an equality, and thus strong duality (19) holds. O

The strong duality in Theorem 2 cannot be expected with more generality. On the right-hand
side of (18), the non-linearity caused by £ is only on the marginal level, whereas it is on the level
of joint distribution for the primal formulation. Strong duality in the form of (19) heavily relies on
both comonotonic additivity of £ and affinity of c¢. The strong duality (19) in Theorem 2 is not
very useful, since for an affine cost ¢(z,y) = a + Bz + vy, the corresponding optimal transport can
be explicitly obtained as either comonoconitiy or counter-monotonicity, depending on the sign of 3

and . Even weak duality may fail if h is not convex, as shown in the next example.

Example 1. Fix p € (0,1) and let h(t) = min{t/(1 — p), 1} for ¢ € [0, 1]; that is, £ = ES,. Note
that h is concave. For X & uw=v="U[0,1],and Y =1 — X, we have

ES,(X +Y)=1<1+4p=ES,(X)+ES,(Y).

Therefore, with c¢(z,y) = z +y, ¢(x) = =, ¥(y) = y, we can see that (18) does not hold.
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Generally, the computation of

dinf . EMe(X,Y)]
X~ Y ~v

for non-convex and non-concave h is a challenging task, and this holds true even for the linear cost

c(z,y) = x +y. Wang et al. (2019) obtained the following simple lower bound

inf  EMX Y] > EM XM +EV XY, (20)
XLy
where h* := sup{g < h | g is convex} is the convex envelope of h (see Figure 6 below), with equality
holding if the marginal distributions p and v satisfy the so-called conditional joint mixability; see
Theorem 4.3 of Wang et al. (2019). The latter property is nontrivial, and strict inequality in (20)
often holds; this may explain the difficulty to establish strong duality.

From next section on, we will focus on distorted expectations and a linear cost.

5 Linear cost with a strictly convex or concave distortion

From now on, our main objective is to study universal optimality with linear cost c¢(z,y) = z+vy.
This setting also includes the more general case of separable cost, ¢(z,y) = f(z)+g(y) for arbitrary
measurable functions f and g because the latter can be converted into the simple linear case by
marginal transformations, that is, replacing ¢ and v with po f~! and v o g%

Recall that the copula C' is universally optimal for A (omitting the cost function c) if for any

X,Y € X with copula C,
EMX +Y] < EMX +Y'] forall X, Y’ € X satisfying X = X’ and Y < Y".

The case that h is neither convex nor concave is the most mathematically challenging, but in this
section we first completely understand the case with convexity or concavity.

Below we present a necessary condition for a copula to be universally optimal, which will be
useful in proving several other results in the paper. For fixed h € H and w,v € [0,1], define the
function K}, : [C™ (u,v),CT (u,v)] — [0,1] by

Kl ) =h(1—t)+h(l—u—v+t). (21)

Lemma 4. Suppose that C € C is universally optimal for h € H. We have K ,(C(u,v)) < K} (1)
for all u,v €10,1] and t € [C™ (u,v),C" (u,v)].
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Proof. Given u,v € [0,1], for any t € [C~ (u,v), C"(u,v)], there exists A € [0, 1] such that
t=ACT (u,v) + (1 =N C™ (u,v).

Define by Cyp = A\Ct + (1 — X\)C~, which satisfies Cy(u,v) = t, and let s = C(u,v).

Take p as a Bernoulli distribution with p({0}) = w and v as a Bernoulli distribution with
v({0}) =wv. Let X ~ pand Y ~ v be such that Cj is a copula of (X,Y"). The joint distribution of
(X,Y) is given by Sklar’s theorem; see (11). Similarly, let X* ~ y and Y* ~ v be such that C is a
copula of (X*,Y*). Write Z = X +Y and Z* = X* + Y*. It is straightforward to compute

P(Z =0) = Co(u,v) = t,
P(Z=1)=u+v—2C(u,v) =u+v—2t,

PZ=2)=1—u—v+Colu,v) =1—u—v+t.
Consequently, we have
EMz) = / hoP(Z >z)dz=h(1—t)+h(l —u—v+t)=K! ().
0

Similarly, £"[Z*] = h(1 —s) + h(1 —u —v 4+ s) = K] (s). By the optimality of C, we obtain
EMz*] < €M Z], and hence Kﬁvv(s) < Kﬁ,v(t) for all t € [C™ (u,v),C" (u,v)]. O

Lemma 4 says that the function Kfjw(t) attains its minimum on the interval [C~ (u,v), C" (u, v)]

at the point C'(u,v) for any C that is optimal.

Remark 1. The proof of Lemma 4 only involves mixtures of Bernoulli distributions ¢ and v. Hence,
the conclusion on Kﬁw in Lemma 4 holds true if optimality of C' is required only for Bernoulli
marginal distributions, instead of requiring it for all marginal distributions.

The next result characterizes universal optimality in case h is strictly concave or strictly convex.

Note that Theorem 1 does not address the issue of uniqueness.

Theorem 3. For a strictly convex h € H, C* is the unique universally optimal copula; for a strictly

concave h € H, C~ is the unique universally optimal copula.

Proof. Both optimality statements follow from Theorem 1 by taking the linear cost c(z,y) = x +y.
Below, we show the uniqueness statements.

First, let h be strictly convex. For r € (0,1] and ¢ € [(2r — 1)1, 7], note that 0 < 1 —2r +¢ <
1—t < 1. Strict convexity of h implies that the function K" | that is, Kﬁr (t) = h(1—t)+h(1—2r+1),

T,
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is strictly decreasing on [(2r —1)4,r]. Hence, Kﬁfr(r) < Kf,fr(t) forany t € [(2r—1)4,7), and Kﬁr(t)
has the unique minimum point ¢ = r on the interval [(2r — 1)4,7]. By Lemma 4, the optimality
of C yields C(r,r) = r for all r € (0,1], and this implies C > C*. Since C < C™T also holds, we
conclude that C' = C'*.

Next, let h be strictly concave. Take u,v € [0,1] with v + v < 1, and write r = (u + v)/2. For
any t € [0,7], we have 0 < 1—2r+t < 1—¢ < 1. Strict concavity of h implies that the function K{}ﬁv,
that is, K[ (t) = h(1 —t) + h(1 —u—wv+1), is strictly increasing on [0, 7]. Hence, K (0) < K ,(t)
for any ¢ € (0,r], and Kﬁr(t) has the unique minimum point ¢ = 0 on the interval [0, r]. By Lemma
4, the optimality of C' yields C(u,v) = 0 for all u,v € [0,1] with u + v < 1. This together with the
1-Lipschitz continuity of C' (e.g., Theorem 2.2.4 of Nelsen (2006)) implies C' < C~. Since C' > C~
also holds, we conclude that C = C™. O

Theorem 3 yields that CT and C~ are the unique universally optimal copulas for the two classes
of distorted optimal transport problems with concave or convex h. In the next section, we study

the more intriguing case that h is not convex nor concave.

Remark 2. In a different context, a weaker version of the statement on C* in Theorem 3 can be

found in Cheung (2010, Theorem 7), where h is assumed continuously differentiable with h’(0) < oc.

Theorem 1 implies that the copula C~ is universally optimal for a convex h and the copula CT
is universally optimal for a concave h. Below, we present a corresponding version of this result for

maximizers instead of minimizers. This fact will be used later in the proof of another result.

Proposition 1. The copula C* is universally mazximal for a concave h and the copula C~ is

universally maximal for a convez h.

Proof. This proposition is a consequence of two facts. First, X + Y has the largest convex order
when X,Y are comonotonic and X + Y has the smallest convex order when X Y are counter-
monotonic; see Corollary 3.28 of Riischendorf (2013). Second, h is concave (resp. convex) if and
only if £" is increasing (resp. decreasing) in convex order by Lemma 2. These two facts yield the

desired statement. ]

A similar uniqueness statement to Theorem 3 can be made for the maximizers, and it is omitted.

6 Linear cost with an inverse S-shaped distortion

In this section we focus on inverse S-shaped distortion functions for their plausibility in decision

theory and their intriguing mathematical properties regarding distorted optimal transport. We
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Figure 2: ISS distortion functions that are strictly ISS (left, with a unique inflection point) and not
strictly ISS (right, with many inflection points)

continue to consider the linear cost c(z,y) = = + y.

6.1 Inverse S-shaped distortion function and two classes of copulas
First, we formally define this class of distortion functions.

Definition 2 (ISS distortion function). A distortion function h € H is inverse S-shaped (ISS) if it
is continuous and there exists a point p € (0,1) (called an inflection point) such that h is concave
on (0,p) and convex on (p,1). It is strictly ISS if it is strictly concave on (0, p) and strictly convex

on (p,1).

ISS distortion functions are also called caver (meaning “concave-convex”); see Wakker (2001).
Figure 2 presents two examples of ISS distortion functions. The ISS distortion functions reflect
on the empirical observation that small probabilities of both very good and very bad events are
both overweighed in decision making (Tversky and Kahneman (1992); Gonzalez and Wu (1999);
Abdellaoui (2000)). Clearly, a strictly ISS distortion function is strictly increasing and has a unique
inflection point.

Next, we introduce two special classes of copulas that are candidates for solving optimal trans-

port in the context of ISS distortion functions. For any p € (0,1), define

uAv uAve[0,1—p

C'pi(u, v) = (22)
(u+v—1)V(l—p) otherwise;
u+t+v—1+ uVuve|l0l—

CF (u,) = ( P)+ [ P (23)
uAv otherwise.
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Figure 3: Supports of the copulas C’;,t (left) and Cf (right)

_/\ _/\

\/ \/

Figure 4: The transport maps between two normal distributions described by the copulas C;E (left)
and Cjf (right) with p = 0.5

Figure 3 presents the supports of C;)t and C’j , which are represented by some line segments in
[0, 1]2.

Since C;[(l -p,1-p)=Cf(1-p1-p)=1-p, Cpi and C are both in the set C; defined
n (13). Indeed, C’;E and C;F are ordinal sum copulas generated by CT and C~ in different orders;

9

this explains our choice of notation, with “4” representing “first + then —” in the ordinal sum

copula construction. The corresponding transport maps are illustrated in Figure 4. A stochastic

representation of Cgt, that is, a random vector (U, V) 5 C;t, is given by
d
U~U[0,1] and V = Ulypci—py + (2 —p — U)liyzi—p}- (24)
A stochastic representation of C}f is given by

UL U0,1] and V = (1 — p— U)lgyer_py + Ulysi_py- (25)
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6.2 Optimality within a subset

To address the optimal transport problem for ISS distortion functions, we need a modification
of universal optimality constrained within a subset of copulas. Let ' C C and h € H. The copula

C € (' is universally optimal within C' for h if for any X,Y € X with copula C, we have
EMX +Y) < EMX + Y]

for all X' Y’ € X with a copula in C’ satisfying X 4X andy 2.
The next proposition illustrates the symmetric roles of C'pi and Cf in (22)-(23) within the set
Cp. Recall that h is the dual of h, and we speak of maximality, instead of optimality, for a copula

maximizing the distorted cost.

Proposition 2. Let h € H. The copula C;t is universally optimal (resp. within Cp) for h if and

only if the copula Cfc_p is universally mazimal (resp. within C1_p) for h.

13

Proof. We only show the “only if” statement, and the “if” statement is symmetric. For a random
vector (X', Y"), let (X,Y) have copula C’fc_p and the same marginal distributions as (X', Y”). Note
that (=X, —Y’) has copula C37. Optimality of C5 implies £"[—X — Y] < £"[—X’ —Y’]. By using
Lemma 3,

ENX +Y]) = —EM-X —Y] > —EM-X' - Y] =X + V),

and this gives EE[X +Y] =€ E[X '+Y’]. Hence, CT_ is universally maximal for h. Note that in the
above argument, if (X’,Y”) has a copula in C;_,, then (—X’, —Y”) has a copula in C,, and hence

the optimality statements within C,, and C;_, hold true. O

In the next result, we show that C’;t is optimal within C, for an ISS distortion function with
an inflection point p € (0,1). This, combined with Proposition 2, also shows that C;7 is maximal
within C, for such an ISS distortion function. The maximization problem is relevant in the context

of risk aggregation treated in Section 7.

Proposition 3. Let h € H be an ISS distortion function with an inflection point p € (0,1). The

copula C;t is universally optimal within C, for h, and it is the unique optimizer if h is strictly ISS.

Proof. Let (X,Y) be a random vector with a copula in C,. Using the quantile representation of Eh

in (3), we have
P 1
EMNX+Y]= / Q1—+(X +Y)dh(t) +/ Qi—+(X +Y)dh(t). (26)
0 p
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Figure 5: Supports of the copulas Ciy (left) and C* (right), where the numbers represent the
corresponding weight of each line segment

The key observation here is that for copulas in the set Cp, the quantile of X 4+ Y at level t € [0, p)
is solely determined by the copula of (X,Y) on [0, p]?, and the quantile of X + Y at level ¢ € (p,1]
is solely determined by the copula of (X,Y) on [p,1]2. Therefore, to minimize (26), it suffices
to consider the two regions separately. The term f[f Q1-+(X + Y)dh(t) is minimized by counter-
monotonicity since h is concave on [0, p], and fpl Q1-+(X +Y)dAh(t) is minimized by comonotonicity
since h is convex on [p, 1]. Hence, C;t is universally optimal within C, for h. For a strictly ISS h, the
uniqueness statement of the optimal copula follows from the corresponding uniqueness statements
for comonotonicity and counter-monotonicity with strictly convex and strictly concave distortion

functions in Theorem 3. O

We have seen that Cpi is universally optimal within C, for an ISS function h with inflection
point p. One may naturally wonder whether C;[ is universally optimal also within C for such an h.

It turns out that this is not always the case, as shown by the following example.

Example 2. We consider the following ISS distortion function

2t — 22 t €10,0.5]

h(t) =
1— 2t + 2t2 t €[0.5,1],

where the inflection point p = 0.5. For standard uniform random variables X,Y, X’ Y’ where
(X,Y) has the copula C’g% and (X’,Y”’) has the copula C* depicted in Figure 5 (right panel), we
can compute EMX + Y] ~ 0.9167 > EMX' 4+ Y] ~ 0.9087; we omit the detailed computation.

Therefore, C’g% is not universally optimal for h.

In what follows, we search for conditions on h under which C’;t is universally optimal.
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0 p 1t
Figure 6: A strictly ISS distortion function satisfying i/(p*) > h/(0") with its convex envelope in
red and concave envelope in blue

6.3 A characterization of universal optimality

Next, we present the most technically advanced result in the paper, which establishes a necessary
and sufficient condition on h for the existence of a universally optimal copula, and identifies its
form. In what follows, //(t*) represents the right derivative of h at ¢ € [0,1), and similarly A/(t™)
represents the left derivative at ¢ € (0,1]. For an ISS distortion function h, the left and right
derivatives always exist.

The key condition on h here is //(p*) > 1/(0"), where p is the inflection point of h. This
condition is rather restrictive. Since h is ISS, this means that the slope of h on [0,p) is always
smaller than or equal to the slope of h on (p,1]; see Figure 6. This condition imposes a kink at p,
i.e., W (pT) > W(p~), since the slope is decreasing on [0,p) and increasing on (p,1]. Admittedly,
such a condition is rarely observed for human behaviour as extreme losses and gains are typically
both weighted more than the middle part of the distribution (Wakker (2010)). Nevertheless, we
will see that this condition is necessary and sufficient for a universally optimal copula to exist if h
is strictly ISS.

We first show universal optimality of C;E under the condition //(p*) > K(01), a stronger

optimality than the one obtained in Proposition 3. The proof of this result relies on some separate
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results on distorted optimal transport for conditional distributions. For this, let us introduce some
notation. For any Z € X, let Fz be its distribution function, and take a uniformly distributed
random variable Uz on [0, 1] such that F, Y(Uz) = Z almost surely; the existence of Uy is guaranteed
by, e.g., Lemma A.32 of Féllmer and Schied (2016). Let Z; = F,;'((1 — p) + pUyz); the random
variable Z) is called the tail risk of Z beyond its (1 — p)-quantile by Liu and Wang (2021), and
the distribution of ZI\)/ is called the p-tail distribution of F. Similarly, let ZpA =F; L1 =p)Uy),
which represents the left tail risk. Here, the superscripts V and A reflect on the large and the small
regions of the distribution. With the notation above, we summarize some results needed for the

proof of Theorem 4 in the following two lemmas.

Lemma 5. Let h be an ISS distortion function with an inflection point p € (0,1) satisfying h'(p*) >
R'(0%). A decomposition of E™ holds: for some 6,061,605 > 0 and convex hi,hy € H,

EMZ) = OR(Z) — ,EM[Z)] + 0,6 (Z))], for all Z € X. (27)

Proof. Take 6 € [W'(0%), W (pT)]. Let g(t) = h(t) — 6t for t € [0,1]. Note that g is concave
on [0,p] and convex on [p,1]. By definition, we have the relations Q:(Z)) = Qu—_p)+pt(Z) and
Qi(Z)) = Q—py(Z) for t € (0,1). Using these relations, we have

£tz /Qlt )dg(t) /Qlt )dg(t)

/ Q1—t/p(Z))dg(t) / Qi—t)/(1—p)(Z)dg(t)

/le )dga (s /le )dga (s).

where g1(s) = g(ps) = h(ps) — Ops and ga(s) = g(p+ (1 —p)s) = h(p + (1 —p)s) — O(p + (1 — p)s)
for s € (0,1). Let g3(s) = —g1(s) and g4(s) = g2(s) — h(p) + Op. Since W' (t1) < B'(0F) < 6 for
t € (0,p) and W/ (tT) = 1/ (p*) > 0 for t € (p,1), we know that g3 and g4 are increasing. Moreover,

it is easy to see that g3 and g4 are convex and g3(0) = g4(0) = 0. Therefore,

/le )dga (s /le Jdga (s /le Jdlgs (s /le M)dga(s).

Letting 61 = g3(1) and 02 = g4(1) yields (27). O

Lemma 6. Let g be a convex distortion function and p and v be probability measures on R. The
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random vector (X,Y') with copula C'pi solves both the optimization problems

to mazimize EI[(X +Y),] subject to X i wandyY i v, (28)

and  to minimize E9[(X +Y))] subject to X 9 wandY L. (29)

Proof. We first show the statement for the case of (28). Note that the mapping X — £9[X/] is
a p-tail risk measure in the sense of Liu and Wang (2021), and we can use Theorem 3 of Liu and

Wang (2021), which yields that the problem (28) has the same maximum as
to maximize £9[X’+Y’] subject to X’ 2 pp and Y’ 9 Vp, (30)

where f1, is the p-tail distribution of p and v, is the p-tail distribution of v. By Proposition 1, (30)
is maximized by counter-monotonicity of X’ and Y’. By construction, (X,Y’) with copula C’;E and
marginal distributions y and v satisfies £9[(X +Y),] = £9[X’ +Y”]. Therefore, (X,Y") with copula
C’;E solves (28).

The proof for the case of (29) is similar, by noting that comonotonicity minimizes £9 of the sum

of two random variables for a convex g by Theorem 1. O

The next result establishes that A'(p™) > 1/(0) is necessary and sufficient for the existence of

a universally optimal copula when h is strictly ISS.

Theorem 4. Let h € H be an ISS distortion function with an inflection point p € (0,1) and C' be

a copula. Statement (i) implies statement (i) below:
(i) C = C'pi and W' (p™) = W(07);
(ii) C' is universally optimal for h.

If h is strictly ISS, then (i) and (ii) are equivalent.

Proof. We first show the (i)=-(ii) implication. For X,Y € X, by Lemma 5,
EMX +Y]=0E[X + Y] — 1M [(X + V)] + £"[(X +Y)))], (31)

where 6,601,602 > 0 and hy, hy € H are convex. By Lemma 6 and the fact that E[X + Y] does not
depend on the copula of (X,Y), the value of (31) is minimized by C; under the constraints X ~ p
and Y ~ v. Therefore, (ii) holds.

Next, for a strictly ISS h, we prove the (ii)=(i) implication in three steps.
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(a)

First, we determine C'(u,v) in case uAv € [0,1 —p|. If 0 <u=v < (1 —p)/2, let r = u. Then,
p+2r—1<0,and fort € (0,r), wehave 1 =t >p, 1 —2r+t >pand 1 —2r+¢ < 1 —t. Strict
convexity of h on the interval (p,1) implies that K/ (t) = h(1 —t) + h(1 — 2r +t) is strictly
decreasing on the interval [0, 7] and thus strictly decreasing on [(2r — 1)4,7]. Hence, K/, has

the unique minimum point ¢ = r on the interval [(2r — 1)4,7]. By Lemma 4, we have
C(r,r)=r forall re(0,(1-p)/2).

If(1-p)/2<u=wv<1-—p,againlet r =u. Then, p+2r —1>0, and for t € (p+2r —1,r),
we have 1 —t > p and 1 — 2r + ¢ > p. Strict convexity of h on the interval (p,1) implies that
Kkr(t) = h(1—t)+h(1—2r+t) is strictly decreasing on the interval [p+2r—1,r] C [(2r—1)4,7],
and hence the minimum point of K,’fw on the interval [(2r — 1), 7] cannot be in (p+ 2r — 1,7).

Lemma 4 yields either C(r,r) =r or C(r,r) < p+ 2r — 1. By continuity of C, this implies

C(r,r)=r foral re((1-p)/2,1—p).

If0<u<1l-—pandu< o, then u = Clu,u) < Clu,v) < CT(u,v) = u, which yields

C(u,v) = u = u Awv. Similarly, C(u,v) =v=uAvif 0 <v <1—pand v < u Tosummarize,

C(u,v) =u A, ifunv<1—p.

Next, we determine C(u,v) in case u,v > 1—p. If u+v < 2—p, then 0 < 2—p—(u+v). Moreover,
uAv > 1—pimplies p > 2—p—(u+wv) and (u+v)/2 < u+v+p—1. Strict concavity of h on the
interval [2—p— (u+wv), p] implies that K » 18 strictly increasing on the interval [1—p, (u+v)/2].

Thus, the unique minimum point of K,', on the interval [(u + v — 1)4,u A v] cannot be in

uv
(1—-p,(u+wv)/2]. By Lemma 4, C(u,v) < 1—p. Noting that C(u,v) > C(1—p,1—p) =1—p,

we have
Cu,v) =1-—p, ifu,ve(1—p,1)andu+v<2—p. (32)
Ifu+v>2—p, then v > 2 —p—wu. Since C induces a measure, which is nonnegative on

[u, 1] X [2—p—u,v], we have C(1,v) —C(1,2—p—u) —C(u,v) +C(u,2—p—u) > 0. Using (32),
this impliess v — (2—p—u)+1—p=u+v—1 > C(u,v). On the other hand, since C < C~,
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we get C(u,v) = u+ v + 1. Therefore, putting the above two cases together, we conclude

Clu,v)=(u+v—1)V (1l —p) ifunv>=1-—p. (33)

(c) The points (a) and (b) above shows that the optimal copula is C' = C’;E. It remains to show
R(p*t) > W (0T). Let u=1—pand v =1 — ¢, where ¢ is a small positive number satisfying
e < pA(l—p). By (33), we have C(1 — p,1 —¢) = 1 — p. By Lemma 4, the function
t— K{L_nl_e(t) =h(l—t)+h(p+e—1+1t) has a minimum point ¢ = 1 — p on the interval
[l —p—e,1—p|]. Hence,

Ki_p1—o(1=p) =h(p) + h(e) < K{_p1_.(1 —p—¢) = h(p+e) + h(0),

which implies

hp +¢) = hp) _ he) = h(0)
£ - 5 '
Letting € — 0+ yields h'(p™) > A/(07).
The above three steps complete the proof of the implication (ii)=-(i). O

The condition A/(p™) > h(0") is quite strong in Theorem 4. This result has two main implica-

tions that are useful for the optimal transport theory.

(a) If A'(p™) > A/(0+) holds, then we can explicitly solve the distorted optimal transport problem
regardless of the marginal distributions, just as in the case of comonotonicity in the classic

transport theory, which optimizes submodular costs regardless of the marginal distributions.

(b) If W' (pT) = KW' (0+) does not hold, then there is no universal solution to the distorted optimal
transport problem; that is, different marginal conditions lead to different solutions, which can

be difficult to obtain in general.

Point (a) can be used to find solutions for some optimal transport problems, and an example is
illustrated in Section 8. Point (b) helps to clarify to which extent beyond the usual framework, we
can still hope for universal optimizers. As a general message from Theorem 4, without convexity
or concavity of h, such general optimizers can exist only in very restrictive cases.

An example of h that does not satisfy the condition h/(p*) > h'(07) is presented in Example
2, where we have seen that CI}—L is not universally optimal for h. In that example, i/(p*) = 0 <

W(0T) =2.
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If the condition A'(p™) > B'(07) is not satisfied, then Cif is not universally optimal for h.
Nevertheless, Cgt may still be an optimizer for some specific choices of 1 and v. For instance, if
both p and v are uniform on [0, 1], and the convex envelope of h is linear on (0, p), then the copula

C’pi minimizes E"[X + Y] for X Lvandy 4 v, as shown by Wang et al. (2019, Theorem 4.3).

Remark 3. If we consider the maximization problem instead of minimization in Theorem 4, then
by Proposition 2, the corresponding condition is h'(p~) > h'(17) and the corresponding maximizer
is C’; . Based on this observation, the minimal or maximal cost can be directly computed from the

stochastic representation in (24)-(25).

Remark 4. For a proof of C = C’;t in the = direction of Theorem 4, we rely on Lemma 4, which
only involves mixtures of Bernoulli distributions (see Remark 1). Therefore, to pin down C;,t as
the only possible form for an optimal copula, it suffices to require optimality only for Bernoulli

marginal distributions.

7 Risk measures, S-shaped distortion, and risk aggregation

As mentioned in Section 3, the framework of distorted optimal transport includes robust risk
aggregation problems with distortion risk measures, and we only consider the case of aggregating
two risks in this paper.

Although belonging to the same class of distorted expectations, the motivation and applications
of distortion risk measures in risk management are quite different from the distorted expectations
used for modeling preferences in decision theory. There are two main differences. First, the most
widely used distortion risk measures are those that are convex (i.e., with a concave h, such as ES) and
those that have a simple distortion function, such as the VaR and the Range-Value-at-Risk (RVaR)
defined below. Second, maximum for risk measures corresponds the worst-case, where as maximum
for dual utilities corresponds to the best-case; therefore, the interpretations of maximization and
minimization are quite different for the two settings. In particular, in robust risk aggregation, one
often focuses on the maximum of the risk measure, instead of the minimum.

The two popular classes of distortion risk measures, VaR and RVaR, are defined below. VaR
can be defined either as a left-quantile or a right-quantile in the literature. We define VaR at level

p € (0,1) as the corresponding right-quantile, that is,
VaR,(X) =inf{z e R: P(X < z) > p}, for X € X,

and this choice is because the right-quantile admits a maximizing copula (and the left-quantile @,
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Figure 7: The distortion functions corresponding to VaR,, (left) and RVaR, , (right)

admits a minimizing copula); see Bernard et al. (2014, Lemma 4.2). For levels p,q € (0,1) with
p < ¢, RVaR at level (p, q) is defined as

RVaR, ,(X) = —— / " 0n(X)dr, for X € X.
a—pJp

The distortion function for VaRy, is given by h(t) = 121y for t € [0, 1] and the distortion function
for RVaR,, 4 is given by h(t) = (¢t A (1 —p) — (1 — q))+/(¢ — p) for t € [0,1]. Figure 7 depicts the
distortion functions of VaR, and RVaR, ;. The VaR has been a standard risk measure in banking
and insurance since the 1990s (see Jorion (2006)), and RVaR was introduced by Cont et al. (2010)
as a robust risk measure. Both VaR and ES are limiting cases of RVaR, and RVaR can be expressed
as the inf-convolution of VaR and ES as shown by Embrechts et al. (2018).

An interesting observation from Figure 7 is RVaR has an S-shaped (instead of ISS) distortion
function, and the distortion function of VaR is the limit of S-shaped ones. Since results for a
concave h are available from Theorems 1 and 3 and Proposition 1, below we will focus on the

S-shaped distortion functions, and present a parallel result to Theorem 4.

Definition 3 (SS distortion function). A distortion function h € H is S-shaped (SS) if it is contin-
uous and there exists a point p € (0,1) (called an inflection point) such that h is convex on (0, p)

and concave on (p, 1). It is strictly SS if it is strictly convex on (0, p) and strictly concave on (p, 1).
The following result characterizes universal optimality for SS distortion functions.

Theorem 5. Let h € H be an SS distortion function with an inflection point p € (0,1) and C be a

copula. Statement (i) implies statement (i) below:
(i) C = C5 and W (p*) < H(07);
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(ii) C is universally maximal for h.
If h is strictly SS, then (i) and (i) are equivalent.

We omit the proof of Theorem 5 as it is symmetric to Theorem 4. Nevertheless, in case h
has a bounded derivative, we can directly obtain Theorem 5 from Theorem 4, and we explain this
argument below. Suppose that h satisfies //(p*) < B/(07). For A € (0,1), define the distortion
function gy by g(t) = (t — Ah(t))/(1 — A). The assumption that h has a bounded derivative implies
that gy is increasing for A > 0 small enough. Since h is SS, we have that g, is an ISS distortion
function, with g} (p™) = ¢4 (07). By Theorem 4, the distorted transport problem for gy is minimized
by C. Since €9 = (E — A&")/(1 — A) and the term E does not depend on the transport plan,
we know that the transport problem for £" is maximized by C;[. The uniqueness statement in
Theorem 5 also follows from the same observation.

Corresponding statements on minimizers can be obtained similarly as discussed in Remark 3.

For p,q € (0,1) with p < ¢, any point in [1 — ¢,1 — p| is an inflection point of the distortion
function h of RVaR,, 4. Taking the inflection point r = 1 —p of h, the condition //(r™) = 0 = A/(07)
holds. Therefore, the condition in Theorem 5 holds, and a universally maximal copula is C’?; thus,
we obtain a maximizing dependence structure in the RVaR, , risk aggregation problem; a related
result on this problem is Theorem 3 of Liu and Wang (2021). This copula is not unique since the
distortion function of RVaR is not strictly SS; indeed, by definition, RVaR, ; neglects the region
of the distribution beyond its g-quantile and below its p-quantile, leaving some flexibility of the
optimal copula.

As the limiting case of RVaR, , as p 1 ¢, the VaR, risk aggregation problem is also maximized
by Cfc_q. This fact was shown by Makarov (1981) and Riischendorf (1982). As the other limiting
case of RVaR,, as ¢ — 1, the ES, risk aggregation problem is maximized by CT, which is also
implied by Theorem 1. All optimizers above are not unique; for instance, Ci_, is the set of all

maximizers for ES, (Wang and Zitikis (2021)).

8 An application

In this section, we illustrate the results in Theorems 4 and 5 in an example of economic produc-
tion. Suppose that a manufacturer produces a certain type of products in a given period of time.
Each individual product requires a worker (e.g., an engineer) and a co-worker (e.g., a designer) to
collaborate. The company has an equal number of workers and co-workers, and needs to match each

worker z € X with a co-worker y € ), where X and ) are two arbitrary index sets. For simplicity,
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suppose that the quality of a product has the additive form f(z) + g(y), where f : X — R is the
production function of worker x and g : ) — R is the production function of co-worker y. We
assume measurability of f and ¢, and that the workers x and the co-workers y are modelled by two
distributions g and v. The company assesses that the 20% products with the worst quality can
only be sold at the minimum price, and the 30% products with the best quality are more than good
enough to be sold at a maximum price. For this reason, the company’s main interest is the average
quality of their products between 20% and 70% quantiles.*
The company’s optimization problem is to maximize the range-average quality, with p = 0.2
and g = 0.7,
RVaR,, ¢(f(X)+g(Y)) subject to X Lpandy Lo, (34)

where RVaR,, ; is defined in Section 7. The problem in (34) can be equivalently formulated as

RVaR,,,(Z + W) subject to Z < i and W & 7, (35)

where i=po ftand v =vog .

To solve this problem, as discussed in Section 7, note that RVaR, , = &M where h is an SS-
distortion function with inflection point r = 1 — p = 0.8. Indeed, any point in [1 — ¢,1 — p]
is an inflection point (see Figure 7), but only » = 1 — p satisfies the condition in Theorem 5.
By using Theorem 5, a maximizer to (35) is Cﬁs. The interpretation of this transport plan (see
Figure 3) is that, the worst 20% workers and the worst 20% co-workers are matched together
following a comonotonic pattern to produce the low-quality products, and the best 80% workers
and the best 80% co-workers are matched together following a counter-monotonic pattern, so that
the medium-range products between 20% and 70% quantiles have good quality. Our universal
optimality guarantees this solution regardless of the skill distributions i and 7.

Some numerical examples are reported in Table 1 below, where we compute the value of
RVaR,, ((Z + W) in (35) for five different couplings, and some continuous marginal distributions.
Because we have explicit methods to simulate from each copula, we calculate each number in Table
1 by the average of the 20% and 70% sample quantiles from a Monte Carlo simulation of sample

size 10,000,000. From the results, we can see that the optimal copula leads to a substantially larger

range-average quality.

*We assume the number of workers and coworkers is very large so that it does not hurt to use continuous
distributions and precise probability levels.
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. i and U
Coupling
Beta(5,2), uniform[0, 1] | Expo(1), Log-normal(0, 1)
Comonotonicity 1.1585 1.5717
Counter-monotonicity 1.2017 2.0210
Independence 1.1644 1.9123
Sub-optimal copula Cof% 1.2123 2.0304
Optimal copula Ciy 1.2931 2.3824

d -~
~U

Table 1: The range-average quality RVaRg.20.7(Z + W) where Z 9 i and W

9 Concluding remarks

The framework of non-linear and distorted optimal transport is proposed, and we obtain many
results in this framework. As our main findings, we established universal optimality and duality
for some classes of non-linear expectations and cost functions, and fully characterized universal
optimality for ISS and SS distortion functions with linear cost. The optimal copula is also illustrated
with an application of economic production. Since the framework is new, there are many open
questions, and we discuss some of them below.

First, we have focused on transport on the real line, and the structure of the real line is used
extensively. For the applications that motivated the paper, behavioral decision making, robust
optimization and robust risk aggregation, the real line is the most natural space, but for other
applications, more general spaces are needed. To extend our results to R with d > 2 or general
Polish spaces requires thorough separate study.

Second, we established weak duality in Theorem 2 only in case £ is super-linear. The case of
a general non-linear expectation is difficult to analyze, and we only have a simple bound (20) for
£ = &M, Similarly, strong duality is only established for convex h and affine cost, and we wonder
whether it also holds in more general situations.

Third, universally optimal couplings are obtained under the assumption that the distortion func-
tions are convex, concave, ISS, or SS. Although these distortion functions are the most commonly
used in the application domains, we wonder whether universally optimal couplings can be obtained,
or proved to be non-existent, for more general forms of h. Moreover, optimal couplings for specific
marginal distributions, other than all marginal distributions, are left for future research.

Fourth, most results in our paper are obtained for distorted expectations or sub-linear/super-

linear expectations. General non-linear expectations that are neither sub-linear nor super-linear
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will require substantially different techniques.

Fifth, the distorted optimal transport can be generalized to other settings other than the stan-
dard one we considered. Motivated by different applications, classic transport problems have been
generalized to, among many others, the multi-marginal setting (see Rachev and Riischendorf (1998);
Pass (2015)), transport between vector-measures (see Wang and Zhang (2024)), transport between
capacities (see Ghossoub et al. (2023)), and the constrained settings, such as those of martingale
transport (Beiglbock et al. (2013); Galichon et al. (2014); Beiglbock and Juillet (2016)), super-
martingale transport (Nutz and Stebegg (2018)) or directional transport (Nutz and Wang (2022)).
Each of these generalizations can be combined with our framework of distorted transport. We
expect them to lead to great additional challenges and new mathematics on optimal transport in

the future.
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