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Abstract

In risk-sharing markets with aggregate uncertainty, characterizing Pareto-optimal allocations
when agents might not be risk averse is a challenging task, and the literature has only provided
limited explicit results thus far. In particular, Pareto optima in such a setting may not necessarily be
comonotonic, in contrast to the case of risk-averse agents. In fact, when market participants are risk-
seeking, Pareto-optimal allocations are counter-monotonic. Counter-monotonicity of Pareto optima
also arises in some situations for quantile-optimizing agents. In this paper, we provide a systematic
study of efficient risk sharing in markets where allocations are constrained to be counter-monotonic.
The preferences of the agents are modelled by a common distortion risk measure, or equivalently, by
a common Yaari dual utility. We consider three different settings: risk-averse agents, risk-seeking
agents, and those with an inverse S-shaped distortion function. In each case, we provide useful char-
acterizations of optimal allocations, for both the counter-monotonic market and the unconstrained
market. To illustrate our results, we consider an application to a portfolio choice problem for a port-
folio manager tasked with managing the investments of a group of clients, with varying levels of risk
aversion or risk seeking. We determine explicitly the optimal investment strategies in this case. Our
results confirm the intuition that a manager investing on behalf of risk-seeking agents tends to invest
more in risky assets than a manager acting on behalf of risk-averse agents.
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1 Introduction

The literature on efficient allocations in pure exchange economies, or optimal risk sharing in risk-
sharing markets, has hitherto mostly been interested in Pareto optimality (also called Pareto efficiency)
for risk-averse agents, both within the classical expected-utility theory (EUT) framework and beyond.
For decision-making under objective risk, risk aversion is commonly defined as consistency with respect to
second-order stochastic dominance. The seminal work of Borch (1962) and Wilson (1968) on risk sharing
for risk-averse agents within EUT provided an explicit characterization of Pareto-optimal allocations, and
showed in particular that optimal allocations are comonotonic. This property of optima was extended
beyond the EUT framework, and a cornerstone result in this literature is the so-called comonotonic
improvement theorem (e.g., Landsberger and Meilijson (1994), Carlier and Dana (2003), Riischendorf
(2013), or Denuit et al. (2025)). Existence and comonotonicity of Pareto optima beyond EUT has been
established widely. See, for instance, Chateauneuf et al. (2000), Dana (2004), Tsanakas and Christofides
(2006), De Castro and Chateauneuf (2011), or Beiiner and Werner (2023), for risk-sharing markets with
ambiguity-sensitive agents; or Barrieu and El Karoui (2005), Jouini et al. (2008), and Filipovié¢ and
Svindland (2008) for the popular class of law-invariant monetary utilities, or law-invariant convex risk
measures. Ravanelli and Svindland (2014) showed the existence and comonotonicity of Pareto optima
for a class of law-invariant variational preferences that are SSD-consistent. Recently, Ghossoub and Zhu
(2024) provided an explicit characterization of Pareto optima and showed their comonotonicity, for a
wide class of robust SSD-consistent concave utility functionals.

Pareto optimality in risk-sharing markets that include risk-seeking agents is less well-studied. A
first step in this direction was taken by Araujo et al. (2018, 2022) and Herings and Zhan (2022) in an
equilibrium context. Beifiner and Werner (2023) allowed for the existence of risk-loving and ambiguity-
loving agents in exchange economies. Recently, Lauzier et al. (2023a) provided a stochastic represen-
tation of counter-monotonicity. Using this result, Lauzier et al. (2024) further derived the so-called
counter-monotonic improvement theorem, a counterpart to the comonotonic improvement theorem. Just
as risk aversion is linked to comonotonicity, risk seeking is linked to counter-monotonicity. The counter-
monotonic improvement theorem states that for any random vector bounded from below or above, there
exists a counter-monotonic random vector whose components are riskier than those of the given random
vector. An important implication of this theorem is that counter-monotonic allocations will always be
preferred by risk-seeking agents. In addition to risk-seeking agents, counter-monotonic allocations can
also be optimal for quantile agents, who are neither risk-seeking nor risk-averse, as shown by Embrechts
et al. (2018, 2020) and generalized by Weber (2018). These observations suggest that a systemic study
of risk sharing problems when constrained to counter-monotonic allocations is useful, and this is central
to this paper.

Specifically, in this paper, we study optimal risk sharing and inf-convolution of distortion risk mea-



sures. We consider not only risk-averse agents, but also risk-seeking agents and behavioral agents. Our
study can be further motivated by a simple portfolio optimization problem. A fund collects an initial con-
stant endowment W from a group of clients, assumed to have the same risk preferences. These clients can
either be risk-seeking or risk-averse, and their risk attitudes are modeled using distortion risk measures
P1,- -, Pn- The fund is managed by a professional manager whose task is to invest the endowment in a
manner that aligns with the clients’ risk attitudes and minimizes the total risk. The manager intends to
allocate a proportion A of the fund to a risky asset X in a domain X'. In this context, Pareto optimality
of an allocation (X7, ..., X)) is equivalent to optimality with respect to the sum of the risk measures; see

Embrechts et al. (2018, Proposition 1). Therefore, the objective function of the fund manager is given by

n
minimize Zpi(—Xi) subject to Xy + -+ X,, = W 4+ AX — ¢(\) and ¢(\) < W, (1)
i=1
where ¢ represents the corresponding cost function of investing A in the fund, and hence W + AX — ¢())
represents the terminal wealth of the fund, to be allocated to the participants. Note that there are two
layers of optimization involved in (1), that is, deciding the investment strategy A and the allocation
(X1,...,X,). Investors interested in risky assets are typically not necessarily risk-averse, and hence (1)
calls for a study of inf-convolution for non-risk-averse agents. As we will see in Section 6, our results
on risk sharing for distortion risk measures will help to solve (1). A natural intuition is that less will
be invested in the risky asset when risk-averse agents are involved, whereas more will be invested in the
risky asset when risk-seeking agents are involved. This intuition checks out as justified by our results.
As mentioned above, we will focus on distortion risk measures, a popular class of risk measures widely
used in finance and insurance; see McNeil et al. (2015) for distortion risk measures in risk management.
To make our notion more specialized, now we use pp,, ..., pn, for distortion risk measures and hq, ..., hy,
for their distortion functions. We denote by O pn, (X), B, pn, (X) and B}, pn, (X) the smallest value
of pp,(X1) + -+ + pn, (X,) over allocations of X that are general, comonotonic, and counter-monotonic,
respectively; see Sections 2 and 3 for precise definitions.
The existing literature primarily focuses on the unconstrained inf-convolution J}"_; pp, and comon-
tonic inf-convolution B} ; pp,. The problem setting of counter-monotonic inf-convolution B ; pp, is
novel. For most results in our paper, we assume h; = --- = h,, that is, the homogeneous setting, for

tractability. We aim to answer the following questions:

(a) It is known that the comonotonic inf-convolution has an explicit form, i.e., B}, pr = pn, which
holds true regardless of whether h is concave or convex; see e.g., Embrechts et al. (2018, Proposition
5). This naturally leads to the question of whether the counter-monotonic inf-convolution exhibits
similar properties. Specifically, does B}, ps share the same formula for both concave and convex h?

Under which conditions does B}, pp = pp, hold true?



(b) We study three types of problems, i.e., unconstrained, comonotonic, and counter-monotonic risk
sharing. Each type provides insights into the behavior of risk measures under different allocation

constraints. What is the relationship among three variations of inf-convolution?

(¢) Question (a) concerns the counter-monotonic inf-convolution of concave or convex distortion risk
measures. Is there an explicit formula for the counter-monotonic inf-convolution if the underlying

risk measures are neither concave nor convex?

(d) In the application of portfolio optimization problems, optimal asset allocations often have different
structures for agents with varying risk attitudes. How will the optimal strategies change as agents’
risk preferences vary, for example, becoming more risk-seeking? Additionally, how does the number

of agents involved in the pool affect the optimal allocations?

The paper is dedicated to answering the above four questions by offering general results on the
counter-monotonic inf-convolution. The rest of the paper is organized as follows. Sections 2 and 3
contain preliminaries on risk measures and on risk sharing problems, respectively. In particular, Section
3 introduces the new concept of counter-monotonic inf-convolution, along with some related discussions
on negative dependence. In Sections 4 and 5, we analyze the counter-monotonic risk sharing problem
for risk-averse agents and risk-seeking agents, respectively. For risk-averse agents, all three forms of inf-
convolution lead to the same optimal value (Theorem 1). We also characterize conditions for the distortion
function that yields equality between the value of the inf-convolution and that of the risk measure
(Theorems 2 and 3). Based on the counter-monotonic improvement theorem in the literature (reported
as Theorem 4), explicit formulas for counter-monotonic inf-convolutions and optimal allocations are
obtained for risk-seeking agents (Theorem 5). Applying these results, we solve the portfolio optimization
problem, demonstrating how decision-making varies with agents’ risk attitudes, as detailed in Section 6.
In Section 7, we consider agents with inverse S-shaped distortion functions, who are neither risk-averse
nor risk-seeking, and obtain an explicit formula for the corresponding counter-monotonic inf-convolution

(Theorem 6) under mild conditions. Section 8 concludes the paper.

2 Setting

2.1 Risk measures, comonotonicity, and counter-monotonicity

Fix an atomless probability space (2, F,P). Let X’ be a convex cone of random variables on (2, F,P),
which will be specified in subsequent sections to several different choices. For example, X may be the set
L' of integrable random variables, the set L™ of bounded random variables, or the set LT of nonnegative
bounded random variables. Almost surely equal random variables are treated as identical. We denote by

1, the indicator function for an event A € F. A risk measure is a mapping p : X — [—00, 00]. We allow



for both co and —oo in the range of risk measures because we would like to treat inf-convolutions defined
below as risk measures, and in some cases they can take infinite values.

We consider n agents, where n is a positive integer, and denote by [n] = {1,...,n}. A random vector
(X,Y) is said to be comonotonic if (X (w) — X (w))(Y(w) — Y(w')) = 0 for all w,w’ € Q. We refer to

Dhaene et al. (2002) for an overview on comonotonicity. A pair (X,Y") of random variables is said to be

counter-monotonic if (X, —Y") is comonotonic, i.e., (X (w) — X (w'))(Y (w) — Y (w’)) <0 for all w,w’" € Q.
A random vector (X 1,-.-,Xpn ) is comonotonic (resp. counter- monotonlc) if each pair of its components is
comonotonic (resp. counter-monotonic). Comonotonicity of (X1, ..., X,,) is equivalent to the existence of

increasing functions f; : R — R, i € [n], such that X; = f;(>°1, Xl-) for i € [n]. Terms like “increasing”

r “decreasing” are in the non-strict sense. Although comonotonicity for n > 3 is a straightforward
extension of the case n = 2 and well understood, counter-monotonicity for n > 3 is highly restrictive
on the marginal distributions, and quite different from the case n = 2. A stochastic representation of
counter-monotonicity for n > 3 is provided in Lauzier et al. (2023a), which we present in Proposition 1
below. To emphasize this difference, we sometimes mention “pairwise counter-monotonicity” for counter-
monotonicity in dimension 3 or higher.

We will model agents’ preferences by the class of distortion risk measures. Equivalently, these agents
are modelled by the dual utility of Yaari (1987), with minimization problems switched to maximization
problems. To analyze the risk sharing problems, it will be convenient to work with a more general class
than distortion risk measures, called distortion riskmetrics by Wang et al. (2020a), which we explain
below. Let

V= {h:[0,1] = R | his of bounded variation h(0) = 0}.

For h € HBV, we first define the Choquet integral for a random variable X by
oo 0
/Xd(h oP) = / WP(X > 2))de +/ (W(P(X > 2)) — h(1))dz,
0 —0o0

provided that the above is well-defined. A distortion riskmetric pj, : X — R is pp(X) = [ Xd(hoP),
where X is such that the Choquet integral is well-defined. Elements of HBV are called distortion functions,

and they are not necessarily monotone. Denote by
H ={h:[0,1] — [0,1] | his increasing and h(0) =1 — h(1) =0},

which is a subset of HBV. In case of h € H, p;, is a distortion risk measure. Distortion riskmetrics
satisfy many useful properties. For any h € HBV, the following properties are satisfied by p = pp: For
all X)Y € X,

(a) Law-invariance: p(X) = p(Y) if X and Y have the same distribution, i.e., X 4 Y;



(b) Positive homogeneity: p(AX) = Ap(X) for all A > 0;

(¢) Comonotonic additivity: p(X +Y) = p(X) + p(Y) if X and Y are comonotonic.
If h € H, then the following two additional properties hold:

(d) Monotonicity: p(X) < p(Y) if X <Y

(e) Translation invariance: p(X +¢) = p(X)+cforce R, and X +c€ X.

If h € HBV is concave, p = py, further satisfies

(f) Subadditivity: p(X +Y) < p(X) + p(Y);

(g) Convex order consistency: p(X) < p(Y) if X <cx Y, where the inequality is the convex order, meaning

E[u(X)] < E[u(Y)] for all convex functions u such that the two expectations are well-defined.

A coherent risk measure (Artzner et al. (1999)) is one that satisfies (b), (d), (e) and (f). In (c¢) and (f),
we require that p do not take both values —oco and oo. The following are equivalent for p;, (see Wang
et al. (2020b, Theorem 3)): (i) h is concave; (ii) pp is subadditive; (iii) pp, is convex; (iv) pp is convex
order consistent. Moreover, comonotonic additivity and law-invariance plus some continuity characterize

the class of py, for h € HBV.

2.2 Risk sharing and inf-convolution

In risk management and game theory, the concept of risk sharing, often referred to as risk alloca-
tion, involves distributing the aggregate risk or wealth among multiple agents. A common approach to
optimally distribute the risk is by minimizing the overall value of the aggregate risk. We assume there
are n agents sharing a total loss X € X in the market. Suppose that agent i € [n] has a risk preference

modelled by a risk measure p;. Given X € X, we define the set of allocations of X as

An(X){(Xl,...,Xn)eX":ZXiX}. (2)
i=1
The allocation set consists of all potential ways to distribute the total risk X among n agents and the
associated aggregate risk value is >, p;(X;). Note that the definition of allocations crucially depends

on the specification of X', which will vary across different applications in the later sections.

Using (2), the inf-convolution [0 , p; of n risk measures p1, ..., p, is defined as
B pi(X) i= inf {Z pi (X)) : (X1, Xy) € An(X)} . Xex. (3)
= i=1



That is, the inf-convolution of n risk measures is the infimum over aggregate risk values for all possible
allocations. Like A, (X), we make the reliance of O, p; on X implicit, but it is useful to keep in mind
that X’ matters in this definition; that is, for X = L* and X = L*, the inf-convolution may differ for
the same set of risk measures well-defined on L.

An allocation (X1,...,X,) is sum-optimal in A, (X) if O, p;(X) = >0, pi(X;), i.e., it attains
the best total risk value. An allocation (Xi,...,X,) € A,(X) is Pareto optimal in A, (X) if for any
(Y1,...,Y,) € Ay (X) satisfying p;(Y;) < pi(X;) for all i € [n], we have p; (Y;) = p; (X;) for all i € [n].
Pareto optimality means that the allocation cannot be improved for all agents with one agent being
strictly improved.

It is well-known that for finite monetary risk measures, which satisfies monotonicity and translation-
invariance, Pareto optimality is equivalent to sum-optimality; see Embrechts et al. (2018, Proposition 1).
Since we focus on monetary risk measures (particularly, distortion risk measures) in this paper, we will

simply say that an allocation is optimal if sum-optimality holds.

3 Comonotonic and counter-monotonic risk sharing

As in other multivariate models in risk management, the dependence structure among the compo-
nents of the risk allocation is important for interpreting the economic incentives created by the allocation.
For instance, if the allocation is comonotonic, then all agents receive gains and losses together; if the
allocation is counter-monotonic, then all agents are essentially gambling against each other. In some
situations, e.g., in an insurance setting, it may be preferred or mandatory to allocate the aggregate risk
in a comonotonic way among agents, who are insureds and insurers in this context. On the other hand,
in a lottery setting, the allocation of payoffs may be counter-monotonic.

We will consider risk sharing problems constrained to comonotonic or counter-monotonic allocations.
The comonotonic risk sharing problem is well studied in the risk management and insurance literature;
see e.g., Jouini et al. (2008), Cui et al. (2013), and Boonen et al. (2021). The counter-monotonic problem
would be the focus of our paper, though we will compare these three types of risk sharing problems
throughout. The set of comonotonic allocations is defined as

AT(X) ={(X1,...,X,) €An(X): Xy,...,X, are comonotonic}.

n

The corresponding comonotonic inf-convolution H_, p; of risk measures p1, ..., p, is defined as

K2

4@1 pi(X) := inf {Z pi (X)) (X1, .., Xn) € Ag(X)} :

An allocation (Xi,...,X,) € Al (X) is called an optimal allocation of X for (p1,...,pn) within A} if



S pi (X;) = B, p;(X). By definition, it is clear that O/, p;(X) < B, p;(X). Hence, if an optimal
allocation of X is comonotonic, then it is also an optimal allocation within A}, and further we have
0P, pi(X) = B2, p;(X). For law-invariant convex risk measures on L™, optimal constrained allocations
are also optimal allocations; see Jouini et al. (2008). This statement remains true if the underlying risk
measures preserve convex order, and this is based on the comonotone improvement of Landsberger and
Meilijson (1994).

Our new invention is the risk sharing framework where allocations are restricted in the set of counter-

monotonic allocations, which can be rigorously formulated below, by
AL (X)={(X1,...,Xn) € A(X): Xq,..., X, are counter-monotonic} .

The corresponding counter-monotonic inf-convolution B, p; is thus defined as
B pi(X) = inf{Zpi(Xi) (X1, Xn) € A;(X)} .

Similarly, an allocation (X1, ..., X,) € A, (X) is called an optimal allocation of X within A, if > | p; (X;) =
B, pi(X). Tt is clear that O, p;(X) < B, pi(X). In contrast to the rich literature on comonotonic
risk sharing, research on counter-monotonic risk sharing problem is quite limited. Counter-monotonic
allocations have been recently explored by Lauzier et al. (2024), but with a different approach than ours.
More precisely, instead of working with A, (X) directly, Lauzier et al. (2024) considered conditions under
which the original problem within A,, has an optimal solution within A .

Before we analyze the counter-monotonic risk sharing problem, we first recall the stochastic rep-
resentation of counter-monotonicity given by Lauzier et al. (2024), which will be useful throughout our

analysis. Let II,, be the set of all n-compositions (ordered partitions) of €2, that is,
M, =< (Ay,...,A,) € F™: U A; =Qand A,,..., A, are disjoint
1€[n]

Proposition 1 (Lauzier et al. (2024)). For X € X andn > 3, suppose that at least three of (X1,...,X,) €
A, (X) are non-degenerate. Then (X1,...,X,) is counter-monotonic if and only if there exist constants

mi,...,my and (A1, ..., A,) € I, such that

Xi=(X—m)la, +m; forallié€ [n] withm= Zml ess-inf X 4)



or

n
Xi=(X-m)la, +m; forallie€ [n] withm = Zmi > ess-sup X. (5)
i=1
By taking m; = ... =m, =0, ie., X > 0 or X <0, a simple counter-monotonic allocation in the

form of (4) and (5) is given by

X; = X1,4, for eachi € [n], where (44,...,4,) €11,

Specifically, such an allocation is called a jackpot allocation if X > 0 and a scapegoat allocation if X < 0 by
Lauzier et al. (2024). It is clear to see that there is a “winner-takes-all” structure in a jackpot allocation
and a “loser-loses-all” structure in a scapegoat allocation. In real life, such (Xi,..., X,,) may represent
the outcome of n lottery tickets, exactly one of which wins a random reward of X. “Roulette wheel

decisions” !

is an example for scapegoat allocations.

A special form of jackpot and scapegoat allocations will be useful in our analysis. The allocation
(X1,...,Xp) of X with either X > 0 or X < 0 is called a uniform counter-monotonic allocation if
X; = X1y, with P(4;) = 1/n for each i € [n], where (A44,...,A4,) € II,, is independent of X. For any
X > 0or X <0, a uniform counter-monotonic alloction exists as soon as there exists a (nondegenerate)
uniform random variable independent of X.

Both the set of comonotonic allocations A} (X) and the set of counter-monotonic allocations A, (X)
are strict subsets of the set of all potential allocations A, (X). Hence, the sequel refers to the problem
of sharing risk in A, (X), Af(X) and A, (X) as unconstrained, comonotonic and counter-monotonic risk
sharing, respectively. A first and natural question is whether B ; p;(X) and B} ; p;(X) admit a clear
relation in terms of their values. In the next few sections, we will answer this question and several others
mentioned in the Introduction.

Although we have introduced the framework of counter-monotonic risk sharing with possibly differ-
ent risk measures for each agent, in the rest of the paper, we will always consider the case of homogeneous
agents; that is, all agents have the same risk measure, and it is a distortion risk measure. This homoge-
neous setting, although being restrictive, already gives rise to interesting mathematical results. We leave

the heterogeneous case, as well as other decision models, for future study.

1For tasks no one wants to do, a roulette wheel with everyone’s names on it can be spun to determine who has to
undertake the task.



4 Risk-averse agents and pseudo-concave capacities

In this section, we take X as the set L™ of bounded random variables. Assume that all agents use
the same distortion risk measure py. We first present a general result that holds for all types of distortion
functions h, in which a clear ordering among the unconstrained, comonotonic and counter-monotonic

inf-convolutions is provided, and they become equivalent when h is concave.

Theorem 1. For h € H, the following always holds:

n n n
O pn < B pp < B pp = pp. (6)
i=1 =1 =1
Moreover, if h is concave, then
n n n
izlph—izlph—izlph—%- (7)

Proof. For the first inequality in (6), we have seen above that the unconstrained inf-convolution is the
smallest since there are no constraints on the allocation set. This relation also holds for agents with other
risk preferences than distortion risk measures. The second inequality in (6) holds by taking allocation
(X1,...,Xn) =(X,0,...,0), that is both counter-monotonic and comonotonic, thus leading to B, p, <
pn and B pp < pp. The last equality in (6) follows directly from comonotonic additivity of pp. To

show (7), the inequality O, pp, > p, follows from subadditivity of py,. O

The general chains of relations in (6) and (7) do not necessarily generalize to risk measures that are
not comonotonic additive, or to heterogeneous risk preferences among agents.

In the following examples, we compare the three inf-convolutions in (6) for the Value-at-Risk (VaR)
and the Expected Shortfall (ES, also known as CVaR and TVaR), defined below. For a random variable
X, VaR at level a € Rt := [0, 00) is defined as

VaRq(X) = inf{z € [-00,00] : P(X < 2) > 1—a}, (8)
and ES at level 8 € RT :=[0,1) is defined as
1 8
ESs(X) = 5/0 VaR,(X)dr,

where VaR, is defined in (8). Here we allow o > 1 following the convention in Embrechts et al. (2018).
If & € [0,1), VaR, and ES,, are distortion risk measures. They are well-defined on the set of all random
variables, and they are associated with the distortion functions h(t) = 1454y and h(t) = min{t/a, 1},

respectively.

10



Example 1 (VaR). We now analyze the relationship among counter-monotonic, comonotonic and uncon-
strained optimal allocations in the risk sharing problem for VaR agents with levels a1, ..., a,,a € (0,1).
Here, we assume «; = « for each i € [n]. In particular, the values of O ; VaR,(X) and H]—; VaR,(X)

are given by Theorem 2 and Proposition 5 of Embrechts et al. (2018). They yield

0 VaRa(X) = VaRpa(X) < @ VaRa(X) = VaRa (X). 9)
0 E

1=

Moreover, if a < 1/n, by Embrechts et al. (2018, Theorem 2), there exists a Pareto-optimal allocation
(X1,...,X,) of X with the form of

Xi=(X-m)ly,,i€en—-1 and X,=(X-m)ly, +m

for some (Ai,...,A,) € II,, where m € (—o0,VaR,,o(X)] is a constant. By taking m = ess-infX,
(X1,...,Xy) is counter-monotonic, as noticed by Lauzier et al. (2023a, Theorem 1). Hence, B! ; VaR,(X)
?_, VaR,(X), and thus the inf-convolution of several VaRs is equivalent to the counter-monotonic one.
Therefore, for any X € X', the following always holds true
5 VaR,(X) = 0 VaRo(X) < B VaRa(X) (10)
i= i=1 i=
and generally the inequality in (10) is not an equality. Furthermore, we can analogously show that the
result (10) also holds true for RVaR agents. It is notable that the distortion risk function corresponding

to VaR is neither concave nor convex, which implies that concavity or convexity of h is not necessary for

B, pr being equivalent to O, pp, although concavity is sufficient as we see in (7).

Example 2 (ES). It is well known that ES has a concave distortion function, and hence, by Theorem

1, D?:l ESB = El?:] ESB = Ba?:l ESﬂ = ESﬁ

Without assuming that h is concave, solving the counter-monotonic inf-convolution poses a challenge,
as is the case of the unconstrained problem. Following Theorem 1 of Aouani et al. (2021), which shows that
counter-monotonic supperadditive Choquet functional can be characterized by pseudo-convex capacity,
we provide some necessary and sufficient conditions for the equality B}, p;, = ps. We first review some
useful concepts in the theory of capacity.

A set function v : F +— R is called a capacity if v(0)) = 0 and v is monotone, i.e., A C B = v(A) <

v(B). Moreover, v is normalized if v(2) = 1. In particular, a capacity v on F is called

(i) concave if

v(AUB)+v(ANB) <v(A4) +v(B) (11)
holds for all A, B € F;

11



(ii) subadditive if (11) holds for all disjoint A, B € F;
(iii) concave at the sure event if (11) holds for all A, B € F with AU B = ;
(iv) pseudo-concave if it is subadditive and concave at the sure event.

In the literature, concavity (convexity) of v is also called submodularity (supremodularity). Clearly,
concavity is stronger than the other three properties.
Let v be a capacity. The Choquet integral of a bounded random variable X with respect to v is

defined as . .
/X dv :/0 v(X > x)dx+[w(u(X > ) —v(Q))dz

The distortion risk measure p;, is an increasing Choquet integral with v = h o P where v is normalized.
The properties of v are closely related to those of h. For instance, concavity of v is equivalent to concavity
of h; see Follmer and Schied (2011) or Marinacci and Montrucchio (2004). Next, we introduce a property
for h € H, which we refer to as dual subadditivity, that turns out to correspond to pseudo-concavity of

v.
Definition 1. Let h € H.
(i) The dual function of h is defined by h(t) =1 — h(1 —t) for t € [0,1]. Tt is clear that h € H.

+y) < h(z) + h(y) for

(ii) The function h is dually subadditive if h satisfies subadditivity (i.e., h(z
h(z) + h(y) for z,y € [0,1]

x,y € [0,1] with 2 + y < 1) and h(z) is superadditive (i.e., h(z +y) >
with  +y < 1).

Note that h is concave if and only A is convex. It is straightforward to check that any concave

function h € H is dually subadditive. The following theorem gives a necessary and sufficient condition

for pn & pn = p.

Theorem 2. Suppose h € H and denote by v = h o P. The following are equivalent.
(i) prn B pn(X) = pn(X) holds for all X € X.
(i) h satisfies dual subadditivity.

(iii) v is pseudo-concave.

Proof. We first show the implication (i) = (ii). Clearly, statement (i) implies pp(X) < pn(X1) + pr(X2)
for (X1, Xs) € Ay (X). Let A, B € F be such that ANB = (. It is straightforward to show & is subadditive
by taking X7 = 14 and X5 = 1. Moreover, for such A and B, it can be verified that X; = 14up and
X5 = 14 are counter-monotonic (see Table 1). It follows that h(xz4+y—1)+1 < h(z)+h(y) for 2,y € [0,1]

with z +y > 1, which is equivalent to superadditivity of & by some simple manipulations.

12



1 4c

A B
laus 1 1
0 1
Taop+1a 1 2

Table 1: A counter-monotonic allocation

Next, we show (ii) = (iii). Statement (ii) can be rewritten as h being subadditive and satisfying
h(z4+y—1)+1< h(x)+ h(y) for z,y € [0,1] with 4+ y > 1, which is equivalent to pseudo-concavity of
v; see Principi et al. (2023, Example 14).

For a proof of (iii) = (i), first note that pp B pp(X) < pr(X) by Theorem 1. Thus it suffices to show

pr, is counter-monotonic subadditive, which directly follows Theorem 1 of Aouani et al. (2021). O

As we know, pairwise counter-monotonicity is the generalization of counter-monotonicity for the
case of n > 3. The next result shows that Theorem 2 can be generalized to the case of n agents with

identical distortion risk functions.

Theorem 3. Let h € H and n > 3.
(i) B, prn = pn holds true if and only if h is dually subadditive.
(ii) 0%, pr = pn holds true if and only if h is concave.

(i53) B, pr = pn holds true for all h.

Proof. (i) Tt is straightforward to show the “only if” part by Theorem 2. Next, we demonstrate the “if”
statement. To prove whether the theorem can be generalized to n agents for n > 3, it suffices to show
whether the inf-convolution of n risk measures can be understood as applying the inf-convolutions of two
risk measures repeatedly. Specifically, we aim to show B} ; pr, = pr B...H pp, where the right-hand side
has n terms of p,. For simplicity, we denote the repeated inf-convolution of n risk measures from left to
right as pp, H...Hpp.

For a given X € X, we define a new set of allocations of X, that is,

j—1
A(X)= {(Xl7 o Xn) EALX) : ZXi and X; are counter-monotonic for j € [n}} .
i=1

Then pp, H...Hpp can be expressed as:

pnB...Bpp(X) = inf {th(xi) (X1, X)) € A:;(X)} . (12)

It is straightforward to show pp, B...Bp;, < B, pn. In fact, the inequality also holds true when applying
multiple p; for i € [n]. The result directly follows part (ii) of Theorem 2 in Lauzier et al. (2023a), implying
A% (X) is a subset of A, (X).

13



Next, we show the converse direction. For any (Xi,...,X,) € A%(X), by repeatedly using dually
subadditivity of A and Theorem 2, we have

th ) = pr(X1) + pr(X2) Jrzph
=3

n
ph(Xl + X2) + Zp}z(Xz)
=3

= Ph(Xl +---F Xn—l) + ph(Xn)

ph(X)v

M=

2 ph(X) 2

i=1

which implies that p, B...Bp, > B;; pr,. Combining the above results, we can conclude that B]_; pp, =
prB...Bpn = pp.

(ii) The “if” part directly follows Theorem 1. It is also straightforward to prove the “only if” part
since concavity of h is equivalent to subadditivity of pp,.

(iii) The result holds trivially from comonotonic additivity of py,. O

Remark 1. The inf-convolution of n risk measures [0}, p; is equal to the repeated application of inf-
convolutions of two risk measures; see Liu et al. (2020, Lemma 2). That is, O, p; = p1O...0Opn.
Similarly, it also holds that B}, p; = p1H...Hp,. The relation does not hold true for the counter-

monotonic inf-convolution. A counter-example is given by Example 6 in Appendix B, showing

3

Elpi(X) >p1B---Bp,(X) for some X € X.

1=

This is due to the fact that counter-monotonicity behaves quite differently in the cases n = 2 and n > 3.
Nevertheless, B ; p; = p1 B---B p, can be expected in many relevant cases. For instance, it holds true
for agents with dually subadditive distortion functions, as shown in Theorem 3. Additionally, it also holds
when risks are measured with VaRs because the unconstrained inf-convolution and counter-monotonic

inf-convolution coincide, as shown in Example 1.

We can immediately obtain the following corollary of Theorem 3.

Corollary 1. Suppose X = L. If h € H is conver and not the identity, then a comonotonic allocation

of X is never Pareto optimal.

Proof. Let X = L. We first assume some comonotonic allocations of X are Pareto optimal. Thus,

there exists an allocation (X7i,...,X,) € Al such that

th ) =pn(X) = @ pr(X).

14



The first equality is from the comonotonic additivity of p; and the second is from the Pareto optimality
of (X1,...,X,). By Theorem 3, the second equality implies that h is concave, a contradicting h being
convex and not the identity. Therefore, a comonotonic allocation (X7,...,X,) € Al cannot be Pareto

optimal. 0

So far, we have seen that for concave distortion functions, the counter-monotonic inf-convolution
gives equivalent results to the comonotonic and unconstrained ones. The situation is drastically different

when risk-seeking agents are involved. This will be discussed in the next section.

5 Risk-seeking agents

In this section, our aim is to investigate the risk sharing problem for risk-seeking agents and further
determine the explicit form of the corresponding counter-monotonic inf-convolutions. The set of random
variables X' in this section may be the set L™ of bounded random variables, the set L™ of nonnegative
bounded random variables, or the set L™ of nonpositive bounded random variables. We will specify which
set is used in each case. As we know, it always holds that B} ; pr < pp. Counter-monotonic risk sharing
among risk-averse agents achieves the upper bound py, as shown in Theorem 3.

We now take a small detour to consider sup-convolution instead of inf-convolution. The following
proposition shows py, is indeed the supremum of aggregate risks for risk-seeking agents over all possible

allocations, whether in the general sense or in the counter-monotonic sense.

Proposition 2. Suppose X = L*° and X € X. If h € H is convez, then
pn(X) = sup {i on(Xi): (Xy,...,X,) € An(X)}
i=1
= sup {zn:ph(xi) (X, X)) € A;(X)} .
i=1
Proof. If h is convex, then py, is superadditive (Wang et al. (2020b, Theorem 3)), implying
pn(X) = sup {i on(X;) 1 (Xq,...,Xpn) € An(X)}
i=1
= sup {iph(Xi) DXy, X)) € An(X)} 2 pr(X),
i=1

where the last inequality is due to (X,0,...,0) € A, (X). This gives the desired equalities. O

Proposition 2 shows that py, is indeed the sup-convolution of several concave distortion risk measures.

Unlike the comonotonic risk sharing problem, where we always have B}, pr, = pp, for any h, regardless
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of h is concave or convex, the counter-monotonic risk sharing is more complicated. In particular, for
risk-seeking agents, the equality in H ; p;, < pp, generally does not hold true, which can also be verified
by some numerical results in Table 1.

The technique of counter-monotonic improvement theorem, a converse to the comonotonic improve-
ments, as introduced in Lauzier et al. (2024), will be helpful for our next results. In what follows, a
uniform random variable is nondegenerate; that is, we do not consider a constant random variable as

uniform.

Theorem 4 (Lauzier et al. (2024)). Let X1,..., X, € L' be nonnegative and X = > | X;. Assume that
there exists a uniform random variable U independent of X. Then, there exists (Y1,...,Y,) € A (X) such
that (i) (Y1,...,Y,) is counter-monotonic; (it) Y; Zex X; for i € [n]; (iii) Y1,...,Y, are nonnegative.
Moreover, (Y1,...,Y,) can be chosen as a jackpot allocation.

The counter-monotonic improvement theorem indicates the jackpot allocation is always be preferred
by risk-seeking agents. To apply the counter-monotonic improvement theorem, it is important to em-
phasize the technical assumption that there exists a uniform random variable U independent of X. To

formalize this, we introduce the following set:
X+ = {X € X : there exists a uniform random variable U independent of X }.

Note that in any atomless probability space, X+ is non-empty. Indeed, we can find independent uniform
random variables U and V on an atomless probability space, and f(U) € X'+ for all measurable functions
f, and hence any distribution is allowed for elements of X't.

The next lemma provides the optimal value for the inf-convolution when the allocation is constrained
to be jackpot allocations, given that the total risk X is nonpositive or nonnegative. The lemma would

be helpful to establish our main result (Theorem 5).
Lemma 1. Suppose X € X+ and h € H is convex. Denote by
I(X) = inf {iph(XlAi) i (A41,...,4,) € Hn} .
i=1
The following statements hold.
(i) If X = L, then I = p,, where g(t) = nh(t/n).
(it) If X = L™, then I = pg, where g(t) =nh(l — (1 —t)/n) —nh(l —1/n).

Proof. (i) Let X = Lt and X € X*. It follows that
I(X) = inf {Z/ h(P(X14, > x))dz: (Ay,...,A,) € Hn}
i=170
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2/0 inf{;h(xi) : ;xl =P(X > x)}dx

_ /Ooo nh (;P(X > x)) dz.

The last equality holds because of the convexity of h.
Furthermore, since we assume that there exists a uniform U independent of X, we can always find
a composition (A4i,...,A,) € II,, independent of X such that P(4;) = 1/n for all ¢ € [n]. Then we can

obtain

Z::ph(XlAi) = /000 nh (rlzP(X > x)) da.

This implies that I(X) < py(X), where g(t) = nh(t/n), t € [0,1]. Combining the above inequalities, the
desired result is obtained.

(i) Let X = L~ and X € X*. It follows that

where ﬁ(t) =1— h(1 —t). The last equality can be obtained by convexity of h, implying h is concave.

Furthermore, the above inequality can be rewritten as

I(X)>—-n /0 h <1P(X < a:)> dz

- /;OTB (TllP(—X > x)) dz = —pj. (= X) = py(X),

where h*(t) = nh(t/n). The last equation directly follows from Wang et al. (2020b, Lemma 2), and g(z)

is given by

g(t):ﬁ*(n—ﬁ*u—t):nﬁ(D—niz(ln_t) :nh<1—1;t>—nh(1—;).

Similar as (i), we can always find a composition (A4, ..., A,) € II,, independent of X such that P(A;) =
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1/n for all i € [n]. Then we can obtain that

iph(XlAi) = —/O nh (1P(X < x)) da = py(X),

oo n
which implies that I(X) < pg(X). Therefore, the desired results are obtained. O

The next result derives explicit formulas of the unconstrained and counter-monotonic inf-convolution
of n concave distortion risk measures, as well as the optimal allocation. These formulas vary depending
on the set of bounded random variables considered. In particular, when total risk X are nonnegative
or nonpositive and we restrict the set of allocations to allocations satisfying X; > 0 or X; < 0, both
the constrained inf-convolution and the counter-monotonic inf-convolution are identified as distortion
riskmetrics. Furthermore, when both X and X, are general bounded random variables, the counter-
monotonic inf-convolution is determined to be negative infinity. The above results are mainly proved by

using the technique of counter-monotonic theorem and Lemma 1.
Theorem 5. Let h € H be convex. The following hold.

(i) If X = Lt and X € X+, then

where g(t) = nh(t/n) fort € [0,1].
(ii) If X = L~ and X € X, then

n

5 on(X) = B, on(X) = py(X),

i=1 i=1
where g(t) = nh(1 — (1 —t)/n) —nh(1 —1/n) fort € [0,1].

(i) If X = L™=, X € X1 and h is not the identity, then

Moreover, in (i) and (ii), any uniform counter-monotonic allocation is Pareto-optimal.

Proof. (i) Suppose X = Lt and X € X*. Let (Xi,...,X,) € A,(X). By counter-monotonic improve-
ment theorem, there always exists a jackpot allocation (Y7,...,Y,) € A,(X) such that ¥; = X1,4,,
Y <cv X; and Y; > 0 for each i € [n] and (Ay,...,A,) € I,. If h € H is convex, then it holds
pr(X1a,) < pr(X;) for all ¢ € [n]. Denote by I(X) = inf {d 0 | pn(X1a4,),(41,...,A,) €1L,,}. Tt
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follows that

1(X) < O pa(X). (13)

i=1 i=1

Ms
s
=
>
VAN

Also, it is straightforward to verify O ; pn(X) < B, pn(X). From Lemma 1, I(X) is determined by
pn~(X), where h*(t) = nh(t/n), t € [0,1].

(ii) Next we assume X = L~ and X € X+. By counter-monotonic improvement theorem, for any
(X1,...,Xp) € A (X), there exists a jackpot allocation (Y7,...,Y;,) € A,(X) such that Y; <., X; and
Y; <0 for each ¢ € [n]. Similarly with the analysis in (i), the inequality (13) also holds true in the case
of X = L™ but with different I(X). From (ii) of Lemma 1, we can obtain

n

S pu(X) = 0 pu(X) = py(X). (14)

n
i=1 =1

where g(t) = nh(1 — (1 —t)/n) —nh(1 —1/n).
(iii) In this case, we consider X = L> and X € X'1. Takem € R, large enough such that X +m > 0.

By translation invariance of py,, it holds that

leh(X) - inf{th (Xi n %) C(X1,. LX) € A;(X)} —m

i
i=1

:inf{th(Yi) :(Y1,...,Y) EA;(X—i-m)} -m
i=1

<inf{2ph(n) PV, V) €A (X 4 m), Y, Y, >o} —m
=1

:pg(X+m) —m,

where g is given by g(t) = nh(t/n) for t € [0, 1], and the last equality is due to part (i). Since h is convex
and not the identity, we have g(1) < 1, and hence p,(X +m) — m = py(X) + mg(l) —m — —oc as

m — oco. Therefore, B ; pp(X) = —oc0. O

When the total risk X is either nonnegative or nonpositive, we observe that p, in both (i) and (ii)
of Theorem 5 is no longer a distortion risk measure as g(1) # 1, but it generally belongs to the class of
distortion riskmetrics. Given a convex h, it directly follows from Theorem 5 that py(X) < pr(X) since
O, pr(X) = B pa(X) < pr(X). Notably, in the case of X being nonpositive, pg(X) < pp(X) holds
even though g > h; recall that if f,h € H, then Lemma 1 of Wang et al. (2020b) implies that p; < py, if
and only if f < h, and this emphasizes g € H. We provide a numerical example to show the relation of
07— pn < pn With h being convex. In this example, we consider a scenario with two agents in the pool.

Take h(t) = ®(®~1(t) + A\) and A = —0.6. Some numerical results are presented in Table 5.
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X X | pn(X) =By pu(X) | BiLy pu(X) = 07, pr(X)

) Yy | Lt 0.3317 0.1903

Y ~ Uniform(0, 1)
-Y | L™ -0.6609 -0.8776
Yy | Lt 2.4743 1.4406

Y ~ Pareto(3,2)
=Y | L™ -3.6044 -4.9292
Y | Lt 0.92704 0.6408

Y ~ logN(0,1)

-Y | L™ -3.0062 -3.5515

Table 2: Comparison of the three inf-convolutions.

Example 3. We provide an example to illustrate how inf-convolutions vary with different risk preferences
by specifying the distortion function as h(t) =1 — (1 — )%, o € Ry. It is clear that agents exhibit risk-
seeking (RS) behavior with & < 1 due to the convexity of h, whereas they are risk-averse (RA) with oo > 1
and risk-neutral (RN) when o = 1, indicating a linear h. It is well-known that B, pj is always equal to
pn, regardless of whether h is concave or convex, as shown in the blue line in Figure 1. From Theorem
2, these three inf-convolutions are equal when h is concave, i.e., @ > 1 in this case. Consequently, they
share the same blue line in scenarios where agents are risk-averse. Furthermore, Theorem 5 shows that
pr is consistently greater than both the counter-monotonic inf-convolution and the unconstrained one.

This leads to the depicted deviation, represented by the red line in Figure 1, for risk-seeking agents.

n _ n _ n
im1 Pha = i1 Pra = Bz pha

Hs = i1 Phs

[N

RS (RN) RA a

Figure 1: Comparison of inf-convolutions evaluated at X ~ Uniform[0, 1] for agents with different risk
attitudes.

It is natural to wonder about the connections among comonotonicity, counter-monotonicity and
Pareto optimality. Next, we characterize Pareto-optimal allocations of the risk sharing problem with
agents exhibiting risk-averse or risk-seeking behaviors. The following proposition shows that, within

the framework of distortion risk measures, every comonotonic allocation is Pareto optimal for all risk-
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averse agents, and the converse holds true for strictly concave distortion functions. In contrast, for
risk-seeking agents, Pareto-optimal allocations must be jackpot (scapegoat) allocations if the total risk

X is nonnegative (nonpositive), complementing the result in Theorem 5.
Proposition 3. Assume h € H. The following statements hold.

(i) Suppose X = L>® and X € X. If h is concave, then all comonotonic allocations of X are Pareto

optimal. If h is strictly concave, then all Pareto-optimal allocations of X are comonotonic.

(ii) Suppose X = LT (resp. X = L~ ) and X € X*. If h is convex, then all Pareto-optimal allocations

are jackpot (resp. scapegoat) allocations.

Proof. (i) The first statement follows from Theorem 1 and comonotonic additivity of p,. The second
statement follows from Proposition 4 of Lauzier et al. (2023b). (ii) When X = L™, the result directly
follows Theorem 2 of Lauzier et al. (2024). The proof for nonpositive case is analogous and is thus

omitted. O

6 Portfolio manager’s problem

In this section, we analyze a portfolio optimization problem, showing how the risk preferences of
agents influence their decision-making regarding risky investments. In the market, there is a portfolio
manager and a group of agents who collectively possess a constant initial endowment of W and homo-
geneous individual risk preferences, which can vary from highly risk-averse to potentially risk-seeking.
The task of a portfolio manager is to manage the investments for a group of clients, aiming to optimize
the collective portfolio in a way that aligns with the risk preference of the agents and to minimize the
aggregate risks. The investment payoff from a risky asset, such as a stock or mutual fund, after the
investment period at time 1 is modelled by a random variable X > 0. The first question for the manager
is to construct an investment strategy AX, where A represents the total proportion of the total investment
to allocate to the risky asset. This investment has a cost ¢(\) incurred from investing in the risky asset
and c is assumed to be increasing and convex, meaning that a larger leverage is marginally more costly
(see examples in Follmer and Schied (2002) and Castagnoli et al. (2022)). The second task is to allocate
the total investment wealth W 4+ AX — ¢()A) at time 1 to the participants via an allocation (X1, ..., X))
of wealth.

To summarize, the goal of the manager, taking into account both the investment problem and the
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allocation problem, is to optimize the following objective function

n
to minimize Z on(—X5)
i=1

15
subject to A € [0,1], c¢(\) < W; (15)
X1+ -+ X, =W+ AX —c(N); Xi,...,X, =0.
In this model, the constraint Xi,..., X, > 0 means that the manager does not give additional

loss to the participants at time 1. In other words, the participation fund represented by W has been
collected in the beginning of the investment period. To avoid infeasibility, we assume ¢(\) < W to ensure
the total wealth W + AX — ¢()\) remains nonnegative. We will determine the optimal proportion A of
risky investments in the portfolio, which is dependent on the risk attitudes of agents, as shown in the
subsequent result. We aim to investigate how these risk preferences influence the allocation of risky

investments. Specifically, we consider scenarios where agents are either risk-averse or risk-seeking.
Proposition 4. Suppose X = Lt and h € H. For X € X, the following hold.

(i) If h is concave, the optimal value for problem (15) is
A* = min {c'_l(p,:b(X)),c'_l(W)} . where h(t) =1 — h(1 —1).

(ii) If h is convex, the optimal value is

* . -1 —1 1 —h(l—t/n)
A* = min {c’ (pg(X)),c (W)}, where g(t) = Toha = 1/n)
Proof. (i) Denote by f(A) = pr(=W — AX + ¢(A)). From concavity of h and Theorem 3, problem (15)
becomes finding the minimum of f(\) over A € [0,1) with constraint of ¢(\) < W. Furthermore, the

function f(A) can be rewritten as
) = “Ap(X) + ¢(A) = W.

Take derivative with respect to A, we have f'(\) = —p;(X) + ¢/(A) = 0. Consider the restriction
of ¢(A) < W, the optimal value A\* is then determined by \* = min{c’_l(p;l(X)),c’_l(VV)}7 where
h(t)=1—h(1—t).

(ii) The result can be proved using Theorem 5 and convexity of h. Its proof is similar to (i) and

thus omitted. O

An immediate implication of the above results is that for risk-averse agents, the optimal proportion

of risky investment remains unaffected by the number of agents involved in the pool, whereas this is
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not the case for risk-seeking agents. In the following proposition, we present a necessary and sufficient
condition for the optimal strategy to be independent with n for risk-seeking agents. The assumptions in

Proposition 4 are maintained in the following results.

Proposition 5. If h is convex, the optimal value A* is independent of n if and only if h is the dual-power

transform, h(t) =1 — (1 —t)* with o € (0, 1].

Proof. For the “if” part, it is trivial to show the optimal value A* is unrelated to n by (ii) of Proposition

4. Furthermore, the optimal value \* is determined as
N =¢ " (pg(X)), where g(t) = h(t) = 2°.

Next, we show the “only if” part. From Proposition 4, independence between the optimal value \*
and n for h being convex is equivalent to independence between g(t) = (1 —h(1—1t/n))/(1 —h(1 —1/n))
and n. The function g(z) can be rewritten as g(t) = h(t/n)/h(1/n). It follows that the equality

() ()
) i)

holds for any n; # ny € Z. Take ny = 1 and ny = n. It follows that

h (:L) =h (i) h(t). (16)

Taking the derivative with respect to x on both sides, we get

Dividing (16) by (17), we get

n

Uty =nt (t> , where ((t) = :,

Hence, the above property implies that ¢ has the form of ¢(¢t) = St for some 5 > 0 and all ¢t € (0,1]. As

a consequence,

and thus log h(t) = alogt. Therefore, the distortion function h(t) has the form of h(t) = 1 — (1 — £)*
where a € (0,1]. O
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We give two simple examples to see how the optimal proportion of risky investments varies with the

number of agents and the risk attitudes of agents. Here the cost function is specified as c(\) = \?/2.

Example 4. Consider agents are associated with h(t) =1 — (1 —¢)®. It is clear that h is concave with
a € [1,00) and is convex with a € (0,1]. The investment X here is assumed to follow the uniform
distribution U(0,1). We aim to explore the relationship between the optimal value A\* and the risk

preference characterized by a. Some numerical results are presented in Figure 2. Proposition 5 states

Optimal Value A ™

RS

08 — RA

0.7
0.6
~< 0.5
0.4

0.3

0.2

0.5 1.0 15 2.0 2.5 3.0 3.5 4.0

Figure 2: Optimal value of A\* with h(t) =1 — (1 —¢)~.

the optimal value A* would not vary with n, and that is the reason why we only have one single line for
a € (0,1]. From Figure 2, we observe that the optimal value A\* decreases as « increases, implying that
the manager on behalf of risk-averse agents tends to invest less in risky assets compared to the case of

risk-seeking agents.

Example 5. Consider a distortion function, h(t) = ®(®~1(¢)+«a), known as a transform of Wang (2000).
Agents are risk-averse if a € [0, 00), while they are risk-seeking if & € (—o0,0]. Take a uniform random
variable X ~ U(0,1). The optimal value of XA is computed by varying the number of agents within
the group and adjusting the risk preference parameter « from negative to positive values. Numerical
results are presented in the Figure 3. Similar to Example 4, the more risk-seeking the agents are, the
greater the allocation of risky investments. In this case, the optimal value \* varies with different sizes
of participants and decreases as the number of agents increases. The economic intuition is that as more
risk-seeking agents join the group, they tend to engage more in gambling with each other. Consequently,
the randomness in outcomes arises from two sources: the gambling itself and the risky investment. With
an increase in risk-seeking agents in the group, there is a tendency to focus on gambling among themselves
rather than increasing investment in the financial market due to its increasing marginal cost; recall that
gambling among participants themselves incur no additional cost for the group. It is natural to wonder if
this is always the case; that is, whether the optimal proportion of risky investments will always decrease

with an increasing number of agents in the pool. The answer is negative. We provide a counter-example
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Figure 3: Optimal value of \* with h(t) = ®(®~1(¢) + ).

in Appendix A that shows the optimal proportion of risky investments can actually increase with more

agents involved.

7 Inverse S-shaped distortion functions

We now consider another risk sharing problem among agents with a special distortion risk measure
which is neither concave nor convex. Tversky and Kahneman (1992) introduced an inverse S-shaped

distorted probability function expressed as

Y

hoxc(t) = (tr+(1— t)w)l/v’

where v € (0,1). This weighting function, also known as a TK distortion function, exhibits a concave-

convex shape, indicating a mix of risk-seeking and risk-averse preferences.
Assumption 1. The distortion risk functional h : [0, 1] — [0, 1] is concave-convex.

Denoting by h : [0,1] — [0,1] the convex envelope of h, which is defined as the largest convex
function such that h(t) < h(t) for all ¢ € [0,1]. Clearly, h is a distorted probability function being
dominated pointwise by h. Thus, following from the Lebesgue-Stieltjes integral representation of pp(X)
(see Dhaene et al. (2012)), for any X € X we have

1 1
pu(X) = [ B0 0dn0 < [ FE (- ah) = pr(X).

Next, we explore the risk sharing problem for agents whose risk preferences are modeled by concave-
convex distortion functions. The subsequent theorem presents an explicit formula for the corresponding

counter-monotonic inf-convolution, which depends on the convex envelope of the distortion functions.
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This result has a condition that holds if the number of agents is involved in the risk sharing problem is

larger than a constant 1/(1 — ¢g), discussed later.
Theorem 6. Suppose X = L~ and X € X+. Assume h € H satisfies Assumption 1. If n > 1/(1 — tg),
where to = sup {t € (0,1] : 1/ (t) < h(t)/t}, then it holds

=

| on(X) = B, pu(X) = py(X),

where g(t) = nh(1 — (1 —t)/n) — nh(l — 1/n) fort € [0,1].

Proof. Assume h € H is concave-convex with to = sup {t € (0,1] : A'(¢t) < h(t)/t}. One can check that h
is convex on [tg, 1] and identical to h; see e.g., Ghossoub (2019, Lemma A.8). Thus, the convex envelope
h(t) is determined as
o) — Rlloly i t € [0, to) | )
h(t) if ¢ € [to, 1]
Ifn>1/(1—ty), it is trivial to verify h(t) = h(t) for t € [1 — 1/n,1].

Let X = L. For X € X1, it is trivial to verify B}, pn(X) < B, pn(X), which directly follows
from h being dominated by h pointwisely. Conversely, let (X1,...,X,,) € A, (X) be a jackpot allocation,
ie, X; = X14, with P(4;) = 1/n for all ¢ € [n] and (44,...,4,,) € II, independent of X. For such
(A1,...,A,) €I, and X € X, it follows that

|

3
—
8 o
T~

>

D oon(X1a) =
i=1

I I
| 3
3 —
|
0\8 g o
B =0
NN /N
I | —
0 |
| | =
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o ~_
= |
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~
Q.
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~ %

where h(t) = 1—h(1—t), A (t) = nh(t/n) and g(t) = ﬁ*(l) —h (1—t), which can be further simplified as
g(t) = nh(1—(1—t)/n) —nh(1—1/n). Furthermore, we can verify p,(X) = Bj_, pp(X) from convexity of
h and (ii) of Theorem 5. Thus, B7_; pp(X) < B, pp(X) for X € L. Combining the above arguments,
the desired result follows. O

The typically value tp in Theorem 6 is not close to 1 in behaviour economics, and hence 1/(1 —tg) is
not very large. For instance, in the classic work of Wu and Gonzalez (1996), the TK distortion function

has a best estimated parameter v = 0.71, which corresponds to ty ~ 0.768; see Figure 6 of Wu and

26



Gonzalez (1996). Therefore, it suffices for n > 5 to apply the result of Theorem 6 in that model.

An immediate consequence of Theorem 6 is that when a good number of agents are involved in the
risk pool and their preferences are modeled by inverse S-shaped distortion risk measures, these agents will
behave like risk-seeking agents discussed in Section 5; that is, they will achieve the same optimal value
and share the same optimal allocations. The intuitive economic explanation is that when the number
of agents in the pool is not too small, agents may prefer gambling against each other to improve the
outcome of the risk minimization problem since those agents in Theorem 6 are non-risk-averse.

Theorem 6 implies that, with the space of risks being nonpositive random variables, scapegoat
allocations are Pareto optimal for agents with inverse S-shaped distortion functions under some mild

conditions. As we have seen from Proposition 3, this is the same situation for risk-seeking agents.

8 Conclusion

The comonotonic risk sharing problem has been well studied, and the comonotonic inf-convolution
of n distortion risk measures can be determined explicitly, as studied extensive in the literature. It is well-
known that comonotonicity being optimal is a consequence of the concavity of distortion functions. Our
paper addresses different situations from the classic literature, where the agents are possibly associated
with convex distortion functions.

Our study mainly focuses on counter-monotonic risk sharing problems for agents with homogeneous
risk distortion functions and provides a comparative analysis of three types of risk sharing problems:
unconstrained, comonotonic, and counter-monotonic. This analysis is conducted for cases where the
risk is pooled among risk-averse agents, risk-seeking agents, and agents with inverse S-shaped distortion
functions. We provide explicit formulas of counter-monotonic inf-convolution for each of these three
scenarios. In addition, our results provide insights into solving the unconstrained risk sharing problem
for some non-concave distortion functions, i.e., convex or inverse S-shaped functions, typically leading to
counter-monotonic Pareto-optimal allocations (under some mild conditions for the latter one).

By combining the results for risk-averse agents and risk-seeking agents, we are able to solve the
portfolio optimization problem as described in Section 6, and the optimal strategies for risky assets can
be determined explicitly. Some examples are presented in the Section 6 and Appendix A.

The explicit results obtained in this paper assumed that the preferences are the agents are homoge-
neous, that is, using the same risk measure. The case of heterogeneous risk measures imposes substantial

technical challenges and will need separate analysis.
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A Another example of a portfolio manager’s problem

As demonstrated in Example 5 from Section 6, agents’ risk preferences are modeled using Wang
transform. The model indicates that the optimal value of \* for a group with more agents tends to be
smaller than that for a group with fewer agents. However, this is not always the case; the opposite outcome
can also occur, depending on the specific distortion function applied. In this section, we construct a new
distortion function to model the agents’ risk preferences, showing that, in contrast to the previous model,
the optimal value of \* for a group with more agents tends to be larger than that for a group with fewer
agents.

The dual distortion function h is constructed as:

- ko o ko l1—«
M= e Mt (1 Tk Do’ T (ke 1>a) Homt)

where o € Ry and k is a positive integer. The distortion function is thus defined as h(t) = 1 — h(1 — t).
It is trivial to see h is convex with o € (0,1] and h is concave with « € [1, 00).

Here we choose k£ = 10. Numerical results are presented below.
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Figure 4: Optimal value of A* with 1 — h(1 —¢).

B A counter-example

Below we present a counter-example showing that B5_, p; # p1 B p2 B ps.

Example 6. Define a probability space (€', F',P’) where Q' = {w1,ws,ws,ws}, F' is the power set of
Q, and P’ is such that P'(w;) = 1/4 for i = 1,...,4. Define three distributions F} = Bernoulli(1/2), and
Fy = F5 =1/2 x Bernoulli(1/4). Suppose that three agents have the risk measures given by

pz(X) =1- 1{X~F7;}7 i=1,2,3and X € X.
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Then we define four random variables X = 1ty wsws)r X1 = L{w,ws), and Xo = X3 = 1/2 x 1g,,.5.
Clearly, (X7, X2, X3) is an allocation of X. It is straightforward to show both (X3, X5) and (X + X2, X3)

are counter-monotonic, whereas (Xa, X3) is comonotonic. It follows that

p18p2Bp3(X) < p1(Xy) + p2(X2) + p3(X3) = 0.

Hence, we have p; BpaHp3(X) = 0 since p; are non-negative for all ¢ € [3]. Furthermore, for any
(Y1,Y2,Y3) € A;(X), at least one of p;(Y;) is equal to 1 as there does not exist a counter-monotonic

allocation such that Y; ~ Fj, i € [3]. Hence, B;_, pi(X) # 0 > p1 B p2 B p3(X).
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