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Abstract

We obtain several inequalities on the generalized means of dependent p-values. In particu-

lar, the weighted harmonic mean of p-values is strictly sub-uniform under several dependence

assumptions of p-values, including independence, negative upper orthant dependence, the class

of extremal mixture copulas, and some Clayton copulas. Sub-uniformity of the harmonic mean

of p-values has an important implication in multiple hypothesis testing: It is statistically invalid

(anti-conservative) to merge p-values using the harmonic mean unless a proper threshold or

multiplier adjustment is used, and this applies across all significance levels. The required mul-

tiplier adjustment on the harmonic mean p-value grows sub-linearly to infinity as the number

of p-values increases, and hence there does not exist a constant multiplier that works for any

number of p-values, even under independence.

Keywords: Multiple hypothesis testing; merging function; p-value; stochastic order; nega-

tive dependence; Clayton copula.

1 Preamble: Connection between merging p-values and risk ag-

gregation

This paper studies merging p-values via averaging in the context of testing a global hypothesis.

We first explain the connection between two areas: merging p-values and risk aggregation, before

a formal introduction of the research problems and our contributions.

The combined p-values of many merging methods take the following form

Mg(U1, . . . , Un) = g−1

(
1

n

n∑
i=1

g(Ui)

)
,
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where the random variables U1, . . . , Un represent possibly dependent p-values and g : [0, 1] →

[−∞,∞] is a strictly monotone and continuous function. For instance, the harmonic mean merg-

ing method (Wilson, 2019) corresponds to choosing g as the mapping p 7→ 1/p on (0, 1). As

Mg(U1, . . . , Un) may not be a valid p-value, i.e., P(Mg(U1, . . . , Un) ≤ p) ≤ p may not hold for some

significance level p ∈ (0, 1), it is imperative to determine a valid threshold, denoted by tp, such that

P(Mg(U1, . . . , Un) ≤ tp) ≤ p.

If g is increasing, we can rewrite P(Mg(U1, . . . , Un) ≤ tp) as P(
∑n

i=1 g(Ui) ≤ ng(tp)); the case

with decreasing g is similar. Hence, the problem of deciding statistically valid thresholds tp for the

combined p-value can be converted into the computation of

the quantile function of the test statistic g(U1) + · · ·+ g(Un) or bounds on it. (1)

Although bearing very different motivations, problem (1) has a prominent presence in Quantitative

Risk Management (QRM), known as the problem of risk aggregation, which concerns quantitative

assessments, such as a quantile or a risk measure, of the sum of random variables representing

financial losses. We refer to McNeil et al. (2015, Chapter 8) for an introduction to risk aggregation.

This connection allows us to utilize many existing results and techniques developed in QRM to

study the problem of merging p-values. There are three connected streams of research on risk

aggregation in QRM that are particularly relevant to merging p-values.

(a) The first one is Extreme Value Theory (EVT) in risk aggregation, because each g(Ui) in (1)

typically has a heavy-tailed, often even infinite-mean, distribution (as in the case of the har-

monic mean merging method). For instance, Embrechts et al. (2009) obtained results on the

asymptotic behaviour of the quantile of the aggregate risk via EVT, thus computing (1) in an

asymptotic sense, and this helps us to understand the limiting behaviour of the combined p-

value as the significance level goes to 0. We refer to Embrechts et al. (1997) for a comprehensive

treatment of EVT in finance and insurance. The case of our main interest, the harmonic mean

of uniform random variables, is discussed in Embrechts et al. (2002, Example 7) for n = 2.

(b) The second one is dependence modeling for risk aggregation with copulas. Copula models are

very popular in the statistical and probabilistic modeling of aggregate risks, and they help to

analyze merging p-values in (1) with certain classes of dependence structures. We refer to Frees

and Valdez (1998), Denuit et al. (1999), Chavez-Demoulin et al. (2006), and Embrechts (2009)

for using copulas in risk aggregation in various contexts of risk management. The textbook of

McNeil et al. (2015) provides a general treatment.
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(c) The third one is quantile bounds on dependence uncertainty in risk aggregation. In the context

of merging p-values, this corresponds to the problem of averaging arbitrarily dependent p-

values. For instance, results in Embrechts and Puccetti (2006), Wang et al. (2013), Embrechts

et al. (2015), and Bignozzi et al. (2016) on dependence uncertainty, as well as the algorithm

of Embrechts et al. (2013), are essential to the generalized mean of p-values under arbitrary

dependence among p-values. We refer to Embrechts et al. (2014) for a summary.

The above selected references are subjective and may be slightly biased towards the work of Paul

Embrechts, who has been a key figure in all streams of research above, not only with tremendous

research contributions but also with remarkable mentorship for many younger scholars in the field.

This paper continues to enhance the connection between the two fields by studying merging

p-values, especially the harmonic mean of p-values, through recent developments in risk modeling.

Some of our results are either directly built on or inspired by the work of Embrechts.

2 Introduction

In multiple testing of a single hypothesis and testing multiple hypotheses, a decision maker

often needs to combine several p-values into one p-value. Recently, Wilson (2019) proposed a

statistical procedure based on the harmonic mean of p-values, which belongs to the larger class

of generalized mean p-values studied by Vovk and Wang (2020). The class of generalized mean

p-values also includes Fisher’s combination method (Fisher, 1948) via the geometric mean, often

applied under the assumption that p-values are independent. The harmonic mean p-value method

of Wilson (2019) has some desirable properties such as being applicable under a wide range of

dependence assumptions of p-values, and has received considerable attention in statistics and the

natural sciences. Validity, admissibility, and threshold adjustments of the generalized mean methods

for p-values with arbitrary dependence are studied further by Vovk et al. (2022) and Chen et al.

(2023).

We say that a combined p-value, denoted by P , is conservative/valid (resp. anti-conservative/invalid)

if P(P ≤ p) ≤ p for all p ∈ (0, 1) (resp. P(P ≤ p) > p for some p ∈ (0, 1)); in practice one may

only be interested in a specific value of p such as 0.01 or 0.05. Here, P is a fixed probability under

the null hypothesis of interest. The harmonic mean of p-values, also called the harmonic mean

p-value,1 is known to be anti-conservative under some dependence structures, as noted by Wilson

(2019). If the underlying dependence structure is arbitrary, a threshold correction of order logn

1The harmonic mean p-value method usually refers to the statistical procedure proposed by Wilson (2019).
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is needed, where n is the number of p-values to merge (Vovk and Wang, 2020). This correction

generally leads to very conservative tests (i.e., the Type-I error rates are very small), and it may

be reduced or even omitted under some specific dependence assumptions. In this paper, we study

a stochastic order relation between a weighted generalized mean of standard uniform p-values and

a standard uniform p-value under several dependence assumptions, and discuss its implications for

the validity and threshold adjustment for harmonic mean p-values.

Let ∆n = {(w1, . . . , wn) ∈ [0, 1]n : w1+ · · ·+wn = 1} be the unit n-simplex. We always assume

n ≥ 2. For r ∈ R \ {0}, n ∈ N, and w = (w1, . . . , wn) ∈ ∆n, the (weighted) r-mean function is

defined as

Mw
r (u1, . . . , un) = (w1u

r
1 + · · ·+ wnu

r
n)

1/r , (u1, . . . , un) ∈ (0,∞)n.

The 0-mean function is the weighted geometric mean, that is, Mw
0 (u1, . . . , un) =

∏n
i=1 u

wi
i , which

is also the limit of Mw
r as r → 0. The (−1)-mean function is referred to as the harmonic mean. If

w1 = · · · = wn = 1/n, Mw
r is the symmetric r-mean function, denoted by Mr for simplicity, and

it is defined on
⋃

n∈N(0,∞)n. Denote by ∆+
n = ∆n ∩ (0, 1)n. For some of our results, we will only

consider w ∈ ∆+
n since if some components of w are zero, we can simply reduce the dimension of

Mw
r .

Throughout, U1, . . . , Un are (standard) uniform random variables on (0, 1) that are possibly

dependent, and they represent p-values to combine. The quantity Mw
r (U1, . . . , Un) is the weighted

r-mean of p-values. For two random variables X and Y , we say X is less than Y in stochastic order,

denoted by X ⪯st Y , if P(X ≤ x) ≥ P(Y ≤ x) for all x ∈ R. Moreover, we write X ≃st Y if X

and Y have the same distribution. The main results in this paper concern the following inequality

under several dependence assumptions of U1, . . . , Un

Mw
r (U1, . . . , Un) ⪯st U1, (2)

where r ≤ −1. Relation (2) is quite strong as it requires P(Mw
r (U1, . . . , Un) ≤ p) ≥ p to hold for

all threshold levels p ∈ (0, 1). Note that (2) cannot hold for r > −1 except for identical U1, . . . , Un

(see Proposition 1).

A non-negative random variable X is said to be sub-uniform if X ⪯st U1. Moreover, X is

strictly sub-uniform if

P(X ≤ p) > p for all p ∈ (0, 1). (3)
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Using a sub-uniform p-value is anti-conservative in hypothesis testing, since it has a larger type-I

error rate than the nominal level. Therefore, if (2) holds true, then merging p-values using the

harmonic mean, or any r-generalized mean function with r ≤ −1, is anti-conservative across all

significance levels in (0, 1).

Remark 1 (Terminology). Although sub-uniformity is an important property for studying p-values,

this term has been used with different meanings in the literature. Some of them are collected

here. A non-negative random variable X is called super-uniform by Barber and Ramdas (2017) if

U1 ⪯st X (anticipating that sub-uniformity should be defined by flipping the above inequality, their

terminology is consistent with ours), but such a random variable is called sub-uniform by Ferreira

and Zwinderman (2006). Moreover, Chen and Sarkar (2020) defined sub-uniformity in the strict

sense (3). Rubin-Delanchy et al. (2019) called X sub-uniform if it is dominated by U1 in convex

order.2

When mentioning (strict) sub-uniformity later in this paper, we always refer to the corre-

sponding property of Mw
r (U1, . . . , Un) or Mr(U1, . . . , Un) with r ≤ −1, which will be clear from the

context.

The main objective of this paper is to study (2) given several dependence assumptions of

U1, . . . , Un, including negative upper orthant dependence (Proposition 4), the class of extremal

mixture copulas (Theorem 1), and some Clayton copulas (Theorem 2). Some of our results are

built on a recent study of Chen and Shneer (2024), where a stochastic ordering inequality on

heavy-tailed random variables is established. As discrete p-values may arise in hypothesis testing

(e.g., Vovk et al. (2005)), we also study sub-uniformity for discrete uniform random variables on

{1/m, . . . ,m/m} for m ∈ N. This situation is quite different from the uniform case as (2) can

never hold for w ∈ ∆+
n in the case of discrete uniform random variables unless they are identical.

However, using the harmonic mean function to merge discrete uniform random variables can still

be anti-conservative at some threshold levels (Theorem 3).

Most findings of this paper are negative results: Under many different assumptions of depen-

dence among p-values, the harmonic mean p-value is anti-conservative and cannot be used without

a proper adjustment, and the adjustment coefficient diverges even in the case of independence.

To address these issues, while keeping the advantages of the harmonic mean p-value, it is recom-

mendable to use the Simes method (Simes, 1986) or the Cauchy combination method (Liu and Xie,

2020), which are shown to be valid under various forms of dependence, and perform comparably to

the harmonic mean p-value; see results in Chen et al. (2023) on comparing these three methods.

2A random variable X is said to be dominated by Y in convex order if E[f(X)] ≤ E[f(Y )] holds for all convex
functions f , provided that the expectations exist.
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Other methods based on heavy-tailed transformation of p-values can also be used under different

assumptions (Gui et al., 2023). An exception to the above negative results is the case of Clayton

copulas treated in Theorem 2, where we obtain a positive result that the harmonic mean p-value

can be made valid with a small threshold adjustment (a multiplicative factor of 1.131) under the

assumption of Clayton copulas with parameter at least 1.

The rest of the paper is organized as follows. In Section 3, we first discuss the intuition

behind (2) in the simplest case, and then present general properties related to sub-uniformity for

dependent U1, . . . , Un. In Section 4, (2) is shown given the aforementioned dependence assumptions

of U1, . . . , Un. In Section 5, the threshold of the harmonic mean p-value is studied for independent

p-values, where we see that the adjustment increases at the rate of log n for a fixed probability level.

Sub-uniformity for discrete uniform random variables is studied in Section 6. Numerical examples

based on simple simulations are presented in Section 7, and Section 8 concludes the paper.

3 Some observations and general results on sub-uniformity

We set straight some first observations on the sub-uniformity inequality (2). First, the gen-

eralized mean is monotone in r; that is, given any w ∈ ∆n, M
w
r ≤ Mw

s for r ≤ s (Theorem 16 of

Hardy et al. (1934)). Hence, we have Mw
r (U1, . . . , Un) ≤ Mw

−1(U1, . . . , Un) for all r ≤ −1. To get

the sub-uniformity inequality (2) for all r ≤ −1, it suffices to show

P(Mw
−1(U1, . . . , Un) ≤ p) ≥ p for all p ∈ (0, 1). (4)

This observation simplifies our journey by allowing us to focus on the case of the harmonic mean,

which also happens to be the most popular method within the class of generalized mean methods

for r ∈ (−∞, 0).

We begin with a simple proof for independent U1, . . . , Un in the symmetric case. Although

(4) in this case directly follows from Theorem 1 of Chen et al. (2024) or Theorem 1 of Chen and

Shneer (2024), the proof below, different from Chen et al. (2024) and Chen and Shneer (2024),

helps to understand (4) via a result well-known in the multiple testing literature, namely the Simes

inequality (Simes, 1986). For n ∈ N, write [n] = {1, . . . , n}. For (u1, . . . , un) ∈ (0,∞)n, the Simes

function is defined as S(u1, . . . , un) = mini∈[n]{nu(i)/i} where u(1), . . . , u(n) are the order statistics

of u1, . . . , un, from the smallest to the largest. As shown by Simes (1986), S(U1, . . . , Un) is uniformly

distributed on (0, 1) given independent U1, . . . , Un. Moreover, we have M−1 ≤ S; this inequality is

in Theorem 3 of Chen et al. (2023) and was also discussed in Section 4 of the online appendix of
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Wilson (2019), but one can also check it directly. Putting these two observations together, we have

M−1(U1, . . . , Un) ≤ S(U1, . . . , Un) ≃st U1,

which implies that (2) holds for symmetric mean of independent U1, . . . , Un.

Before showing (2) holds under more general assumptions, we discuss several properties related

to the target problem. We first explain that it is only meaningful to consider the sub-uniformity (2)

for r ≤ −1. Indeed, as illustrated in Proposition 1 below, sub-uniformity can hold for some r > −1

only in the trivial case that U1, . . . , Un are identical, and thus strict sub-uniformity can never hold

for any r > −1.

Proposition 1. The following statements are equivalent.

(i) Mw
r (U1, . . . , Un) ⪯st U1 for some r ∈ (−1,∞) and w ∈ ∆+

n ;

(ii) Mw
r (U1, . . . , Un) ≃st U1 for some r ∈ (−1,∞) and w ∈ ∆+

n ;

(iii) U1 = · · · = Un a.s.;

(iv) Mw
r (U1, . . . , Un) = U1 a.s. for all r ∈ R and all w ∈ ∆n;

(v) Mw
r (U1, . . . , Un) = U1 a.s. for some r ∈ (−1,∞) and w ∈ ∆+

n .

Proof. Note that the binary relation X ⪯st Y is flipped under decreasing transformation on both

X and Y . Hence, for r < 0, we can write Mw
r (U1, . . . , Un) ⪯st U1 as

n∑
i=1

wiU
r
i ⪰st U

r
1 .

The case r ≥ 0 can be argued similarly, and we will omit it from the discussion below.

(i)⇒(ii): If
∑n

i=1wiU
r
i and U r

1 are not identically distributed, then

E

[
n∑

i=1

wiU
r
i

]
> E [U r

1 ] ,

which leads to a contradiction, since both expectations are equal to 1/(r + 1). Hence, we have∑n
i=1wiU

r
i ≃st U

r
1 .

(ii)⇒(iii): Let U = Mw
r (U1, . . . , Un), which is uniformly distributed on [0, 1]. Note that

n∑
i=1

wiU
r
i = U r. (5)
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Take ϵ ∈ (0, 1 + r). From (5), we have

E

[
n∑

i=1

wiU
r
i U

−ϵ

]
= E

[
U r−ϵ

]
=

1

1 + r − ϵ
. (6)

For all i ∈ [n], by Lemma 7.27 of McNeil et al. (2015) and the Fréchet-Hoeffding inequality, we have

E[U r
i U

−ϵ] ≤ E[U r−ϵ], and the equality holds if and only if U r
i and U−ϵ are comonotonic. Together

with (6), we obtain E[U r
i U

−ϵ] = E[U r−ϵ] and thus U r
i and U−ϵ are comonotonic. Moreover, as Ui

and U are identically distributed and r < 0, Ui = U a.s. for all i ∈ [n].

The remaining implications, (iii)⇒(iv) ⇒(v) ⇒(i), are straightforward by definition.

Joint distributions of standard uniform random variables are known as copulas; see Nelsen

(2006) for an introduction to copulas. Next, we explain how to construct copulas for which (2)

holds. We write X
d∼ F if a random variable or random vector X is distributed as F . Fix r ≤ −1.

In what follows, we say sub-uniformity holds for a copula C (or a random vector (U1, . . . , Un)),

if Mw
r (U1, . . . , Un) ⪯st U1 holds for (U1, . . . , Un)

d∼ C and all w ∈ ∆n; by saying that strict sub-

uniformity holds for a copula C (or a random vector (U1, . . . , Un)), we mean that

P(Mw
r (U1, . . . , Un) ≤ p) > p for all p ∈ (0, 1),

holds for (U1, . . . , Un)
d∼ C and all w ∈ ∆+

n . Let Ck be the set of all k-dimensional copulas, k ∈ N.

Proposition 2. Let r ≤ −1 and C ⊆ Cn. If sub-uniformity holds for each copula in C, then it holds

for any copula in the convex hull of C.

Proof. Note that for all p ∈ (0, 1) and any w ∈ ∆n, P(Mw
r (U1, . . . , Un) ≤ p) is linear in the

distribution of (U1, . . . , Un). Since sub-uniformity holds for every element in C, it also holds for

every element from the convex hull of C.

The following proposition shows that sub-uniformity can be passed from smaller groups to a

larger group of p-values in two different ways. In what follows, for vectors x = (x1, . . . , xn) ∈ Rn

and y = (y1, . . . , yn) ∈ Rn, their dot product is x ·y =
∑n

i=1 xiyi, and we denote by ∥x∥ =
∑n

i=1 |xi|

and x−1 = (x−1
1 , · · · , x−1

n ). Moreover,
∧
x = min{x1, . . . , xn}.

Proposition 3. Let r ≤ −1, and Ci ∈ Cki with ki ∈ N and i ∈ [n].

(i) If sub-uniformity holds for Ci for all i ∈ [n], then it holds for C(u1, . . . ,un) =
∏n

i=1Ci(ui),

ui ∈ Rki, i ∈ [n].
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(ii) Suppose that Ci(ui) =
∧
ui, i ∈ [n]. If sub-uniformity holds for C∗ ∈ Cn, then it holds for

C(u1, . . . ,un) = C∗(C1(u1), . . . , Cn(un)), ui ∈ Rki, i ∈ [n].

Proof. Suppose that (U1, . . . ,Un)
d∼ C such that Ui

d∼ Ci, i ∈ [n].

(i) Let wi ∈ [0, 1]ki , i ∈ [n], such that (w1, . . . ,wn) ∈ ∆∑n
i=1 ki

. Let U, V1, . . . , Vn be iid standard

uniform random variables. Since sub-uniformity holds for Ci, we have wi ·U−1
i ⪰st ∥wi∥V −1

i

for all i ∈ [n]. As C(u1, . . . ,un) =
∏n

i=1Ci(ui), U1, . . . ,Un are independent of each other.

As stochastic order is preserved under convolution (e.g., Theorem 1.A.3 in Shaked and Shan-

thikumar (2007)),
∑n

i=1wi ·U−1
i ⪰st

∑n
i=1 ∥wi∥V −1

i . Moreover, by Theorem 1 in Chen et al.

(2024),
∑n

i=1 ∥wi∥V −1
i ⪰st U

−1. Consequently, we have the desired result as follows

n∑
i=1

wi ·U−1
i ⪰st

n∑
i=1

∥wi∥V −1
i ⪰st U

−1.

(ii) Since Ci(ui) =
∧
ui, the components of Ui, i ∈ [n], are perfectly positively dependent (i.e.,

they are almost surely equal as they follow the same distribution). The desired result is

obvious as sub-uniformity holds for C∗.

By Proposition 3 (i), if sub-uniformity holds for independent subgroups of standard uniform

random variables, it also holds for the whole group. Proposition 3 (ii) says that, for a group of

standard uniform random variables that consists of n subgroups of perfectly positively dependent

components, if sub-uniformity holds for n components each of which comes from one distinct sub-

group, then it also holds for the whole group.

In the rest of this paper, we will show that sub-uniformity holds for several dependence mod-

els including independence and some forms of positive and negative dependence. Together with

Propositions 2 and 3, by mixing these dependence models or connecting them via groups, we can

obtain a much wider range of dependence models for which sub-uniformity holds.

4 Sub-uniformity for dependent p-values

In this section, we study sub-uniformity for standard uniform random variables that are neg-

atively or positively dependent in specific forms. In particular, we show that sub-uniformity holds

for negative upper orthant dependence, extremal mixture copulas, and some Clayton copulas.
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4.1 Negative upper orthant dependence

A random vector X = (X1, . . . , Xn) is negatively upper orthant dependent (NUOD) if for all

x1, . . . , xn ∈ R, it holds that

P(X1 > x1, . . . , Xn > xn) ≤
n∏

i=1

P(Xi > xi). (7)

It is said to be negatively lower orthant dependent (NLOD) if for all x1, . . . , xn ∈ R,

P(X1 ≤ x1, . . . , Xn ≤ xn) ≤
n∏

i=1

P(Xi ≤ xi). (8)

In general, the two notions of negative dependence are not equivalent except when n = 2. If X is

both NUOD and NLOD, it is said to be negatively orthant dependent, as introduced by Block et al.

(1982). Negative orthant dependence includes multivariate normal distributions with non-positive

correlations as special cases; see, e.g., Chi et al. (2024) for examples of negative dependence in

multiple hypothesis testing.

Intuitively, (7) (resp. (8)) means that that X1, . . . , Xn are less likely to be large (resp. small)

simultaneously compared to X ′
1, . . . , X

′
n, which are iid copies of X1, . . . , Xn, hence is a notion of

negative dependence. Negative orthant dependence is closely related to other notions of negative

dependence. It is implied by negative association (Joag-Dev and Proschan, 1983), negative regres-

sion dependence (Block et al., 1985), and weak negative association (Chen et al., 2024); see, e.g.,

Chen et al. (2024) for a discussion of these implication relations.

The next result gives sub-uniformity for NUOD standard uniform random variables. It is

based on Theorem 1 of Chen and Shneer (2024), where a stochastic order relation for heavy-tailed

random variables is shown. As such, this result is essentially known in a different context, but we

present it here for its concise statement and clear interpretation.

Proposition 4. Let r ≤ −1. If (U1, . . . , Un) is NUOD, then Mw
r (U1, . . . , Un) is strictly sub-uniform

for all w ∈ ∆+
n .

Proof. It suffices to show

P

(
n∑

i=1

wiU
−1
i > t

)
>

1

t
holds for all t > 1 and all w ∈ ∆+

n .

Note that U−1
i − 1, i ∈ [n], follows a Pareto distribution with distribution function P(U−1

i − 1 ≤

x) = 1 − 1/(x + 1), x > 0. As (U1, . . . , Un) is NUOD, (U−1
1 , . . . , U−1

n ) is NLOD. By Theorem 1 of
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Chen and Shneer (2024),

P

(
n∑

i=1

wi(U
−1
i − 1) > x

)
> P

(
U−1
1 − 1 > x

)
=

1

x+ 1
holds for all x > 0 and all w ∈ ∆+

n .

Hence, we have the desired result.

Certainly, the result in Proposition 4 also holds for (U1, . . . , Un) satisfying any of the stronger

notions of negative dependence than negative upper orthant dependence.

4.2 Extremal mixture copulas

Next, we apply Proposition 4 to show that sub-uniformity holds for extremal mixture copula

(McNeil et al., 2020). We say that (U1, . . . , Un) follows an extremal copula C ∈ Cn with an index

set J ⊆ [n], if

Uj
d
= 1{j∈J}U + 1{j∈Jc}(1− U), for j ∈ [n],

where U is a standard uniform random variable. For n ≥ 2, there are 2n−1 different extremal

copulas. Let si be a vector consisting of the digits of a n-digit binary number which represents the

decimal number i− 1, for each i ∈ [2n−1]. For instance, if n = 3, we have

s1 = (0, 0, 0), s2 = (0, 0, 1), s3 = (0, 1, 0), s4 = (0, 1, 1).

For n ∈ N, let Ji be the index set of zeros in si, for each i ∈ [2n−1]. Denote by C(i) the extremal

copula with index set Ji. Note that C(1) is the comonotonicity copula. A copula C is an extremal

mixture copula with a vector (a1, . . . , a2n−1) ∈ ∆2n−1 if C =
∑2n−1

i=1 aiC
(i). A random vector

following an extremal mixture copula is not necessarily NUOD.

Theorem 1. Let r ≤ −1. If (U1, . . . , Un) follows an extremal mixture copula with (a1, . . . , a2n−1) ∈

∆2n−1 such that a1 < 1, then Mw
r (U1, . . . , Un) is strictly sub-uniform for all w ∈ ∆+

n .

Proof. Let (V1, . . . , Vn) follow an extremal copula C(k) ∈ Cn with an index set Jk ⊆ [n], k ∈ [2n−1].

For w = (w1, . . . , wn) ∈ ∆+
n and p ∈ (0, 1),

P(Mw
−1(V1, . . . , Vn) ≤ p) = P

∑
i∈Jk

wiV
−1 +

∑
j∈Jc

k

wj(1− V )−1 ≥ p−1

 = P(Mη
−1(V, 1− V ) ≤ p),

where η = (
∑

i∈Jk wi,
∑

j∈Jc
k
wj) ∈ ∆2 and V is a standard uniform random variable. Since C(1)

is the comonotonicity copula, the above probability equals to p if k = 1. It is straightforward to
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check that (V, 1 − V ) is NUOD. By Proposition 4, Mη
−1(V, 1 − V ) is strictly sub-uniform if k ≥ 2.

Hence, strict sub-uniformity holds for extremal copula C(k), k = 2, . . . , 2n−1. As extremal mixture

copula is a weighted mixture of extremal copulas, by Proposition 2, sub-uniformity holds for any

extremal mixture copula. It is clear that sub-uniformity is strict if a1 ̸= 1.

Remark 2. By McNeil et al. (2020, Theorem 1), every Kendall’s rank correlation matrix (Kendall

matrix, for short) can be attained by some extremal mixture copula. Together with Theorem 1,

this implies that for any given Kendall matrix T and r ≤ −1, there always exists a copula with the

specified Kendall matrix T such that sub-uniformity holds, and strict sub-uniformity holds if T is

not the matrix of ones.

4.3 Clayton copula and positive dependence

In this section, we study sub-uniformity for standard uniform random variables with a specific

positive dependence structure, modelled by Clayton copulas, which have been used to model p-values

in, e.g., Dickhaus and Gierl (2013), Bodnar and Dickhaus (2014), and Neumann et al. (2019). The

Clayton copula C with parameter t > 0, denoted by Clayton(t), is given by

C(u1, . . . , un) =
(
u−t
1 + · · ·+ u−t

n − (n− 1)
)−1/t

, (u1, . . . , un) ∈ (0, 1)n.

The Clayton copula with t > 0 represents a type of positive dependence, with t → ∞ yielding

comonotonicity and t ↓ 0 yielding independence. For a random vector following a Clayton copula,

Kendall’s tau of any pair of its components is equal to t/(t+ 2).

Clayton copulas arise naturally in the following context. Suppose that X1, . . . , Xn are iid

exponential random variables with parameter λ, and Y is a Gamma random variable with parameter

(1/t, 1) independent of X1, . . . , Xn; the exponential distribution with parameter λ > 0 is given

by F (x) = 1 − exp(−x/λ), x ≥ 0 and the Gamma distribution with parameter (k, θ) ∈ R2
+ is

given by F (x) = (Γ(k)θk)−1
∫ x
0 yk−1 exp(−y/θ)dy, x ≥ 0. The random vector (T1, . . . , Tn) =

(X1/Y, . . . ,Xn/Y ) is usually used to model the lifetimes of n objects in a system; see, e.g., Lindley

and Singpurwalla (1986). The joint distribution of (T1, . . . , Tn) is known as a multivariate Pareto

distribution of type II with marginal distribution G(x) = 1− (λ/(λ+ x))1/t for x ≥ 0. Let

(U1, . . . , Un) = (1−G(T1), . . . , 1−G(Tn)) = (1−G(X1/Y ), . . . , 1−G(Xn/Y )). (9)

Each of U1, . . . , Un follows a standard uniform distribution and (U1, . . . , Un) has a Clayton(t) copula;

see, e.g., Sarabia et al. (2016).
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The next result gives sub-uniformity of the r-mean of p-values following a corresponding Clay-

ton copula, as well as a positive result on a type-I error rate bound for the r-mean of p-values.

Theorem 2. Let t ≥ 1, w ∈ ∆+
n and (U1, . . . , Un)

d∼ Clayton(t). If r ≥ t, then Mw
−r(U1, . . . , Un) is

strictly sub-uniform. Moreover, for p ∈ (0, 1) and s ∈ [1, t], we have

P
(
Mw

−s(U1, . . . , Un) ≤ p
)
≤ G1/t

(
1

p−t − 1

)
,

where G1/t is the cdf of a Gamma distribution with parameter (1/t, 1). In particular,

P
(
Mw

−1(U1, . . . , Un) ≤ p
)
≤ sup

b≥1
G1/b

(
1

p−b − 1

)
. (10)

Proof. We first show the case when t = r. Note that for w ∈ ∆+
n , simple algebra leads to

P(Mw
−t(U1, . . . , Un) ≤ p) = P

(∑n
i=1wiXi

Y
≥ λp−t − λ

)
, (11)

where X1, . . . , Xn and Y are as in (9). Therefore, to show sub-uniformity, i.e., P(Mw
−t(U1, . . . , Un) ≤

p) > p, it suffices to show P(
∑n

i=1wiXi/Y ≥ x) > P(X1/Y ≥ x) for all x > 0. We have

P
(∑n

i=1wiXi

Y
≥ x

)
= E

[
P

(
Y ≤

∑n
i=1wiXi

x
|

n∑
i=1

wiXi

)]
= E

[
ϕ

(
n∑

i=1

wiXi

)]
,

where ϕ(y) = P(Y ≤ y/x) for y > 0. Assume x = 1 without losing generality. Taking the second

derivative of ϕ, we get

ϕ
′′
(y) =

y1/t−2 exp (−y) (1/t− 1− y)

Γ(1/t)
.

As t = r ≥ 1, we have ϕ
′′
< 0 and ϕ is strictly concave. Therefore,

P
(∑n

i=1wiXi

Y
≥ x

)
= E

[
ϕ

(
n∑

i=1

wiXi

)]
> E [ϕ (X1)] = P

(
X1

Y
≥ x

)
.

Hence, we obtain the desired stochastic dominance for t = r. The statement for t ∈ [1, r) is due to

the fact that M−r ≤ M−t (Hardy et al., 1934, Theorem 16).

To show the last inequality, note that Jensen’s inequality gives

E

[
ϕ

(
n∑

i=1

wiXi

)]
≤ ϕ

(
n∑

i=1

wiE[Xi]

)
= ϕ(λ) = P(Y ≤ λ/x) = G1/t(λ/x).
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Hence, using (11), we get

P(M−t(U1, . . . , Un) ≤ p) ≤ G1/t(1/(p
−t − 1)),

and the desired upper bound follows from noting again that M−s ≥ M−t for s ≤ t.

Applying Theorem 2 with the special case r = t = s = 1, we get that, if (U1, . . . , Un)
d∼

Clayton(1), then

p < P (M−1(U1, . . . , Un) ≤ p) ≤ 1− e1−1/(1−p) ≤ 1

1− p
− 1 =

p

1− p
.

As a consequence, although being anti-conservative without correction, the harmonic mean p-value

becomes valid with the simple threshold tp = p/(1+p), i.e., P (M−1(U1, . . . , Un) ≤ tp) ≤ p holds for

any n ∈ N. The needed correction is minor since p and p/(1 + p) are very close for small p.

The null p-values following Clayton(1) is a strong assumption, and it can be relaxed by using

(10). Suppose that (U1, . . . , Un)
d∼ Clayton(t) with some unknown t ≥ 1. Define a constant

κ = sup
p∈(0,0.1], b≥1

1

p
G1/b

(
1

p−b − 1

)
.

By (10), we have P
(
Mw

−1(U1, . . . , Un) ≤ p
)
≤ κp for all p ∈ (0, 0.1]. Numerical calculation gives

κ ≈ 1.1304; the maximum in computing κ is approximately attained at p = 0.1 and b = 2.0853.

Therefore, if (U1, . . . , Un)
d∼ Clayton(t) with some t ≥ 1, we can use a threshold up = p/1.131

for the harmonic mean p-value such that P(Mw
−1(U1, . . . , Un) ≤ up) ≤ p for all p ∈ (0, 0.1]. This

correction is valid for all n. This shows that positive dependence makes the harmonic mean p-

value well behaved; in sharp contrast, the needed correction grows to infinity as n → ∞ in case of

independence; see Section 5.

The reason why the harmonic mean p-value behaves well for the Clayton copula is perhaps

because U−1
i , i ∈ [n], is extremely heavy-tailed (i.e., U−1

i does not have a finite mean). It is well

known in EVT that for iid extremely heavy-tailed random variables U−1
1 , . . . , U−1

n , a large value of

U−1
1 + · · · + U−1

n (thus a small value of M−1(U1, . . . , Un)) is most likely caused by one extremely

large U−1
i rather than by several moderately large U−1

i (see Embrechts et al. (1997)). In the case

of strong positive dependence, the possibility of getting one extremely large U−1
i may be reduced

(e.g., Alink et al. (2004)).

In the case of the symmetric mean function Mr, the distribution of M−r(U1, . . . , Un) with

(U1, . . . , Un)
d∼ Clayton(r) has an analytical formula provided below.
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Proposition 5. Let r ≥ 1 and (U1, . . . , Un)
d∼ Clayton(r). For p ∈ (0, 1), we have

P (M−r(U1, . . . , Un) ≤ p) = 1−Bn,r

(
np−r − n

np−r − n+ 1

)
,

where Bn,r is a Beta cdf given by

Bn,r(x) =
Γ (n+ 1/r)

Γ(n)Γ (1/r)

∫ x

0
tn−1(1− t)1/r−1dt, x ∈ (0, 1).

Proof. By (11), we have

P (M−r(U1, . . . , Un) ≤ p) = P

(
n∑

i=1

Ti ≥ λ(np−r − n)

)
.

Since λ is the scale parameter of the exponential distribution, the above probability is indifferent

to λ. We assume λ = 1 for simplicity. Given Y = y, the conditional distribution of
∑n

i=1Xi/Y is a

Gamma distribution with parameter (n, 1/y). Since Y is also a Gamma distribution,
∑n

i=1 Ti follows

a compound Gamma distribution. Using (1.2) of Dubey (1970), we have the desired equality.

Besides the above Clayton copulas, we provide below two other positive dependence structures

for which sub-uniformity holds.

Example 1. Let X,Xi
d∼ U(0, 1), Y, Yi

d∼ U(β, 1), and Z,Zi
d∼ U(0, β), i ∈ [n], be independent,

where β ∈ (0, 1). Assume that (U1, . . . , Un) is modelled by one of the two cases below, that is,

Ui = 1{X≤β}Zi + 1{X>β}Y, i ∈ [n] or Ui = 1{Xi≤β}Z + 1{Xi>β}Yi, i ∈ [n]. (12)

Clearly, Ui
d∼ U(0, 1) for all i ∈ [n]. Moreover, (U1, . . . , Un) defined by (12) is positively dependent

as for i ̸= j, with corr(Ui, Uj) = 1 − β3 if (U1, . . . , Un) is the first case and corr(Ui, Uj) = β4 if

(U1, . . . , Un) is the second case. If (U1, . . . , Un) is modelled by either case in (12), it is known that

S(U1, . . . , Un) ≃st U1 where S(u1, . . . , un) = min
{
nu(i)/i

}
, (u1, . . . , un) ∈ (0,∞)n (see Example 1

in Samuel-Cahn (1996) and Proposition 3.4 in Xiong and Hu (2022)). Let r ≤ −1. By Theorem 16

in Hardy et al. (1934) and Theorem 3 in Chen et al. (2023), Mr ≤ M−1 ≤ S. Hence, Mr(U1, . . . , Un)

is sub-uniform if (U1, . . . , Un) is modelled by (12).

Remark 3. As the problem of merging p-values is closely related to the problem of risk aggregation

(see Section 1), our results on (2) under various conditions have a direct interpretation in risk

management. For all i ∈ [n], let Xi = U r
i with r ≤ −1. Then Xi follows a Pareto distribution

with infinite mean, which is widely used in modeling extremely heavy-tailed financial losses. For
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(w1, . . . , wn) ∈ ∆n and x > 0, sub-uniformity of U1, . . . , Un implies P(
∑n

i=1wiXi > x) ≥ P(X1 >

x). Therefore, for identically distributed (but possibly dependent) infinite-mean Pareto losses, the

average loss is strictly riskier than any individual loss; that is, diversification is harmful. Putting

this in the language of risk measures, the Value-at-Risk, which is a quantile of a loss position, is

strictly superadditive at any level for these losses. This issue was extensively discussed in Chen et

al. (2024), and here we use more general dependence models. See also Nešlehová et al. (2006) for

the diversification of infinite-mean models in the context of operational risk.

5 Threshold under independence

As we have seen above, the harmonic mean p-value is anti-conservative under a wide range of

dependence assumptions. It is then worth studying its threshold by which the type-I error rate can

be properly controlled below the significance level. However, explicit expressions of the probability

distributions of the harmonic mean p-value are generally not available, even when p-values are

independent. In this section, we focus on the independence case and use the generalized central

limit theorem to derive the asymptotic threshold of the harmonic mean p-value as the number of

p-values goes to infinity. The asymptotic threshold is potentially useful in genomewide study where

there are a large number of p-values (e.g., Storey and Tibshirani (2003)), although the independence

assumption may not be verifiable in such a context.

For α ∈ (0, 1], qα(X) is the left α-quantile of a random variable X, defined as

qα(X) = inf{x ∈ R | P(X ≤ x) ≥ α}.

We also use F−1(α) for qα(X) if X follows a distribution F . Let U1, . . . , Un be independent. For

p ∈ (0, 1), denote by an,p the threshold of the symmetric harmonic mean of p-values, that is,

an,p = qp(M−1(U1, . . . , Un)). It is clear that

P(M−1(U1, . . . , Un) < an,p) ≤ p.

Let S1 be a distribution function with characteristic function given by

∫
R
exp(iθx)dS1(x) = exp

(
−|θ|(1 + i

2

π
sgn(θ) log |θ|)

)
for θ ∈ R,

where sgn(·) is the sign function. The distribution S1 is a stable distribution with tail parameter 1

(see Samorodnitsky and Taqqu (1994)). The following proposition gives an asymptotic approxima-
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tion of an,p for large n. Using an,p is equivalent to the asymptotically exact test of the harmonic

mean p-value method of Wilson (2019).

Proposition 6. For p ∈ (0, 1), let an,p be the threshold of M−1. Then

an,p ∼
(π
2
S−1
1 (1− p) + log

(nπ
2

)
+ 1− γ

)−1
→ 0 as n → ∞, (13)

where γ is the the Euler–Mascheroni constant.3

Proof. Note that the random variables U−1
1 , . . . , U−1

n follow a Pareto distribution with distribution

function P(U−1 ≤ x) = 1 − x−1, x ∈ [1,∞). By the generalized central limit theorem (see Theo-

rem 1.8.1 in Samorodnitsky and Taqqu (1994)), sum of iid Pareto random variables U−1
1 , . . . , U−1

n

behaves like a stable distribution with tail parameter 1 for large n. Let Z
d∼ S1. Hence for p ∈ (0, 1),

lim
n→∞

P (M−1(U1, . . . , Un) ≤ p)

P
(
Z ≥ c−1

n (np−1 − dn)
) = lim

n→∞

P
(
c−1
n (
∑n

i=1 U
−1
i − dn) ≥ c−1

n (np−1 − dn)
)

P
(
Z ≥ c−1

n (np−1 − dn)
) = 1,

where dn =
πn2

2

∫ ∞

1
sin

(
2x

nπ

)
x−2dx and cn = nπ/2. This implies

an,p = qp(M−1(U1, . . . , Un)) ∼
(
π

2
S−1
1 (1− p) +

nπ

2

∫ ∞

1
sin

(
2x

nπ

)
x−2dx

)−1

:= bn,p as n → ∞.

By Taylor’s expansion and properties of the cosine integral, we get

nπ

2

∫ ∞

1
sin

(
2x

nπ

)
x−2dx =

nπ

2
sin

(
2

nπ

)
+

∫ ∞

2
nπ

cos(y)

y
dy

= 1 +
∞∑
i=1

(−1)i(2n−1π−1)2i

(2i+ 1)!
−

(
γ + log

(
2

nπ

)
−
∫ 2

nπ

0

1− cos(y)

y
dy

)
∼ log

(nπ
2

)
+ 1− γ.

Hence, as n → ∞,

an,p ∼ bn,p ∼
(π
2
S−1
1 (1− p) + log

(nπ
2

)
+ 1− γ

)−1
.

We have the desired result.

Proposition 6 means that as more independent p-values are merged byM−1, a smaller threshold

needs to be used. In other words, there does not exist a constant multiplier which makes the

harmonic mean p-value valid, consistent with Wilson (2019). By (13), the multiplier κn such that

3The Euler–Mascheroni constant γ is approximately 0.57721.
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P(M−1(U1, . . . , Un) < p) ≤ κnp grows at a rate of logn as n goes to infinity. This is in sharp

contrast to the dependence structure modelled by the Clayton copulas in Theorem 2, where the

correction does not go to infinity as n increases.

Chen et al. (2023) showed that the harmonic mean p-value method is closely related to two

commonly used merging methods, the Cauchy combination (Liu and Xie, 2020) and the Simes

methods (Simes, 1986). The Cauchy combination method uses Mg (see Section 1) to combine

p-values, where g is chosen to be the quantile function of the standard Cauchy distribution, i.e.,

g(p) = tan(π(p− 0.5)) for p ∈ (0, 1). The Simes method merges p-values via the Simes function S

defined in Section 3. In contrast to the harmonic mean p-value method, the Simes and the Cauchy

combination methods always produce valid merged p-values for any number of independent p-values.

Hence, no correction is required for the merged p-values of the Simes and the Cauchy combination

methods. This holds not only for independent p-values, but also for p-values modelled by a wide

range of dependence structures. For instance, the Cauchy combination method is valid for the

dependence structures considered by Pillai and Meng (2016). The Simes method is also conservative

if the test statistics follow a multivariate normal distribution with nonnegative correlations (Sarkar,

1998). In this case, however, both the harmonic mean p-value and the Cauchy combination methods

seem to be anti-conservative, based on numerical experiments; see Section 7 for the harmonic mean

p-value and the simulation results in Chen et al. (2023) for the Cauchy combination method. See

also Rustamov and Klosowski (2020) and Fang et al. (2023) for comparisons between the harmonic

mean and the Cauchy combination methods.

6 Discrete uniform random variables

In this section, instead of considering standard uniform random variables, we study discrete

uniform random variables Um
1 , . . . , Um

n on a finite set {1/m, . . . ,m/m} of m equidistant points.

This setting concerns discrete p-values, which may be obtained from, for instance, binomial test

and conformal p-scores; see Vovk et al. (2005) and the more recent Bates et al. (2023).

We first note that for discretely distributed Um
1 , . . . , Um

n , one cannot expect

Mw
r (Um

1 , . . . , Um
n ) ⪯st U

m
1

to hold for any r ∈ R and w ∈ ∆+
n unless Um

1 , . . . , Um
n are identical. The reason is that

P (Mw
r (Um

1 , . . . , Um
n ) ≤ 1/m) = P (Um

1 = · · · = Um
n = 1/m) ,
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which is less than 1/m unless the events Um
i = 1/m for i ∈ [n] occur together almost surely.

Applying similar arguments on P (Mw
r (Um

1 , . . . , Um
n ) ≤ k/m), k ∈ [m], leads to Um

i = k/m for

i ∈ [n] also occur together almost surely for all k ∈ [m]. Hence, Mw
r (Um

1 , . . . , Um
n ) ⪯st U1 implies

that Um
1 , . . . , Um

n are identical. This argument is similar to Proposition 1.

In the context of hypothesis testing, we are more interested in whether the following inequality

holds,

P (Mw
r (Um

1 , . . . , Um
n ) ≤ p) > p for some pre-specified p ∈ (0, 1), (14)

where r ≤ −1. Based on previous discussions on sub-uniformity for standard uniform random

variables, we may expect that (14) holds for (Um
1 , . . . , Um

n ) with large m if it has a copula for which

sub-uniformity holds. The intuition is that if m is very large, the distribution of each Um
1 , . . . , Um

n

is close to the uniform distribution on (0, 1). If Um
1 , . . . , Um

n are NUOD, we show below that (14)

holds asymptotically as m goes to infinity in the case of symmetric mean function. Following a

similar line of thought, the corresponding result also holds if (Um
1 , . . . , Um

n ) has certain Clayton

copula or an extremal mixture copula, as in Section 4.

Theorem 3. Let r ≤ −1, p ∈ (0, 1), and Um
1 , . . . , Um

n be NUOD discrete uniform random variables

on {1/m, . . . ,m/m}, m ≥ 2. There exists a sequence {pm : m ≥ 2} such that

P (Mr(U
m
1 , . . . , Um

n ) ≤ p) ≥ pm −−−−→
m→∞

p.

Moreover, if m > n−1/rp−1, we can take

pm = p− p1−r

m

((
npr − (n− 1)

(
m+ 1

m

)r)1/r

− 1

m

)r−1

,

and pm = 0 otherwise.

Proof. By Theorem 3 of Lin et al. (2024) and its proof, random variables Um
1 , . . . , Um

n are NUOD

if and only if there exist NUOD standard uniform random variables V m
1 , . . . , V m

n such that

Um
i =

m∑
j=1

j

m
1{(j−1)/m<V m

i ≤j/m}, i ∈ [n].

For p ∈ (0, 1), let R(p) = P (Mr(U
m
1 , . . . , Um

n ) ≤ p), r ≤ −1. Define the following events

A =

{
1

n

n∑
i=1

(
V m
i +

1

m

)r

< pr

}
, B =

{
1

n

n∑
i=1

(V m
i )r ≥ pr

}
,
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and C =

{
1

n

n∑
i=1

(
(V m

i )r +
r

m
(V m

i )r−1
)
< pr

}
.

Note that Um
i ≤ V m

i + 1/m for all i ∈ [n]. We have

R(p) = P

(
1

n

n∑
i=1

(Um
i )r ≥ pr

)

≥ P

(
1

n

n∑
i=1

(
V m
i +

1

m

)r

≥ pr

)

≥ P

({
1

n

n∑
i=1

(
V m
i +

1

m

)r

≥ pr

}
∩B

)
= P (B)− P (A ∩B) = P (B)− P (A ∩B ∩ C) . (15)

The last equality is due to A ⊆ C as for fixed x ∈ (0, 1), (x + ϵ)r ≥ xr + ϵrxr−1, ϵ ∈ (0, 1). Note

that

A =
n⋂

i=1

{(
V m
i +

1

m

)r

< npr −
∑

j∈[n]/i

(
V m
j +

1

m

)r }

⊆
n⋂

i=1

{(
V m
i +

1

m

)r

< npr − (n− 1)

(
m+ 1

m

)r }

=
n⋂

i=1

{
V m
i >

(
npr − (n− 1)

(
m+ 1

m

)r)1/r

− 1

m

}
=

n⋂
i=1

{
V m
i > zp

}
, (16)

where

zp =

(
npr − (n− 1)

(
m+ 1

m

)r)1/r

− 1

m
.

Note that zp is positive for large m and negative for small m. If m ≤ n−1/rp−1, we let pm = 0 to

get the trivial bound R(p) ≥ 0.

We next focus on the case that m > n−1/rp−1. Since p > n−1/rm−1 ≥ (n−1(m−r+(n−1)(m+

1)rm−r))1/r > m−1, we can verify that 0 < zp < 1. Let

D =

n⋂
i=1

{V m
i > zp}.
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By (15) and (16), we have

R(p) ≥ P(B)− P(A ∩B ∩ C)

= P(B)− P(A ∩B ∩ C ∩D)

≥ P(B)− P(B ∩ C ∩D)

= P (B)− P

({
pr ≤ 1

n

n∑
i=1

(V m
i )r < pr − 1

n

n∑
i=1

r

m
(V m

i )r−1

}
∩D

)

≥ P (B)− P

({
pr ≤ 1

n

n∑
i=1

(V m
i )r < pr −

rzr−1
p

m

}
∩D

)

≥ P

(
1

n

n∑
i=1

(V m
i )r ≥ pr

)
− P

(
pr ≤ 1

n

n∑
i=1

(V m
i )r < pr −

rzr−1
p

m

)

= P

Mr(V
m
1 , . . . , V m

n ) ≤

(
pr −

rzr−1
p

m

)1/r
 .

By Proposition 4,

R(p) ≥

(
pr −

rzr−1
p

m

)1/r

≥ p−
zr−1
p

m
p1−r

= p− p1−r

m

((
npr − (n− 1)

(
m+ 1

m

)r)1/r

− 1

m

)r−1

= pm.

It is straightforward to verify that pm goes to p as m goes to ∞.

7 Numerical examples

Throughout this section, let Rn(p) = P(M−1(U1, . . . , Un) ≤ p) for p ∈ (0, 1), where U1, . . . , Un

are standard uniform random variables or discrete uniform random variables on {1/m, . . . ,m/m}

with m ≥ 2. We first provide a few small numerical examples to illustrate sub-uniformity for

dependent U1, . . . , Un. The first example is for standard uniform random variables, which follow

the copula generated by an equicorrelated Gaussian distribution with ρ ∈ [0, 1]. Let Φ be the

standard normal distribution function, and Z,Z1, . . . , Zn be independent identically distributed

standard normal random variables. Write

Ui = Φ(Xi), where Xi = ρZ +
√

1− ρ2Zi, i ∈ [n] .
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Fix p = 0.1. In Figure 1, we display Rn(p) for n = 5, 10, 15, 20, and ρ ∈ [0, 1]. We observe

that sub-uniformity holds for all ρ ∈ [0, 1], and that as n increases, Rn(p) gets larger. These

results show that sub-uniformity may also hold for the class of equicorrelated Gaussian copulas

with positive correlations, but the results in this paper can only cover the case of Gaussian copulas

with non-positive correlations due to negative upper orthant dependence, and the corresponding

sub-uniformity statement for a general positive ρ is not known in the literature. If the significance

level p is extremely small, it is expected that the inflation issue will be less severe, as justified by

Theorem 2 of Chen et al. (2023).
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Figure 1: Equicorrelated Gaussian copula: Rn(p) for n = 5, 10, 15, 20, and ρ ∈ [0, 1] with p = 0.1.

In the second example, we consider the case of the Clayton copula. Assume that p = 0.1 and

(U1, . . . , Un)
d∼ Clayton(t) where t ∈ (0, 1.5). From Figure 2, we can see that Rn(p) decreases as t

increases (i.e., dependence gets stronger). Moreover, for t ≥ 1, Rn(p) is only slightly larger than p,

consistent with Theorem 2. On the other hand, as t approaches from 1 to 0, Rn(p) will increase

rapidly as the dependence structure becomes closer to independence.
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Figure 2: Clayton copula: Rn(p) for n = 5, 10, 15, 20, and t ∈ [0, 1.5] with p = 0.1.

As sub-uniformity holds for some Gaussian copulas and Clayton copulas, a natural question

is whether it also holds for the more general classes of elliptical copulas or Archimedean copulas.

A theoretical answer to this question is not available with the current techniques and we present

below some simulation studies. We first compute Rn(0.1) by assuming that (U1, . . . , Un) follows

an equicorrelated t-copula with degrees of freedom 4 and correlation coefficient ρ ∈ [0, 1]. Figure 3
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suggests that sub-uniformity may hold for t-copulas with positive correlation coefficients and Rn(p)

decreases as the positive dependence becomes stronger. Next, we compute Rn(p) for the Gumbel
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Figure 3: Equicorrelated t-copula: Rn(p) for n = 5, 10, 15, 20, and ρ ∈ [0, 1] with p = 0.1.

copula, which falls in the class of Archimedean copulas. The Gumbel copula with parameter

θ ∈ (1,∞) is defined as

CG(u1, . . . , un) = exp

(
−
(
(− log u1)

θ + · · ·+ (− log u2)
θ
)1/θ)

, (u1, . . . , un) ∈ (0, 1)n.

If θ = 1, CG is the independence copula. As θ goes to∞, CG approaches the comonotonicity copula.

Figure 4 plots Rn(0.1) against θ ∈ (1, 10). The observation is similar to the case of the Clayton

copula: Rn(p) is large when the Gumbel copula is close to the independence copula and is small

when the Gumbel copula is close to the comonotonicity copula. Based on these numerical results, we

conjecture that sub-uniformity holds for more general elliptical copulas and Archimedean copulas

than the ones considered in this paper. Nevertheless, we should keep in mind that sub-uniformity

requires Rn(p) ≥ p for all p ∈ (0, 1), and not only for a specific p as in our figures.
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Figure 4: Gumbel copula: Rn(p) for n = 5, 10, 15, 20, and θ ∈ [1, 10] with p = 0.1.

The fifth example presents the case of independent discrete uniform random variables on

{1/m, . . . ,m/m}, m ≥ 2. Figure 5 gives Rn(p) for 10 discrete uniform random variables with

different discretization m. We can see that as m increases, Rn(p) for discrete uniform random

variables becomes closer to that for uniform random variables. Moreover, if m is large, (14) holds
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for a wide range of p in (0, 1) except for extremely small ones.
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Figure 5: Rn(p) for discrete p-values (m = 5, 20, 50) and uniform p-values, with p ∈ (0, 1).

In Figure 6, we numerically compute the threshold an,p of the harmonic mean p-value for

independent p-values and its asymptotic form (13). The thresholds are computed at significance

levels 0.01, 0.05, and 0.1, up to 5000 p-values. The results suggest that the asymptotic threshold

(13) can be a very good approximation of an,p for large numbers of p-values. As hinted by the plot

for p = 0.01, the simulated results are not stable for small significance levels, e.g., 0.005, and are

thus omitted here.
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Figure 6: The asymptotic threshold (13) and an,p of the harmonic mean p-value for independent
p-values.

8 Conclusion

Sub-uniformity of generalized means of standard uniform random variables U1, . . . , Un is stud-

ied under several dependence assumptions. In particular, sub-uniformity is shown to hold in three

cases: (i) negative upper orthant dependence (Proposition 4); (ii) the class of extremal mixture

copulas (Theorem 1); (iii) some Clayton copulas (Theorem 2). These dependence structures can

be used to construct a wide range of dependence structures for which sub-uniformity holds, as

suggested by Propositions 2 and 3. Based on some numerical results, we conjecture that sub-
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uniformity also holds for Gaussian copulas with positive correlation coefficients. An important

implication of sub-uniformity in multiple hypothesis testing is that merging p-values by any r-

generalized mean function with r ≤ −1 is anti-conservative across all significance levels in (0, 1).

Although sub-uniformity cannot hold for discrete uniform random variables, using an r-generalized

mean function with r ≤ −1 can still be anti-conservative if the number of discretizations is large

(Theorem 3). An asymptotic threshold of the harmonic mean p-value for independent p-values is

derived in Proposition 6. As the number of p-values increases, since the asymptotic threshold goes

to 0, the harmonic mean p-value will be more anti-conservative if no adjustment is applied.

For the purpose of multiple testing under dependence, due to the anti-conservativeness results

found in this paper, we recommend using the Simes method or the Cauchy combination, which

are valid under independence and some other dependence assumptions, as well as their variants,

over the harmonic mean p-value. The main advantage of the Simes and the Cauchy combination

methods is that no correction is needed to make their merged p-values valid for a wide range of

dependence assumptions and different numbers of p-values, thus making these methods robust in

some sense. On the other hand, correction of the harmonic mean p-value is necessary and may

vary according to different dependence structures and numbers of p-values. Theorem 2 also gives a

small threshold correction for the harmonic mean p-value under Clayton copulas, suggesting that

the harmonic mean p-value may behave quite well under some forms of positive dependence.

We close the paper by noting that, although sub-uniformity can hold under a wide range of

dependence structures of U1, . . . , Un, there always exists some dependence structure under which

sub-uniformity does not hold. For instance, since comonotonicity (i.e., U1 = · · · = Un almost surely)

does not maximize the distribution function of the sum of random variables (see Wang et al. (2013)

for bounds on the distribution function of the sum), it is always possible to construct a dependence

structure of U1, . . . , Un such that P(w1U
r
1 + · · · + wnU

r
n ≤ t) > P(U r

1 ≤ t) for some threshold

t ∈ R of interest. Therefore, conditions on dependence structures that lead to sub-uniformity or

super-uniformity, other than the ones studied in this paper, require further research. This may be

achieved by research on either the statistical problem of merging p-values, the risk management

problem of quantifying risk aggregation, or their interplay.
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