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Functions of a Real Variable Ragz=%
( Theoremql Jd6: IfF:R— Ris 1ncreas1 and right continuous, then there
exists uzigee Borel measure 4, on R s #((a,0]) = F(b) — F(a). G

is another such function, then p, = p, if and only if I — G = a constant.
[Note that such a measure is bounded on bounded intervals.] Conversely, if
L is a Borel measure on R that is finite on bounded intervals, and we set
p((0,z]) ifO0<z
Flz)=<0 ifz=0

—u((z,0]) ifx<0 / /ﬁ
then, F' is increasing and right continuous, and p = ;LF?J’L% 6 UL /A

" Let F R — R is increasing and right continuous, and set
n .
MO(U (a;,b,]) = 2_F(b,) — F(a,). Then, by Proposition 1.15,
=1

we get a premeasure on A, an algebra generated by h-intervals.
If we take Lebesgue-Stieltjes outer measure u, generated by F,
then by Caratheodory's Theorem, we know that there exists a
‘measure on a collection of u}-measurable sets, denoted by -
M.,.. By Proposition 1.13, every set in .4 is u*-measurable and
its measure is y,. Since A C M, o-algebra generated by A is
a subset of M. But, the o- algebra generated by A is By, the
Borel set. Thus B, € M;. So, p *|s isameasureon By

Thus, we have shown that there ex1sts a measure L, on B, such
that s (a,b]) = p((a,b]) = F(5) ~ Fl(a).
G nessas-givendby-Fheoremadd@# Next, if u, = 1, then
uF((a b]) ( )~F(a) = G(b) — G(a) = ps((a,b]) for all
a and b. Thus, F(z) = G(z) — G(0) + F(0), and so F — G
= a constant. Conversely, if F' — G = a constant, then
L((a,b]) — s ((a,b]) for all a and b => give the same
premeasure = give the same outer measure, etc.
- Suppose that 1 is a Borel measure on R which is finite on
bounded intervals, and define
w((0,z]) if0<z
F(z)=< 0 ifr=0
—p((2,0]) ifz<0
[Show that F' is increasing.]
Lety <z If0 <y <z, then F(y) = u((0,y]) < u((0,2)]) =
C/x F(z). fy <0< z,then Fly) <0< F(z). Ify <z <0,
'» then (3,0] 2 (z,0] = p((y, ) > p((=,0]) = —p((y, 0)) <
—u((z,0]) = F(y) < F(z). Thus, F is increasing.
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() [Show that F is continuous from the right.]
o Letz, \,z. Ifz > 0,then z, > 0 and F(z, ) = p((0,z,]).

Now, lim F(z,) = lim (0, ,]) = (] (0,,]) = (0, ])

= F(z). If z < 0, without loss of generality assume that
z, < 0, theu Fz,) = —p(s,, 0] = lim F(x,) =

~lim u((a,, 0)) = ~({J (=,.0]) = —p((z,0]) = F(2)

n=1

o0

because (z, 0] 2 (z,,0] and (z,0] = («,,0]. 'Thus, F'is
n=1

continuous from the right.

Note that if we require F'(0) = 0, we can get rid of constant term. | P
There is a one to one correspondence between "p is a Borel measurg ol Fenite 0N
bounded mtervals" and "F'i 1s 1ncreas1ng, right continuous and F'(0) = 0."

A/Wﬁ/ﬁ((é)é] ”/%F'([Qié] 79,%__ -{[/\/;.”

mple 1: Fix z, and define

- B ifz <z,
(> (x)_{l ifz, <=z
Then, there is a measure 4, such that
_[1 ifz, € (a,b]
pe((a, b)) = {0 ifz, ¢ (a,b]
_J1 ifz, € E
He(E) = {0 ifz, ¢ E
pr=0, is called dirac delta or point mass at z,

ith such a Borel measure 1 which leads to F', and from F' we g€

\jﬁﬁﬂﬁdory’s Theorem, we get (R, M . L)
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Chapter 2 Integration
2.1 Measurable Functions

Definition: Let M and AV be g-algebras. Also, let (X, M) and (Y, N) be
measurable spaces. A function f: X Y is called (M, N')-measurable
provided that f~}(E) € M forall E € V.

 Recall that f~}(E) = {z : f(z) € E}, preimage or inverse image of f.

Proposition: Let (X, M), (Y, N)and (£,0) be measurable spaces. Let
f:X — Y be (M, N)-measurable and g : Y — Z be (N, O)-measurable.

Then, go f : X — Z is (M, O)-measurable.

Proofi . Let (X, M), (Y, N) and (Z, O) be measurable spaces. Let
f:X — Y be (M, N)measurableand g : Y — Z be (N, O)-
measurable. Suppose that E € O. Then, (go f)™1(E) =
{z:9(f(z)) € B} ={z: f(z) € g (B)} = fTH (g7 (E)).
[Note that g~ (E) € NV and f~1(¢7(E)) € M.]

Thus, (go f)"H(E) € M,andsogo f: X — Z is (M, O)-
measurable. :

Proposition 2.1: Let (X, M) and (Y, NV') be measurable spaces, and N be
a o-algebra generated by €. Let f: X — Y., If f~}(E) € M forallE € €,
then f is (M, NV)-measurable.

Proof:Let (X, M) and (Y, ) be measurable spaces, and N be a o-
algebra generated by £. Let f : X — Y. Also, let f~ YE)e M
forall E € £, and N = {B € Y : f~1(B) € M}. Then,
ECN. ~ -

[Note that A is a o-algebra = N € N = If B € W, then
fH(B) e M.]
[Show that A is a o-algebra.]
Since f- 1) =0 e M,pe N. Next, if B € N, then
f '(B) € M. Since M is a o-algebra, (f~ Y(B))* =
-1(B°) € M. Thus, B° € N. Also, if B, € N, then
1(B ) € M. Since M is a o-algebra, Lngf YB,) =

FYUB,) € M, UB, € N. Thus, N is a o-algebra,
T T

and so N C N. Therefore, if B € N _then B € N and so
f~Y(B) € M. Thus, fis (M, N)-measurable.




