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Chapter 3 Signed Measures and Differentiation Theory
We will study signed measures, differentiation of measures and
differentiation theory of functions in this chapter.

3.1 Signed Measures

Definition: Let (X, M) be a measurable space, thenv : M — Risa
signed measure if the following conditions are satisfied:

1) v(@)=0
(2) v can assune posilive and negative values, but only one of | co and
—00.
(3) If{E;} is a collection of disjoint measurable sets, then I/(U E;) =
J=1

o0
> v(E;) where whenever V(UIEJ-) is finite, then the series converges
= e

absolutely, and when v(| J E;) is infinite, then the series properly
Jj=1
diverges to I/(UE ) = £ o0. Thatis, I/(UE ) = 400 =
=1 =
for all C > 0, there exists IV such that EV(E y>Cforalln > N.

M’%mem 7 nymid rllidgit V(E) poree t 40

Example (1): Let (X, M, u,) and (X, M, p,) be measure spaces, and at
least one them is finite, then V(E) ul(E) ., (E) is a signed measure,

ond (1 () - (B9 = o (B) = Sm(Br), AR Lol o

J—.

2 P qu( rdg it

Example (2) Let (X, M, i) be a measure space and f : X — R be
measurable. Look at f* and f~ and assume that one of the integrals
[y ftdpand [y f~dpis finite. Then, setting v(E) = [ fdu is a signed
measure. If v (E) = [pfTdpand v (E) = [pf~dy, thenv™ and v~ are
measures, and v(E) = vT(E) — v~ (E). Split X into two pieces with

_positive measures.
Z = %vze ﬂgmﬂ/ WWM:Z/
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Proposition 3.1: Suppose that v is a signed measure and Ey C Ey C

then v(ﬂ E;) = hmz/(EJ)

J_..

Proof:

Suppose that v is a signed measure, Let Ey = 0 and £ =

E1 U (Ez\El) U (E3\E2) U . Then E = _L—J (E_7+1\E )
= U andv(5) - u(JQE» - ugg(EjH\Ej)) -

ZV(Ej+1\Ej). Assume that v(E) # =+ o0, is finite.
=0

Then, ZV(Ej+1\E~) = v(F) converges absolutely =
Zlu( J+1\E )| < +o0. So, given € > 0, pick N such that

| (E) — ZV( E;1\E;)| < eforalln > N. Suppose that

z_:V(Eﬁl\Ej) = v(E,), then |V(E) — v(E,)| < € for all

n> N = u(B) = v({ B,) = limy(E,).

Next, suppose that v(E) is inﬁnite
Case v(F) = +o0: v(E) = Zz/( E;11\E;) means that the

series properly diverges to +00. That is, given C' > 0,
there exists N such that v(E,) = Zz/( E;\E;) >C

forallm > N = limv(E,) = +oo = v(E).
Case v(F) = —occ: Similarly, limv(E,) = —oc0 = v(E).

.
b4

then I/(UE ) = hmz/(E) Also,if By D Ey D - + - withw(Ey) # =+ o0,

j—,
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oo
Next, suppose that E1 DE;D .- -,andlet E = () E;. Then,
J=1

zv M\EJ,) Y Ea) - v( > (BB, 100(E) s
finite, v(By) — v(B) = Y v(Byua\Ey) = | v(Ey) — v(E) -

7=0

EV(EJJQ\E )| < eforalln > N. Now, EV(EJ.@\EJQI =
J=0
(El) o u( E,) = |[v(E) —v(E,)| < eforalln > N. Thus,

v(E) = I/EDIE,L) = li;bn v(Ey).

Do cases for when v(E) is infinite.

Definition: Let (X, M) be a measurable space, and v be a signed measure.
Then, E € M is called v-positive (or positive for v) provided that F C E

and F € M = v(F) > 0. Similarly, E is called v-negative provided that

FC Eand F € M= v(F)<0. Also, E is v-null provided that F* C E

and F e M = v(F)=0.

Example: Let f € £1(p), and write f = f+ — f~. Define v(E) = [ fdp.
Then, v is a signed measure. Suppose that At = {z : f(z) >0}, A™ =
{z: f(z) <0} and A% = {z : f(z) = 0}. Then, A is v-positive, A~ is v-
negative, and A° is v-nuil.

Lemma 3.2: Let v be a signed measure. Then:
(1) IfPis u-pos1t1ve @ C Pand Q € M, then Q) is v-positive.

(2) Ifeach P, is v-positive, then U P, is v-positive.
n=1
Note that (1) and (2) are also true for v-negative and v-null.

Theorem 3.3 (The Hahn Decomposition Theorem): Let v be a signed
measure on (X, M). Then, there exist P which is v-positive and N which
is v-negative, and P, N € M with X = P U N. If there are P’ and N’
such that X = P’ U N, then PAP’ and NAN' are both v-null.
Proof:  Without loss of generality, assume that +oo is omitted. Let
m = sup{v(E) : E is v-positive}, also let P, be v-positive
such that v(P,) — m, and P = |J P, Then, P is v-positive.

n=1
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This implies that v(P) < m. However, P, C P,anso P =
P, U (P\R,) = v(P) =v(P,) + v(P\F,) 2 v(P,) = v(P)
=m=m < +00,

Next, let N = X\ P. [Show that N is v-negative.]

positive = m > V(AU P) = v(4) + v(P) =v(4) + m =
v(A) = 0. Suppose that B C A, then A = BU (A\B) =
0=v(A) =v(B)+v(A\B) = v(B) = 0= Aisv-null
Suppose that N is not v-negative = There exists A C N such
that v(A) > 0 = A is not v-positive (otherwise ¥(A) = 0) =
There exists B C Awithv(B) < 0. Let 4; = A\B=> A=
BUA; = v(A) = v(B) +v(4;) < v(A4;) and A; is not v-
positive. [Now, set up an inductive process.]

Inductively, let n, = the least integer such that there exists

B C N with v(B) > 1/n,. Pick such a set, and call it 4; so
that A; C N and v(A;) > 1/n,. By the above argument, we
saw that A; cannot be v-positive, and that there exists a set
B C A; with v(B) > v(4;). Let n, = the least integer such
that there exists B C A; and v(B) > v(A;) + 1/n,. Again
pick a such a set, and call it A, so that A; C A; and v(As) >
v(A1) + 1/n,. Inductively, n, = the least integer such that
there exists B C A;_; withv(B) > 1/n,, A; € A; 1, and

v(4;) > v(Aj1) +1/n,. Now,let A= ﬁAj. Since V(Al) is
j=1
finite, v(A) = limv(4;) and 0 < v(A4) = v(A4) < +oo (by the
J

assumption.) Now, v(A4;) > v(A4;1) +1/n, > I/(A.j_g)_-}'
. i o
1/n_ +1/n, = v(4;) >3 1/n, = 3 1/n, <v(4) < +oo
k=1 k=1

= n, — 400 as k — +o00. Since A C N, we know that A is
not v-positive = There exists B C A such that v(B) > v(A)
=> There exists n such that v(B) > v(A) + 1/n = There
exists k such that n, > n. So, we have v(B) > v(4) + 1/n
> I/(Ak._l) -+ 1/72, > V(Ak_..l) + 1/nk. So,BC AC Ap_,.
But, this is a contradiction. Thus, N is v-negative, and so we
have shown that X = P U (X\P) = P U N where P is v-
positive and N is v-negative. '
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Suppose that X = P’ U N’ where P’ is v-positive and N’ is v-
negative. Then, P\P’ C P = P\P'is v-positive and P\ P’
C N' = P\ P’ is v-negative. Thus, P\ P’ is v-null because
every subsets of P\ P’ must have measure 0 to satisfy above
conditions. Similarly, P’\P C P’ and P\P C N, and so
P'\P is also v-null. Thus, PAP' = (P\P')U (P'\P)is v-
null, Similarly, NAN' is v-null.

Definition: Given a signed measure v, write X = P U N where P is v-
positive and N is v-negative. 'L'hen, this decomposition is called a Hahn
decomposition for v.

Note that given a Hahn decomposition for v, if we set v, (E) = v(E N P)
and v,(E) = —v(E N N). Then, v, and v, are positive measures and

v = v, —v,. This gives a way to express v as a difference of positive
measures.

Definition (definition of orthogonality for measure): Let y and v be signed
measures. We say that they are mutually singular, denoted by p1 L v, if

X = E U F such that F is p-null (that is, x lives in F') and F' is v-null (that
is, v lives in E.)

- Theorem 3.4 (The Jordan Decomposition Theorem): Let v be a signed
measure. Then, there exist unique positive measure v and v~ such that
v=vt—v andvt Lv".
Proof:  Take any Hahn decomposition X = P U N, and define v, (E)
=y(ENP)andv,(E) = —v(ENN). Then, v, and v, are
positive measures and v = v, — v,. Since P is v,-null and N is
v,-null, v, Loy,
[Show uniqueness. ]
Suppose that v = p, — p, where p, and p, are both positive,
and p, L p, = X = EU F where E is y,-null and F'is p1,-
null. So,if A C E, thenv(A) = p,(A) — u,(A) = p,(A) >0
= E is v-positive. Similarly, if A C F, thenv(A) = p,(A)
— u,(A) = —p,(A) <0 = Fisv-negative = X = EU F'is
a Hahn decomposition = PAFE and NAF are both v-null
sets. If A € M, then pu,(A) =, (ANE)+p,(ANF) =
p(ANE)Y=v(ANE)=v(ANP)=yv(A). Thus, y, =v,.
Similarly, 4, = v,, and so v is unique.
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Note: This proof shows that taking any Hahn decomposition X = PU N,
setting v (E) = v(ENP)and v (E) = - v(ENN) givesv = v+ — v,
vt 1 v~ and it is unique.

Definition: Let X = = P U N be a Hahn decomposition. Set v+ (F) =
v(ENP)and v~ (E) = —v(ENN). Then, v = v™ — v~ is called the
Jordan decomposition of v, and v and v~ are called the positive and
negative variations of v. The measure, |v| = v™ + v~ is called the total
variation of v.

Example: Let 4 be a positive measure, f € L'(y), and set v(E) = [, fdp.
Then, vt (F) = [pftdpand v~ (E) = [pf dp, and [V|(E) = [g|f|dp.
Note that |v(E)| = v (E) — v (E)| <vH(E) + v (E) = |v|(E). In
general, they are not equal. :



