Functionsof a Real Variable

Examples:

(i) Letf, =1/nx,,. Then:
f. — f inmeasure since {x : |f, —0| > e} =0 forl/n <e.
(iif) Let f, = nx,,,,- Then:
f. — 0 in measure since {z : |f (z) — 0| > €} C [0,1/n].
(iv) Let f, = X, ;0r0 Where n = 2% + jand 0 < j < 2%, That s,
fi= Xpa)? f= Xoa/2)? fi= Xijza) fi= Xpo/4? fi= X417
s = Xppawo 1 = Xy fs = Xpoapp -+ Then:

5 E - f. — 0 in measure.

Proposition 2.29: If [ |f, — f|du — 0, thatis f, — f in L', then f, — f

1n measure.

Proof:

Givene > 0,1et E, . = {z : |f, — f| > €}. Then, 0 «
Julf. = Fldi = [y, |f, — fldp > culBne) = () = 0
for all e > 0.

Note that the converse of Proposition 2.29 is false: Let f, = 1/nx,.,.

~ Then, f, — 0 in measure, but [|f, —0|dm =1+ 0.
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Theorem 2.30: Let (X, M, u) be a measure space, and f, : X — Rbe
measurable. Then, if f — f in measure and f, — g in measure, then f =g
a.e. If {f } is Cauchy in measure, then there exists f : X — R whichis
measurable such that f, — f in measure. Moreover, if f, — f in measure,
then there exists a subsequence { fnj} such that fnj — f pointwise a.e.

[Note that f — f in measure & {f,} is Cauchy in measure.] |

Proof:

Let (X, M, u) be a measure space, and f, : X — R be
measurable. Suppose that f, — f in measure and f, — gin
measure. Then, givene > 0, {z : |f(z) — g(z)| > €} C

{z:|f(z) - f.(2)| 2 ¢/2} U{z : [g(z) — f.(2)] = €/2}

‘because € < | f(2) — g9(z)[< | f(2) — £,(2)| + |£,(z) — ().

So, u({z : |f(z) — 9(z)| 2 €}) < p({z : |F(z) - ()| =
e/2}) + p({z : |g(z) — f,(z)| > €/2}) for all n, and also
by the hypotheses pu({z : |f(z) — f,(z)| > €¢/2}) — 0 and

p{z: lg(z) — f.(z)| = €/2}) = 0asn — oo,
Thus, u({z : |f(z) — g(z)| > €}) =0 foralle > 0.

Now, {z: f(z) # 9(@)} = U {a: |£(2) ~ g(a)] 2 1/n} =
ul{w : (@) # 9(z)}) = 0. Thus, f = gae.
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Assume that { f } is Cauchy in measure. Lete, =€, = 1/2,
then there exists [Ny such that n, m > N; implies that

u{z - |f, — £l = 1/2}) <1/2. Letg, = f, . Now, pick

N, > Nj such that e, = €, = 1/4. Then, whenever n,m > Np,
p{z : |f, — [l 2 1/4}) <1/4. Letg, = fy,.

Continue the process inductively to get g, = fNj such that

. . w
w(Ey) = p({=z : 19, —g,l = 1/27}) <1/2. Let Fj, = UkEj
J....

(the tail end of E;'s), then u(Fy) < E/,L( ) < 22“‘3 = 21k,
7=k 7=k

Let F, = ﬂ F},. Remember that F; D F, D - - -. Next, let

k=l

h(z) = g,(x) +l231(gl+1 (z) — g,(x)). Ifx ¢ Fy (thatis,x € F}),

z ¢ E;forall j >k =|g,, — g, <1/27 = the above series

is absolutely convergent if z € FY, which is true for all .

x
Thus, the series for h is absolutely convergent for all x € | F¥
k=1

= (ﬂ Fp)¢ = FS. Hence, if ¢ ¢ Fy, h(z) = lim[g, (z) +
J

J

2 (91 () — 9,(2))] = limg,,, (). Thus, g;(z) = fy,(x) —

 h(z)forall z ¢ Fy. But, p(Fo) = lilgn,u(Fk) = 0. Therefore,

fNj — h pointwise a.e.

o~

Corollary 2.32: If [, |f, — f|ldu — 0, then there exists { f, } such that
J
f — f pointwise a.e.
Proof By Proposmon 2.29, f X| f.—Ff |du — 0= f — f in measure

By

Recall QmmPIe ((v)
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Egoroff's Theorem: Assume that u(X) < +oco. Let f, — f pointwise a.e.
Then, given € > 0, there exists £ C X and p(F) < e such that f, — f
uniformly on E*. .

Note: A sequence of functions may converges to a function pointwise, but
it is not guaranteed that the function is continuous. But, Egoroff's Theorem
says that if we throw away a not-nice part, even a crazy or wild sequence of

functions converges pointwise to a function which is continuous.
Proof:  Write X = X; U N where u(N) =0 and f (z) — f(z) for all

z€ Xy Let By = {z € X1 : |f, (@) - f(@)] > 1/k}.

m=n

Functionsof a Real Variable

Note that £, 2 Epq1x 2 -+ - So, ﬂ Enp=0=

n.....

limyu(En ) = 0. Pick n, such that u(E;, &) < /2", and let
E=UE, r= pwE) <Y p(En k) <e Pické > 0such
k=1 k=1

that 1/K <. Then,z € E°=> 2 ¢ E=x ¢ E, .k forall

K =|f (z)— f(z)] <1/K < 6 for any m > n,. Thus,
f, — f uniformly on E°.
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2.5 Product Measures

Goals:

(1)  Suppose that we are given measure spaces (X, M, 1) and (Y, N, v).
We want a measure on the product X x Y, 4 x v such that y x v(A x B)
= p(A) - v(B) where A € M and B € N. We want to construct some-
thing like this in a general product space.

(2) InCalculus,if I = [a,b] x [c.d], then [,fdA = [° [*f(x,y)dydz =
fcd f; f(z,y)dzdy. We want to prove a formal theorem to justify the above.

Recall that given measurable spaces (X, M) and (Y, N), the o-algebra of
subsets of X x Y generated by the sets of the form {A x B : A € M and
B € N} is denoted by M ® N and called the product o-algebra.

Definition: Suppose that & C X x Y. For any x € X, we define £, =
{y: (z,y) € E}. Also, foranyy € Y, we define EY = {z: (z,y) € E}.
If f: X xY — R, then we define f, : Y — Rby f.(y) = f(z,y) for any
r€X,and f¥: X — Rby f¥(z) = f(z,y) foranyy € Y.

Proposition 2.34: Let (X, M) and (Y, N') be measurable spaces. Then:

(@ IEeMQ@N,thenE; € Nforallz € X,and EY € M forall
yEeY.

b)) Iff:XxY —»]RlsM@N-measurable then f, : Y — Ris V-
measurable for z € X, and f¥ : X — R is M-measurable for all
yevy.

Proof of (a): Let Fbetheset {E C X xY : E, € N forall z € X and
EYV e Mforally € Y4,
Claim: F is a o-algebra.
Proof of Claim: Itisclearthat ), X x Y € F. If E € F, then
(E°); = (E;)¢ € N because E, € N and N isao-
algebra Slrmlarly, (E)Y = (E¥)° e M. If E € F,

then (U E,): = U (Ep)s €EN. Similarly, (U E,)Y =

n=1

U (E,)Y € M. Thus, F is a o-algebra.

n=1
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Claim: If A€ Mand B € N, then A x B € F.

Proof of Claim: (A x B), = {ég g.z ; ﬁ Since B € N

andf e N, (Ax B), € N forallz € X. Also,

(AxB)y:{g1 Ez;g = (A x B)Y € M forall

y €Y. Thus, A x B € F forall A € M and for all
BeWN.
Thus, M N C F,andhence E € M QN = E € F, that
is BEe Nforallz € Xand EY € MforallyeY.
Proof of (b): Consider fm';l((oz, +oo]) ={y: f, (¥) > a} ={(z,9):
f(z,y) > a}y, . Since f is measurable, {(z,v) : f(z,y) > a}
e MON = {(z,9) : £(5,1) > ), = 1 ((@ +o0]) €

Thus, f, is N/ -measurable. Similarly, f¥ is M-measurable.

Definition: Let X be a set. Then, C C P(X) is called a monotone class if

o0
E;eCand Ey CE, C - - -, thenJE; € C,and alsoif E; € Cand E; 2
=1
. j
EyD -,thenﬂEjEC.
j=1

Note: Given any collection £ € P(X) of subsets, we can talk about the
monotone class generated by £

Jnd = Exercise 4 in page 24: An algebra A is a o-algebra if and only if A is
closed under countable increasing unions (that is, if { E;}52; C A and

EiCEyC - -,thenUEj e A)
=1
Proof ( = ): Suppose that an algebra A is a o-algebra, and suppose that
{Ej}2, CAand E; C E; C - - -. Then, |JE; € Abythe

=1
definition of o-algebra.
Proof ( <= ): Suppose that A is an algebra, and A is closed under
countable increasing unions. Let {A4,}5°, C A, and let B; =

Ay, Bo=A;UAy, - - . Then, |J A, = | B, and also
n=1 n=1
BiCcByC -+ -. Thus, UB, € Aandso |J A, € A.
n=1 n=1

Therefore, A is a o-algebra.



