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Functionsof a Real Variable Bagese3

Difference between Riemann Integration and Lebesgue Integration

Recall: Let f : [a,b] — R be bounded, P = {¢,,¢t,, - - -,t } where
a=t, <t < .- <t =b. PrefinesPifP C P
GivenP, letM = sup{f(t):t,_, <t<t, } and m, =

z'nf{f(t) o, <t<t}. Then, Upf = ZM( t_,)and

Lpf = ij(t —t,_,). Define Iaf = zgf Up f which is
J.._.
called the upper Riemann Integral, and _I_Z f= Sup Lpf

which is called the lower Riemann Integral. f is called
Riemann Integrable if TZ f = I"f. Inthis case, we write
fab f(z)dz for their common value.

Definition: Let f : [a,b] — R. Then, U(z) = léim sup f(y) =
ly—x|<6
inf sup f(y) is called the upper envelope of f. Note that f(z) < U(z),
6>0 |y—z|<é L L
inf sup fly) = limf(y), and so U (z) = maz{f(z),limf(y)}.
6>0 0<|y—z|<6 y—z
L(x) = hm inf f(y) =sup inf f(y)is called the lower envelope of

0 |y—z|<6 6>0 |y—=z|<§
f. Note that L(z) < f(z), sup inf f(y) =limf(y), and so L(z) =
§>0 0<|y—z|<6 y—z

min{ f(z), im f (y)}.

Yy—x
Exercise 23(a) in page 59: Let U be the upper envelope of f and L be the
lower envelope of f. Then, U (z) = L(z) if and only if f is continuous at z.
Proof:  Suppose that U (z,) < «, then there exists §, > 0 such that
}supl flyy =B <a. Thus,z,—6, <y<z,+6 = f(y)
Ty —yl<4,
< B. So, if we pick y, such that z, — 6§, < y, < z, + 6, then
there exists 6, suchthatz, — 6§, <y, —6, <y, <y, + 6, <
z,+6,=>sup fly)=sup fly)=B<a=Uly)<p
ly—v,l<8,; ly—=,|<é,
= U(y,) < aforall y, suchthatz, — §, <y, < z, + 6, =
{z:U(z) < a} = U }((—o0,)) is open = U is measurable
and upper semicontinuous < f(z) = U(x).
Similarly, {z : L(z) > a} = L™!((a, 00)) is open = L is
measurable and lower semicontinuous < L(z) = f(z).
Thus, L(z) = U(z) < f is continuous at z.
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Proposition: Let L and U be the lower and upper envelopes of f. Then
there exist step functions {¢_} such that ¢ L, and step functions {¢_}
suchthatep, \, U. Hente) U, b mopnirobés.

Proof:

LetP={a=t, <t <-- <t =b}andm, =
inf{L(t):t,, <t<t}.

Now, define ¢, (z) = { nmmn{m, m,,.} g;? et
Notice that ¢ _(z) < L(z) for all z. Next, take the partition of
[a, b] into the pieces of the length (b — a)/2", call this partition
P,. Noticethat P, C P, C - - -. So,if we set ¢, = ¢, , then
¢, < ¢, < -+ <L(z)and given e > 0, there exists § > 0
such that |L(z) —inf f(y)| <e = L(z) <inf f(y)+e

|lz—y[<6 le—y|<6
= L(z) < L(y) + € for |z — y| < . Now, pick IV such that
(b—a)/2N < 6. Then, foralln > N,ifz,y € [t_,,t.], then
|z —y| < §. This implies that m, = inf{L(y) : t,_, <y <t}
> L(z)—e= ¢ (y) > L(z) —eforalln > N = liTancbn(x)‘

= L(z) forall z.
Similarly, limy_(z) = U(z) for all .

Theorem (Exercise 23(b) in page 59): Let f : [a,b] — R be bounded, L
be the lower envelope of f and U be the upper envelope of f. Then,

If = [ yUdmand If = [, Ldm.

Proof:

LetP={a=t, <t < .- <t =b},anddefine

- .
‘ Gp - ZleX(tj-ptj] where Mj = S'U/p{f(t) . tj—l S t S tj}.

J:

Then, z € [t_,,t] = U(z) < Gp(z). Thus,if U(z) < Gp()
for all z, then f[ . b]U dm < i?; f f[ ab] Gpdm = _I_Z f. Similarly,
g, <L=1If= sgpf[a’b]gpdm < f[a,b]Ldm.

Now, by the above Proposition, there exists ¢~ L, each ¢_ is
a step functionand ¢ <L < f = LZ f> f[a’b]qbndm and

lim f[a’b] ¢ dm = f[a’b]Ldm by the Monotone Convergence
Theorem = I2f > f[a pLdm, andso I’ f = f{a pLdm.
Similarly, T, f = [}, ;Udm.
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Theorem 2.28: Let f : [a, b] be bounded. Then:
(a) If f is Riemann integrable, then f is Lebesgue measurable (that is,

f~1((a, +00)) is a Lebesgue set for all a), and f f(z)dx = fa,b]fdm

where m is Lebesgue measure.
(b)  fis Riemann integrable < {z € [a,b] : f(z) is not continuous at =}
has Lebesgue measure 0.
Proof of (a): Given apartition P ={a =1t, <t, < - - - <t = b},

n n
define Gp = ) M;x, ., andyg, =) my;x, , . Noticethat
j=1 J-1%j =1 =15
g < f < Gp,and G and g, are both simple. Also, note that
if P’ refines P, then Gp < Gpand g, < g,..
First, pick a sequence of partltlons P1 P, - - . sothat I J =
lll’l’lUpf NOW letP1 Pl,Pz P1 UPQ,P —P 1UP
=P,UP,U - - - UP,. Notice that each Pn is arefinement -
of B, = Ug f < Upn f=T.f =limUy f. Finally, | C P,
n n n
C . . . are all refinement. Thus, GP} > Gl'yz > .- > f,
and so note that for any partition, Up f = > M;(t, —t._|) =
JupyyGpdm. So,let G(z) = inf Gy (z) = imGp (). Then,
’ n n n n

G(zx) is measurable (since the limit of measurable functions is
measurable), G(z) > f(z), and f[a,b]G pdm = limf ,Gpdm
=T .J [ike the Monotone Convergence Theorem, because the
sequence is decreasing and the ﬁrst one is finite.]

Do the same for Ibf pick P1 C P2 c .- suchthat_.[zf =
liTanL 5 f= liTan f[a’ gﬁndm f[a,b gdm (note that the last
equality holds by the Monotone Convergence Theorem) where
o(z) = supg, (¢) = limg, (2), and g, (=) < g, (z) <

< f(z). Thus, g(z) is also measurable. Since f is Riemann
integrable, f[ ngdm = I f = be = f Gpdm =
Jiop)(G — g)dm =0, but G — g>0=>G g=0ae =

G = fa.e. (org= fa.e)= fisLebesgue measurable. Also,
g<f<G= f:f(:c)da: =I'f= f[a’b]gdm < f[a’b]fdm <

f[a,b]de = Tzf = f:f(w)da: = f[a,b]fdm = f:f(a:)dw
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Proof of (b): Suppose that f is Riemann integrable. Then, —I-Z f= L’; f
= f[a’b]Udm = f[a,b]Ldm by the Theorem (23(b)) above
= f[a,b](U —LYdm=0=U=_Lae = {z: fisnot

continuous at z} has measure 0.
Conversely, suppose that {« : f is not continuous at z } has
measure 0. Then, {z : U(z) # L(z)} has measure 0 =

U(z) = L(z) a.e. = Iof = [, jUdm = [, Ldm =I'f
by the Theorem (23(b)) above = f is Riemann integrable.

Note that upper and lower envelopes of Lebesgue integrals are Riemann
integrals.

Example: Let f(z) = {1 / \/— gz i 8 Compute [, fdm.
0 ifz,1/n

Let f,(z) =4 1/y/z if1l/n <& <n Then, f, / f.
0 ifz>n

By the Monotone Convergence Theorem, [ fdm = lim [, f,dm.
n

Now, [pfudm = [/ nfudm = Rflf;nl/\/:fdas = 2\/5]7{/” =
24/n —2/4/n — +oo0 asn — +oo. Thus, f; fdm = +oo.
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2.4 Modeof Convergence

Meaning of f, — f
e f — f pointwise < limf (z) = f(x) forall =

e f — f pointwise a.e. & limf, (z) = f(x) except for x in a set of
n
measure 0.

o f — f uniformly on E & For all € > 0, there exists IV such that
|f. () — f(z)| <eforalln > N andforallz € E.

o f,— finL' <« [4|f, — fldu— 0

Key Examples:

@ Letf, =1/nx,,. Then:
f, — Ouniformly, but [ f du=1-4 [0dp = [|f, —Oldp 4 0=
f. -+ 0in L1,

() Letf, =X, Then:
f, — O pointwise, but [ f dp =1+ [0dp = [|f —Oldu -+ 0=

f, -+ 0in L,
(iif) Let f, = nx,,,- Then:

f, — 0 pointwise a.e. on [0, 1], but [, f,du =1+ [, ,0dp =
f[0,1]|fn —0ldp 0= f, +0in L.

(iv) Letf = X o 5124 where n = 2F + jand 0 < j < 2F. Thatis,
fi= Xpa)? f= Xoa/2)? fo= Xitja, fi= Xo,1/4 fi= Xi/an/2)

fo= Xiy23/4° fr = Xia/a)? fo = Xoysr = "
1 infinitely often

Forany 2, f,(2) = { 0 infinitely often ,
117131fn($) =1 and ll,gnfn (x) = X[D,l} ) 4 Mﬂ?ﬂ/m/‘%}ﬁﬂ’ %ﬂﬁm
limf, (z) = 0 and limf, = 0 ~ S

Jogfudp — 0= f, —0in L.

Definition: Let (X, M, u) be a measure space, and f,, f : X — Rbe

‘measurable. Then, we say that { f,} converges to f in measure (that is,
f. — f in measure) provided that for all e > 0, u({z : |f,(z) — f(z)| > €})

— 0asn — oco.
We say that { f.} is Cauchy in measure if for all ¢, > 0 and ¢, > 0, there
exists N such thatif n,m > N, then p({z : |f,(z) — £.(2)| 2 €,}) <e¢,.



Functionsof a Real Variable

(o Examples:
@ Letf, =1/nx,,. Then:
f, — finmeasure since {z : |f, — 0| > e} =0forl/n <e.
(iii) Let f, = nx,,  Then:
f, — 0 in measure since {z : |f,(z) — 0] > €} C [0,1/n].
(iv)  Letf, = X, oo wherg n=2F+jand 0 < j < 2F. Thatis,
fi= Xpa)? [ = Xioa/2)? fi= Xiij2 fi= Xio/41? fi= Xi/a1/2
fi= Xy2,3/4 fo= Xp/a) fo= Xpagr © " Then:

T f, — 0 in measure.
Proposition 2.29: If [, |f, — f|du — 0, thatis f, — f in L, then f, — f
in measure.
Proof:  Givene > 0,let B, = {z : |f, — f| > €}. Then, 0 «
Jx|f, — fldu > fEn,Elfn — fldp > eu(E, ) = lirrbn,u(En,e) =0

forall e > 0. _

Note that the converse of Proposition 2.29 is false: Let f, = 1/nx,,,

~ Then, f, — 0 in measure, but [,|f, —0|dm =1 -4 0.

CEND HEREY
Theorem 2.30: Let (X, M, 1) be a measure space, and f, : X — Rbe
measurable. Then, if f{ — f in measure and f, — g in measure, then f = g
a.e. If {f } is Cauchy in measure, then there exists f : X — R which is
measurable such that f — f in measure. Moreover, if f, — f in measure,
then there exists a subsequence { fnj} such that fnj — f pointwise a.e.

s/ﬁ g

[Note that f, — f in measure < {f,} is Cauchy in measure.]
Proof:  Let (X, M, u) be a measure space, and f, : X — R be

measurable. Suppose that f — f in measure and f, — gin
measure. Then, givene > 0, {z : |f(z) — g(z)| > €} C
{z:1f(2) - f,(@)| 2 ¢/2} U{z : [g(z) — [, (z)| = €/2}
because € < |f(z) — g(@)[< | f(2) — £,(z)] +|f,(z) — g(=)|.
So, u({z : | f(2) —g(z)| = €}) < p({z : |f(z) - [, ()| =
€/2}) + p({z: |g(z) — f.(z)| > 6/2}) for all n, and also
by the hypotheses u({z : |f(z) — f.(z)| > €/2}) — 0 and
u{ : 1g(z) — £,(@)] 2 ¢/2}) O asn — oo.
Thus, u({z : |f(z) — g(z)| > €}) =0 for all € > 0.

Now, {z : f(z) # 9(x)} =n§1{x f (@) — 9(z)] > 1/n} =
u({z : £(@) # g(z)}) = 0. Thus, f = g a.e.



