Part 5. Numerical Analysis

Newton’s Method for Solving Systems of Equations

5.1 Note: A system of n equations in n variables given by

fi(zi,wa, - 20) =0, fa(@r, 22, +,20) =0, -, fo(w1,22, -+, 20) =0
where each function fi : U C R™ — R, can be written as a single equation F(x) = 0
where F' : U C R — R". A point £ = a € R” is a solution when F'(a) = 0. We can
approximate a solution x = a to the equation F'(x) = 0 numerically using the following
method, which is called Newton’s method, or the Newton-Raphson method. We
start with an initial estimate ag = a. Having found an estimate aj, we let axs1 be the
solution to the equation L(x) = 0 where L(x) is the linearization of F(z) at the point ay.
We have L(z) = F(ayx) + DF(ag)(x — ag), so L(x) = 0 when DF(ay)(z — ax) = —F(ay),
that is when z = ap, — DF (ay) ' F(ay). Thus asy1 is obtained from a; using the formula

Ap+1 = Ak — DF(ak)_lF(ak).

22—y +x+1
2zy + vy

F(a) = 0. Starting with ay = (zg) = ((1)), find the first and second estimates a; = (‘;)

5.2 Exercise: Let F(z,y) = ( ) Find all a = (Z) € R? such that

and as = (‘F’E2 obtained using Newton’s method.
Y2

Numerical Methods for Evaluating Definite Integrals

5.3 Definition: There are a number of methods that can be used to approximate the
value of a definite integral f; f(x)dx, where f : [a,b] — R is continuous (or piecewise
continuous), and finding such an approximation is known as numerical integration or
numerical quadrature. A Newton-Cotes quadrature rule is obtained by selecting
points zp with a < x9g < x1 <--- <z, < b and making the approximation

[ty de = 1) = ['pla) do

where p(z) is the polynomial of degree at most n with p(zx) = f(xy) for all 0 < k < n.
This polynomial is given by

n
p(x) = > f(@k)gr(z) , where gi(z) =
k=0
so the approximation rule is given by

fabf(x) dr = I,( f Z f(xp)gr(z) de = kZi:Owk f(xg) , where wy = fabgk(x) dz.

The closed Newton-Cotes quadrature rule is obtained by choosing the points xj to be
evenly spaced with a = g < 1 < -+ < z, = b (dividing the interval into n subintervals)
so the points are given by zx = a+ k b_T“. The open Newton-cotes quadrature rule is
obtained by choosing the points a < zg < 1 < --- < z,, < b to be evenly spaced (dividing
the interval into n + 2 subintervals), so the pomts xy, are given by zp = a + (k+ 1) - +2

Composite Newton-Cotes quadrature involves first dividing the interval [a,b] into
subintervals and then applying a Newton-Cotes quadrature rule in each subinterval.

Hi#k(x — i)
Hi#k(xkixi)i




5.4 Exercise: Show that when n = 0, the open Newton-Cotes quadrature rule is the
midpoint rule, and when n = 1, the closed Newton-Cotes quadrature rule is the trapezoidal
rule, and when n = 2, the closed Newton-Cotes quadrature rule is Simpson’s rule.

5.5 Exercise: Show that when n = 1, the open Newton-Cotes rule is given by

I'(f) = 5%(f(z0) + f(z1)) , where zj =a+ (k+1)%52.

5.6 Exercise: Show that when n = 3, the closed Newton-Cotes rule is given by
I5(f) = %% (f(2o) + 3f(z1) + 3f(x2) + f(z3)) , where zp =a+ k252

5.7 Definition: Given n € Z*, the n'" Gaussian quadrature is given by

n

b g
I f@)de = L (F) = 3 wif(ax)

k=1
where the n points zj with a < 7 < 29 < --- < x,, < b and the weights w1y, wo, -+, w,
are chosen such that

[*p(@)dz = 32 wiplar)

k=1

for all polynomials p(x) of degree less than 2n, or equivalently when p(zx) is equal to each

of the polynomials 1, z, 22, -, z2" L.

5.8 Exercise: Show that when n = 1, the Gaussian quadrature rule is the midpoint rule.
5.9 Exercise: Show that when n = 2, the Gaussian quadrature on the interval [—1, 1] is
given by
1
~ 79
| @ dr = () = (- L)+ (%)

and that, on the general interval [a, b], it is given by

[ p(a)do = 2808) = 250 (F(252 — 2o8) + F(252 + 1)),

5.10 Exercise: Approximate the value of In2 by approximating the value of f12 % dx
using the trapezoidal rule, the midpoint rule, Simpson’s rule, the open Newton-Cotes
quadrature rule for n = 1, the closed Newton-cotes quadrature rule for n = 3, and the
Gaussian quadrature rule for n = 2.

Numerical Methods for Solving First Order IVPs

5.11 Note: Recall that we can approximate the solution y = y(z) to the IVP given by
y = f(x,y) with y(z¢) = yo using Euler’s method: choose a small step size h = A,
start at (zo, yo) then, having found (z,, y,), let 41 = x, +h and Y11 = Yn+ f(Tn, yn) h.
Euler’s method is related to the fact that the solution y = y(z) with y(x,) = y, can be
approximated by the linearization of y(z) at x,,, which is given by

L(z) = y(xn) +y'(2n) (@ — 0) = yn + f(Tn, yn) (x — 25).

It follows that when A is small and x,,+1 = z,+h we have

y(xn—l—l) = y($n+h> = L(xn+h) =Yn+ f(xnv yn)h = Yn+1-



5.12 Definition: Let us use a similar argument to obtain a more accurate method, called
the second-order Taylor method. When y = y(z) is a solution to the DE ¢/ = f(z,y),
we have y'(z) = f(x,y(x)) for all z so that, by the chain rule,

y'(2) = (2 y(2) + 5Lz, y(@)y' (2) = G, y(@)) + G (2, y() f (2, y(x)).

When y = y(z) is the solution with y(x,) = y,, we have y/'(z,) = f(zn, yn) and

0 0
y (xn) a;z (T, Yn) + ajyc (T Yn) f (Tns Yn),

so the second Taylor polynomial of y(x) at x = x,, is given by
To(2) = yln) + 3 (@)@ — ) + 29" (20) (& — 20)’
= Yn + f(@n,Yn) (@ — 20n) + 3 <g£ (T, Yn) + %(mn, yn)f(mn,yn)>(x — z,)?

To(zn+h) =yn + f(a:n,yn)h—i— (833 (Tn, Yn) + g’yf (a:n,yn)f(xn,yn))h2.

Thus we approximate the solution y=y(z) to the IVP given by ' = f(z,y) with y(zo)=yo
as follows: choose a small step size h = Ax, start at the point (xg,yp) then, having found
(xnuyn)u let Tp4+1 = «rn_f’h and

Ynt1 = Yn + f(@n,yn)h + 5 (am (Tn, Yn) + g_]yc(xnayn)f(xmyn))hQ'

5.13 Definition: A second-order Runga-Kutta method for solving ¥’ = f(z,y) with
y(zo) = Yo, is a method in which we choose a small step size h = Az, we start at (zo,yo)
then, having found (z,,y,) we let z,11 = z,+h and we let y,,1 be obtained using a

formula of the form
Ynt1 = Yn +rmih + smah
where

my = f(wrnyn)
mg = f((xn7yn) + t(h7mlh))
for some r,s,t e R withr+s=1and 0 <t <1.

5.14 Example When r = 1 and s = 0 we obtain Euler’s method. When r =0 and s =1
and t = 5, the resultmg method is called the modified Euler, or midpoint method.
When r = s = 3 and t = 1, the resulting method is called the Heun method. When

r= i and s = Z and t= 2 the resulting method is called the optimal RK2 method.

5.15 Definition: The classical fourth-order Runga-Kutta method, also called the
RK4 method, for solving v = f(x,y) with y(xg) = yo is performed as follows: We
choose a small step size h = Ax, we start at (zg,yp) then, having found (z,,y,), we let
Tnt+1 = Tn + h and

Ynt1 = Yn + (M1 + 2ma + 2ms3 +my) h
where
= f(= nvyn)
= f(( Ty Yn) h mlh))
= [ ((Zn,yn) + 2 (h,m2h))
= f((acn,yn h mgh))

5.16 Exercise: Consider the IVP given by ¢ = 1 + £ with y(1) = 1. Find the exact
solution y = y(x) and the exact value of y(2). Approximate the value of y(2) using Euler’s
method with A = i, then again using the second-order Taylor method with A = %, then
again using RK4 with A = 1.



