SYDE Advanced Math 2, Solutions to Assignment 4

: Find the 5*® Taylor polynomial, centred at 0, for the solution to the IVP 3" + 2y +e®y = sin x with y(0) = 2
and y'(0) = 1.

Solution: We try y = co+c1z+caw?+c3zd+caxt +es25+- - Theny' = ¢y +2coz+3czz? +degx3+5e5xt +- - -,
Y = 2cy + 6czz + 12¢42° + 20c52° + - - -, and

ety = (1+x+%m2+%9:3+~~~)(ao+clx+02x2+63x3+~-~)
= (a0 + (c1 4+ co)z + (c2 + ¢1 + 5¢0)2® + (cs + ca + 5¢1 + Feo)a® + -+ )
Put these in the DE to get
(202 + 6cgx + 1204x2 + 2005x3 + .- ) + 2(01 + 2cox + 303;U2 + 4C4£B3 + - )
+ (co+ (c1 + o)z + (c2 + 1 + §co)a? + (c3 + co + 31+ Fco)a® + -+ )
— (o= L2t +-).

Equate coefficients to get 2ca+2c¢1+c¢o = 0 (1), 6¢3+4ca+c1+co =1 (2), 12¢4+6¢3+co —|—cl—|—%c0 =0 (3) and
20c5+8cs+cz+ca+3e1+gco = —% (4). To get y(0) = 2 we need ¢ = 2 and to get 3'(0) = 1 we need ¢; = 1.

Put these in the recursion formulas (1)-(4) to get cp==24=0 ==2=2—_9 ¢y=l-da-c-c _ 812 7
_ —6cz—ca—ci—%co  —642-1-1 _ 1 _ —2-8cy—cz—cy—Fci—gco _ —i4+4-142-1-1 .
C4h— 5 ~= D) =—3 and2 cs = & = 30 = ¢. Thus the

5" Taylor polynomial is T5(z) = 2 + & — 22% + 2° — Ja* + 22°.

: Use the Power Series Method to solve the ODE ¢y’ + (z — 1)y’ + y = 0. Find two linearly independent
power series solutions, centred at 0, one satisfying the initial conditions y(0) = 1, ¢’(0) = 0, and the other
satisfying y(0) = 0, y'(0) = 1. For each solution, state the recurrence relation for the coefficients, and find
the 5" Taylor polynomial centred at 0.

o0
Solution: We try y = >_ c,2™. Then 3 = > nc,z™ ! and y” = . n(n — 1)e, 2”2, Put these in the DE
n>0 n>1 n>2
to get
0=y"+(z—1y +y

=S nn—1Dc,z" 2+ 3 nepa™ — 3 nepz 4+ S epan

n>2 n>1 n>1 n>0
= > (m+2)(m+ Depmiez™ 4+ > mepz™ — Y. (m+ Depprz™ 4+ > epa™
m>0 m>1 m>0 m>0
=22 —c1+co)z’ + X ((m+2)(m+1)cmyz — (m+ Depgr + (m+ 1)y )z™.
m>1

(mitDempr—(mtl)em _ emsi—cm for > 1. If co =1

All coefficients vanish, so c; = 5% and ¢, 40

(m+2)(m+1) m+2
d ¢; = 0 then th ion formulas gi — 01 _ 1. 730 _ 1. Zetd _ 1 .9
and ¢ = en the recursion formulas give co 5 = —5, 03 = —3% 6 Ca = —°2 = {5 an
1.1 o
c5 = 12;6 = 21—0, so the 5" Taylor polynomial is
_1_1,2 1.3, 1 4, 1.5
Ts(yr) =1 — 52° — ga° + 32" + 5527
. . _ 1 9 _1_1
If ¢o = 0 and ¢; = 1 then the recursion formulas give ¢y = 12—0 =3, 03=2— = —%, cg=—2=—%and
141 . . .
cs = 65+6 =0 and so the 5*" Taylor polynomial for the solution g, is

— 1,2 1,3 1.4
Ts5(ye) = = + 52° — go° — ga*.



3: Use Frobenius’ Method to solve the ODE 4xy” + 2y’ = y. Find two linearly independent series solutions,
centred at 0. For each solution, solve the recurrence relation to obtain an explicit formula for the n'P
coefficient, then find a closed form formula for the solution.

Solution: We try y = 3 cp,a™™ soy' = 3 (n+r)c,z™ ™ tand y’ = Y (n+r)(n+r—1)c,z" 2. Put
n>0 n>0 n>0
these in the DE to get

0=dxy” +2y —y

o0
=S An+r)(n+r—1Dcp 2™+ 3 2(n 4 1)ea™ T = 3 epan
n>0 n>0 n>0

= a;’”( o dlm4r+ 1) (m+r)emac™+ Y, 2m+r+ Depprz™ — Y cmxm)

m>—1 m>—1 m>0

xr< o 2m4r+1)2m+2r+ Deppac™ — Y, cmxm)
m>—1

m>0

z" (2r(2r —Deoz™ 4+ X (2(m+r+1)(2m+2r + 1)cmy1 — cm)xm) .
m>0

All coefficients must vanish, so we have r(2r—1) = 0 and ¢;,+1 = T for m > 0. When r = 0,

Cm
m~+r+1)(2m+2r+1)

¥ . _ Cm _ Cm I _ _ 1

the recursion formula becomes ¢, 11 = SeF1) mE) = @mi)emEa) 50 if cg = 1 then we get ¢; = 15,
cy = T13~4’ c3 = m, and in general ¢, = ﬁ In this case the solution is

oo xn

y1 = 2° Z 5l = cosh/x.

n=0 ( TL)

When r = % the recursion formula becomes ¢, +1 = 2 365'22m+2) = (2m+2c)’€2m+3), so if ¢y = 1 then we get
5

c = 2%3, cy = 2,3?4.5 and in general ¢, = m In this case the solution is
o n .
— pl/2 T ) . M — sinh
v2 =t (Z (2n+1)!> Ve =z —simhve
n=0

The general solution is y = a cosh \/z + bsinh \/z, for z > 0.



4: Use Frobenius’ Method to solve the ODE 3z2y” + z(z — 1)y’ + y = 0. Find two linearly independent series

solutions, centred at 0. For each solution, solve the recurrence relation to obtain an explicit formula for the
n'? coefficient. Find a closed form formula for one of the two solutions.

Solution: We try y = 3 cp,a™™ soy' = 3 (n+r)c,z™ ™ tand y’ = Y (n+r)(n+r—1)c,z"" 2. Put
n>0 n>0 n>0
these in the DE to get

0=3z%"4+z(x—-1)y +vy

=Y 3m+r)(n+r—1c, ™ + 3 (n+r)e, ™ — ST (n+ )™+ Y et
n>0 n>0 n>0 n>0

= :L'T( 3mAr)(m4r—1cnx™+ >, (m+r—1Demorz™ — Y (m+r)epz™ + Y. ammm)
m>0 m>1 m>0 m>0

= mr< > Bm+r)(m4r—1)—(m+r)+1)cpa™ + ioj (m+r— l)cm_lxm)

m>0 m>1

= xr((Sr(r 1) —r+1)cz’+ > (Bm+r)(m+r—1)—(m—+7r)+ 1)y + (m+r— 1)cm,1)xm),

m>1

All coefficients must vanish, so we have 3r(r — 1) —r + 1 = 0, that is 37> — 4r + 1 = 0 or equivalently

_ _ _ 1 _ —(m4+r—1)cy, — _ —Cm—
(Br—=1)(r—1)=0sor=1orr =3, and we have ¢,, = 3(m,+r)(m+r—l)—(m1+r)+l = 3(m+r)1_1.
When r = 1 the recursion formula becomes c¢,, = ;;":21. If we take ¢ = 1 then we have ¢ = —%, Cco = %,
c3 = —ﬁ, and in genera] Cp = Wl)(;n-&ﬂ) In this case we obtain the solution

oo
1 (=1)"an 1,2 1.3 1.4
=z [1+ =2 — x4 g2 — gt

b ( ; 5.8 11----- (3n+2) 5 58 5811
When r = % the recursion formula becomes ¢, = ——Cg;ll . If we set ¢g = 1 then we obtain ¢y = —%, Ccy = ﬁ,
c3 = —ﬁ, and in general ¢, = 3_6_(5)__}.);3@ = (3_,}73?. In this case we obtain the solution

RRVE: (Z (31)'n> _ 1/3,-a/3
n!

n=0



