PMATH 367 Topology, Solutions to Assignment 5

: By counting vertices and determining orientation, determine the topological type (the homeomorphism class)
of the polygons with edges identificatied in pairs according to the following words..

(a) abca tdebd tce !

Solution: Since the b-edges are in the same direction, the surface is not orientable, so it is homeomorphic to
(P2)#" for some h. Verify that the vertices in the polygon will be identified as indicated in the figure below
(with the edges labelled counter-clockwise), so the Euler Characteristic of the surface is X =V — E+ F =
2 — 5+ 1= —2. Thus the surface is homeomorphic to (P?)#4.

(b) abca=td teteb td fe tfL.

Solution: Draw a dodecagon and label its edges according to the given word. Verify that there are 3 distinct
(equivalence classes of) vertices, so the Euler characteristicis X =V — E+ F =3 —6+ 1= —2. Thus the
surface is homeomorphic either to (T?)#?2 or to (P?)#*. Since all the edge pairs occur in opposite directions,
it is homeomorphic to (T?)#2 = T2#T?2. .
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(c) ajas - apnaytag™t--a, !

Solution: Since all pairs of edges occur in opposite directions, this surface is orientable, so it is homeomorphic
to (T2)#9 for some g. Check that the start of the a; edge is joined to the end of the as edge, which is joined
to the start of the a3 edge, which is joined to the end of the a4 edge, which is joined to the start of the as
edge, and so on.

When n is odd, the start of edges a1, as,as, - - - a, are all joined, then the start of a,, is joined back to
the start of a1, and the vertices are identified as shown below. The Euler characteristicis X =V — E+ F =
2 —n+1=3—mn, and so the surface is homeomorphic to (T2?)#9 where g = ”7_1 so that X =3 —n =2—2g.
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When n is even, the start of the edges a1, as,as, -, a,_1 are all joined, then the start of a,,_1 is joined
to the end of a,, which is joined to the end of a;. Continuing, we find that all of the vertices are identified.
The Euler characteristicis X =V —E+F =1—-n+1=2—n, and so the surface is homeomorphic to T?,
where g = 5 so that X =2 —n =2 —2g.



2: (a) Determine the topological type of the space obtained from the disjoint union of four squares with edges
identified in pairs according to the words abcd, efgh, aceg and bdfh.

Solution: We check to see whether the surface is connected by joining the squares: attach the third square to
the first along the a edge, then attach the second square along the e edge, then attach the fourth square along
the b edge, as shown below, to obtain the decagon with edges identified according to cd g~ fghc h=1f~ld—1L.
Verify that there are 2 distinct (equivalence classes of) vertices, so the Euler characteristicis X = V—FE+F =
2—5+1 = —2. Note that all edge pairs occur in opposite directions, so the space is homeomorphic to T?#T?2.
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(b) Two disjoint closed squares are chosen on a sphere, their interiors are removed, and then the edges of one
are identified with the edges of the other according to abcd (listed clockwise, from the outside) on the first
and adbc (again listed clockwise) on the second. Determine the topological type of the resulting surface.

Solution: We can place the two squares in S? and then open to form a polygon as shown below (you might
want to add direction arrows along the edges: for the image on the left, the edges around the quadrilaterals
point clockwise and the edges labelled x point upwards, and for the image on the right, the edges are
labelled counterclockwise). Since the a edges are in the same direction, the surface is not orientable. The
Euler characteristic is X =V — E+ F =2 —5+1 = —2, and so the surface is homeomorphic to (P2)#4.
We remark that if the edges of one of the squares were listed clockwise and the edges of the other were
listed counterclockwise, the resulting surface would be orientable. On the other hand, if both were listed
counterclockwise, we would obtain the same surface. Indeed, in the picture on the left, if the two z-edges
are pushed downwards to be joined below the squares (forming a sphere with the squares on the upper
hemisphere), then the edges of the squares are labeled clockwise from the outside, but if the two x-edges are
pulled upwards to be joined above the squares (forming a sphere with the squares on the lower hemisphere),
then the edges of the squares are labeled clockwise from the inside, and counterclockwise from the outside.

abcdradbex™?!



(¢) Carry out the cut-and-paste algorithm to determine the topological type of the octagon with its edges
identified in pairs according to the word abca~tdb 'dc.

Solution: The steps of the algorithm are shown below. The surface is homeomorphic to P2#P2#4P2,




3: (a) Prove that (R3\{0})/R* = §?/{+1} = D?/~ where D? is the closed unit disc D? = {z€C]|||z|| < 1}
and for z,w € D? we have z ~ w if and only if z = w or (||z]|=1 and w=—2z).

Solution: We provide a detailed proof that (R*\ {0}) /R* = §? /{+1}. The map f; : (R*\ {0}) — S? given
by fi(x) = HIH is continuous (it is elementary). Composing this with the quotient map from S? to S? /{+1}

gives the continuous map f5 : (R3\{0}) — S?/{+£1} given by fo(z) = [HZH] {+ = Tal }. Since fa(tz) = fo()
for all ¢ € R*, the map f> induces the well-defined and continuous map f : (R?*\ {0})/R* — S? /{£1} given
by f([z]) = [HIH] The inclusion map g; : S* — R3\ {0} given by g (u) = u is continuous. Composing with

the quotient map from R?\ {0} to (R3\ {0})/R* gives the continuous map g : S* — (R*\ {0}) /R* given by
g2(u) = [u] = {tu|0#£teR} = SpanR{u} \ {0}. Since ga(—u) = g2(u), the map go induces the well-defined
and continuous map g : S?{ +1} — (R®\ {0})/R* given by g([u]) = [u], that is g({+u}) = Spang{u} \ {0}.
Note that the maps f and g are inverses of one another because for all z € R®\ {0} we have g(f([z])) =
g([ﬁ}) = [ﬁ] = SpanR{ﬁ} \ {0} = Spang{x} \ {0} = [#], and for all u € S? we have ||ul| = 1 so that

Flo([u)) = f([ul) =[] = .

We give a slightly less detailed proof that S?/{+1} = D?/ ~. The map f; : S* — D?/ ~ given by
fi(u,v,w) = [(u,v)] when w > 0 and by fi(u,v,w) = [(—u,—v)] when w < 0 is continuous by the glueing
lemma, and it satisfies f;(u,v,w) = fi(—u,—v,—w), so it induces the well-defined and continuous map
i SQ/{:I:I} — D2/~ given by

[(u,v)] fw>0
F([(w, v, w)]) = { ()] if w < 0 } :

The map g; : D? — S?\ {£1} given by gi(z,y) = [(x,y, 1— (22 + yQ))} is continuous, and it respects
the equivalence relation on D? because when 22 + y? = 1 we have g;(z,y) = g1(—x, —¥), so it induces the
well-defined and continuous map g : D?/ ~— S? /{£1} given by g([(z,9)]) = [(z,y, /1 — (2® +y?))]. Tt is
easy to check that f and g are inverses of one another: for example, when (u,v,w) € S? with w < 0 we have

g(f([(u,v,w)])) = g([(—u, —v)]) = [( —u,—v,4/1 — (u?+ 112))] = [(—u, -, —w)] = [(u,v,w)].

(b) Prove that D?/~ = I?/~ = T? where D? is the closed unit disc D? = {2€C]|||z|| <1} and for 2, w € D?
with z = 2 4+ 4y and w = u + v, we have z ~ w if and only if z = w or (||z|| =1, zy > 0 and w = —i %)
or (z]l =1, 2y <0 and w=i%) or (2€ {1, +i} and we {£1,+i}), and I? is the closed solid unit square
I = {(2z,y) eER?|0< 2 <1,0<y <1} and for (z,9), (u,v) € I? we have (z,y) ~ (u,v) if and only if
z—u€e{0,+1} and y —ve{0, £1}, and where T2 = {(z,y,2) €R?| 16 (z* +y?) = (2* +y*> + 22 + 3)?} C R®.

Solution: For z = x +iy € C = R?, we write ||z = ||z]]2 = /22 +y? and ||z|1 = |z| + |y|. Note that
lzll2 = ||z + dyll2 < ||z]]2 + |liyl]2 = |=| + |y| = ||z]|1 and that by the Cauchy-Schwartz Inequality in R? we
have |21l = Jal + lol = ((1,1), Jal, [y} < 1L, DGl LDl = V2 12l

Let Q% = {z € (C| Izl < 1} and let ~ be the equivalence relation on Q? given, for z,w € Q? with
z=x+1y, by z ~wif and only if z=w or (||z]1 =1, zy >0 and w=—iZ) or (||z]1 =1, 2y <1 and

w=1iw). Define f: D? — Q2 by f(0) = 0 and f(z) = Hsz z for z # 0. Note that f is well-defined

because when ||z|l2 < 1 we have ||f(2)|l1 = ||zl < 1, and f is continuous at 0 because when z # 0 we
have ||f(2)]]2 = Hi”f llzll2 < ||z]l2 = 0 as 2 — 0. Define g : Q% — D? by g(w) = Hw“; w. Note that g is

w
well-defined since when ||w|; <1 we have ||g(w)|2 = ||lw]1 <1 and g is continuous !%tHO because for w # 0
we have ||g(w)|l2 = ||w|; < V2| w|lz — 0 as w — 0. Tt is clear that f and g are inverses of one another (so
that D? = Q?), and they respect the two equivalence relations so that they induce well-defined continuous
maps f: D?/~ — Q*/~ and §: Q?/~— D?/~ given by f([z]) = [f(z)] and g([w]) = [g(w)] which are
inverses of one another. This proves that D?/~ = Q2/~.

It is easy to see that Q2 / ~ = J? / ~ by rotating and scaling. To be explicit, we can use the affine
maps f: I? = Q2 and g : Q* — I? given by (u,v) = f(z,y) = (r —y,z+y—1) and (z,y) = g(u,v) =
f(v+u+1,v—u+1), or equivalently by w = f(z) = (1+1i)z —i and z = h(w) = ’fi; These maps are
continuous, and they are inverses of one another, and they respect the equivalence relations so that they
induce well-defined continuous maps on the quotient spaces.




Finally, let us show that 2/~ = T2 Define f; : I — T2 by
fi(s,t) = ((2 + sin2wt) cos 2ms , (2 + sin 2mt) sin 2ws , cos 27t).

Note that f respects the equivalence relation in that when (s,t) ~ (u,v) we have fi(s,t) = fi(u,v), and so
it induces the well-defined continuous map f : I/~ — T? given by f([(s,t)]) = fi(s, t).

We claim that f is injective. Let pi,ps € 12/ ~. Choose s1,t1,892,t3 € I such that py = [(s1,t1)]
and po = ([s2,t2)]. Let (z1,22,23) = f(p1) = fi(s1,t1) and (21,22,23) = f(p2) = fi(s2,t2). Suppose
f(p1) = f(p2) so that ©1 = x9, y1 = y2 and 23 = 2. Since 21 = 23 we have cos2nt; = cos2mty. Since
V3 4+ y? = /23 + y3 we have 2+sin 27t; = 2+sin 2ty so that sin 27t; = sin 27ts. Since cos 27t = cos 27ty
and sin 27t; = sin 27ty we have to—t1 € Z. Since tq,ts € [0, 1] with to—t; € Z, we have to—t; € {0, +1}. Since
X1 = g, we have (24sin 27ty ) cos 271 = (2+sin 27ty) cos 2mwss, and since 2+4-sin 27ty and 2+-sin 27ty are equal
and positive, it follows that cos2ws; = cos 2mwss. Similarly, since y; = yo it follows that sin 27ws; = sin 27ss.
Since cos2ms; = cos2mwsy and sin2ws; = sin2wsq, it follows that sy — s; € Z. Since s1,s2 € [0,1] with
S9 — 81 € Z, we have sy — s1 € {0,£1}. Since so — s € {0,£1} and t5 — t; € {0 £ 1}, it follows that
(s1,t1) = (82,t2) so that p; = [(s1,t1)] = [(s2,t2)] = p2. Thus f is injective, as claimed.

We claim that f is surjective. Let (z,y,2) € T?. Since 16(2? + y?) = (2% + y? + 22 — 3)%, we have
4y/22 + 32 = 2% + y? + 22 — 3 so that (/22 + 32 —2)2 + 22 = 1. Note that (/22 +y2—-2)2=1-22<1
so that —1 < y/22 + 92 — 2 < 1 and hence 1 < /22 4+ y2 < 3. Since /22 + y? > 1 so that (z,y) # (0,0),

we can choose 6 € [0, 27] so that (cos,sinf) = (\/%, \/%) Since (v/22 +y2? —2)? + 22 = 1, we can
24y 24y

choose ¢ € [0, 27] so that (sin@,cos¢) = (/x> +y?>—2, z). For s = % €[0,1] and t = % € [0,1], we have
f([s,1]) = f1(s,£)((2 +sin¢) cos B, (2 +sin¢)sinb, cos ¢) = (x,y, z). Thus f is surjective, as claimed.

Finally, note that since T? is compact and I / ~ is Hausdorff and f : I? / ~ — T? is continuous and
bijective, f is a homeomorphism (by Theorem 3.30).

Alternatively, we can find an explicit formula for g = f~! as follows: Let A be the four closed subsets
of T? given by

Av={(2,9,2)€T? |y>0, 2’ + y* >4}
Ay = {(2,9,2)€T* |y>0, 2”4 y* <4}
As = {(2,9,2)€T* |y<0, 2”4 y* >4}
Ay = {(z,y,2)€T? | y<0, 2+ y> <4}.

Let gi : A — I? be the continuous maps given by

q1(z,y,2) = (i cos™! \/:v;v-&-iy’"7 icos_1 z),
g2(z,y,2) = (% cos™ ! \/a;Tgﬁ" 1-— %Cos_1 z),
g93(z,y,2) = (1 - % cos™! \/z;”Tyz, %Cos_l 2)7
ga(z,y,2) = (1 — QL cos™! ==& 1—2tcos™ ! z)

[22+y2 27
By composing with the quotient map from I? to I?/ ~, we obtain the continuous maps gy : 4 — I/~
given by g,(z,y,2) = [gk(z,y,2)]. Note that g, and g, agree on the intersection Aj N Ay, so they can
be combined using the glueing lemma to obtain the well-defined continuous map ¢ : T2 — I2 / ~ given by
9(z,y,2) = Gp(z,y,2) = [gr(x,y,2)] for all (z,y,2) € Ag. A slightly long calculation shows that f and g
are inverses of one another. For example, when (z,y,2) € Az, we have y < 0 and 22 + y? > 4, and since

(7,y,2) € T?, we have 4/22 + y2 = 22 + y% + 22 + 3 so that 1 — 2% = (\/22 + 32 — 2)?, and hence

f(g(x,y,Z)) =f (gg(z,y,z)) = f1(1 - %COS’1 \/;Tyw icos*1 z)

= ((2 + sin(cos ™! 2)) cos (2 — cos ™t —=£—), (2 + sin(cos ! z)) sin (27 — cos ™! —=£—), cos(cos ! z))

/12 +y2 x2 +y2

= ((2+m) T'Zw , (2_’_@)\/%’ z) = (z,y, 2).




4: (a) Let X be a normal topological space and let S = {U;,Us,---,U;} be a finite open cover of X. Prove
that there exists a set {p1,p2, -, p¢} of continuous functions pj, : X — [0,1] with Zi:l pr(xz) =1 for all

x € X such that p; '((0,1]) C Uy for all indices k (such a set of functions is called a partition of unity,
subordinate to the cover).

Solution: First we claim that given any finite open cover {Ulin,Ug} of a normal topological space
X, there exists another open cover {Vi,Va, -, V;} of X with V) C Uy for all indices k. Let n € Z
with 1 < n < £ and suppose, inductively, that we have constructed open sets Vi, Va,---,V,_1 such

that {V3, Vo, -, Viu_1,Upn,Upy1,---,Ug} is an open cover of X with Vi C Uy for 1 < k < n. Let
S=( 2;11 Vi) U (Ui:nJr1 Ui) and let A = S°= X\ S. Note that A is closed (since S is open), and note
that, since {V1,- -+, V_1,Upn, Uny1,- -+, U} covers X, we have SUU,, = X so that ANUS = (SUU,)¢ = 0.
Since X is normal we can choose disjoint open sets V,, and W,, with A C V,, and U C W,,. Since X = SUA
and A C V,,, we also have X = S UV, so that {Vq,---,V,,Upy1,---,Us} is an open cover of X. Since
Vo N W, = 0 we have V,, C W<, which is closed, so that Vo, C We. Since US C W, we have WS C U, and
hence V,, C W¢ C U,. By induction, we obtain an open cover {Vy,---,Vp} of X with Vi C Uy for all k.
Let X be the given normal topological space and let S = {Uy, Us, - - -, Uy} be the given finite open cover.
By the claim, we can choose a second cover {Vi, Vs, - -+, V;} with V, C Uy, for all indices k, and then we can
choose a third open cover {Wy, Wy, ---, W;} of X with W}, C Uy, for all indices k. For each k € {1,2,---,(},
since Wy, C Vi so that W N V¢ =0, by Urysohn’s Lemma we can choose a continuous map f; : X — [0,1]
with fi(z) =1 for all z € Wy, and fi, = 0 for all z € V. Define g : X — R by g(z) = Zf;:l fr(z). Note
that, since the sets W}, cover X, we have g(z) # 0 for all x € X (indeed, given € X we can choose an

index k so that @ € Wy, and then we have fi(z) =1 hence g(z) = Ez.zl fij(x) > frx(x) = 1). For each index
k, define p; : X — R by p(z) = JZ“((;)), and note that py is well-defined and continuous since f; and g are
continuous with g(z) # 0 for all x € X. Finally, note that 22:1 p(z) = 1 for all z € X and that for all

indices k, since py,(x) = 0 for all x ¢ Vj,, we have p; *(0,1] C Vj, so that p, '(0,1] C V C Uy.

(b) Let X be a compact n-manifold. Prove that X is homeomorphic to a subspace of R™ for some m € Z™.

Solution: Since X is an n-manifold, we can choose an open cover S of X such that each U € S is homeomor-
phic to an open set in R™. Since X is compact, we can choose a finite cover, say {Uy,Us,---,Us}. For each
index k, choose a homeomorphism ¢y, : Uy C X — ¢ (Uy) C R"™ with each set ¢ (Uy) open in R™. Since
every n-manifold is metrizable, hence normal, using the result of Part (a) we can choose continuous maps
pr + X — R with Zi:l pr(z) = 1 for all 2 such that p=1(0,1] C U. Let f : X — R be the continuous
map given by f = (p1,---,pe, p1d1,- -, pecde)-

We claim that f is injective. Let a,b € X with f(a) = f(b). Since px(a) > Oforallkand Y, _; pr(a) = 1,
we can choose k so that pg(a) > 0. Since f(a) = f(b), we have pg(b) = px(a). Since pg(a) # 0 and pg(b) # 0
and pg(z) = 0 for all « ¢ Uy, we have a,b € Uy. Since f(a) = f(b) we have pi(a)¢pr(a) = pr(b)ér(d), and
hence ¢ (a) = ¢r(b) (since pr(a) = pr(b) > 0). Since ¢y, is injective, we have @ = b. Thus f is injective, as
claimed.

Since f is continuous and injective, the map f : X — f(X) C R*" is continuous and bijective. Since
X is compact and R*T™* is Hausdorff, this map f : X — f(X) is a homeomorphism (by Theorem 3.30).



