PMATH 367 Topology, Assignment 5 Due Dec 2, 11:00 pm

: By counting vertices and determining orientation, determine the topological type (the homeomorphism class)
of the polygons with edges identified in pairs according to the following words.

(a) abca tdebd tce !

(b) abca=td te teb td fe tf L

(c) aras - - anay tag™t--a, !

: (a) Determine the topological type of the space obtained from the disjoint union of four squares with edges
identified in pairs according to the words abcd, efgh, aceg and bd fh.

(b) Two disjoint closed squares are chosen on a sphere, their interiors are removed, and then the edges of one
are identified with the edges of the other according to abcd (listed clockwise, from the outside) on the first
and adbc (again listed clockwise) on the second. Determine the topological type of the resulting surface.
(¢) Carry out the cut-and-paste algorithm to determine the topological type of the octagon with its edges
identified in pairs according to the word abca~tdb 'dc.

: (a) Prove that (R3\{0})/R* = §%{+1} = D?/~ where D? is the closed unit disc D? = {2€C]||z|| < 1}
and for z,w € D? we have z ~ w if and only if z = w or (||z]|=1 and w=—2z).

(b) Prove that D?/~ 2 I*/~ 2 T? where D? is the closed unit disc D* = {z€C]| ||z <1} and for z,w € D?
with z = & + iy and w = u + v, we have z ~ w if and only if z = w or (||z|| =1, 2y > 0 and w = —iZ)
or (z]l =1, zy <0 and w =i%) or (2€ {1, +i} and we {1, 4i}), and I? is the closed solid unit square
I = {(z,y) eR?|0<2<1,0<y<1} and for (z,y),(u,v) € I* we have (z,y) ~ (u,v) if and only if
z—ue{0,£1} and y —ve {0, £1}, and where T? = {(z,y,2) €R* |16 (z? +¢?) = (z* +y? + 2% +3)?} CR>.

: (a) Let X be a normal topological space and let S = {U1,Us,---,Us} be a finite open cover of X. Prove
that there exists a set {p1,p2, -+, p¢} of continuous functions pj, : X — [0,1] with Zi:l pr(xz) =1 for all
x € X such that p; '((0,1]) C Uy for all indices k (such a set of functions is called a partition of unity,
subordinate to the cover). Hint: show that there is an open cover {V1,- -, Vp} with V', C Uy, use Urysohn’s
Lemma to obtain suitable functions f; : X — [0,1], and let pj, = fi,/ Zle fi

(b) Let X be a compact n-manifold. Prove that X is homeomorphic to a subspace of R™ for some m € Z™.

Hint: cover X by coordinate neighbourhoods Uy, - - -, Up with homeomorphisms ¢y, : Uy € X — ¢4 (U) C R”,
let pj, : X — [0,1] be as in Part (a), then define f : X — R by f = (p1,--+,pe, p1o1,- -, peche).



