PMATH 347 Groups and Rings, Solutions to the Midterm Test, Spring 2024

: (a) Show that Us; is not cyclic.
Solution: In Us; = {1,2,4,5,8,10,11, 13,16, 17, 19, 20} we have

k 01 2 3 4 5 6
28 1 2 4 8 16 11 1

Since |8 = |20] = 2 and a cyclic group has at most one element of order 2, Us; cannot be cyclic.

(b) Show that Usg is cyclic.
Solution: In Uss = {1,3,5,7,9,11,15,17,19,21, 23,25} we have

E 01 2 3 4 5 6
71 7 23 5 9 11 25

Since |Usg| = 12 we must have |7| = 1,2,3,4,6 or 12. From the above table, |7| # 1,2,3,4 or 6, so we must
have |7] = 12. Thus Uz = (7).

(c) Let a € G with |a| = 40. List all the elements x = a* € (a) such that || = 10.

Solution: Since ¢(10) = 4, there are 4 elements of order 10. Note that |a*| = 10 and Uy = {1, 3,7,9} so the

4 elements of order 10 are a*!, a*3, a*7 and a*?. Thus for z = a* € (a) we have
2% = 10 <= 25 € {a*,a'?,a%®,0%} — aS* € {a?,a'?, a%®,a%%} <— 6k € {4,12,28,36} ( mod 40)
< 3k €{2,6,14,18} ( mod 20) < k € {14,2,18,6} ( mod 20).

Thus the required elements are x = a2, a%, a', a'®, a??, a5, a3*, a3,



2: (a) Find every X € Dy5 such that X°F; = FyX.
Solution: When X = R, we have
X°F), = FyX <= Ry F1 = FyR), <= Fsp41 = Fy_p <= 5k+1=4—k ( mod 15)
<= 6k =3 (mod15) <= 2k=1(mod5) < k=3 (mod5)
and when X = F}, we have
X°F =FX < F.Fy =FF, < Ry 1=Ry_ ), < k—1=4—k (mod 15)
<= 2k =5 (mod 15) < k=10 ( mod 15).
Thus the solutions are X = Rg, Rg, R13, Fio.

(b) List all of the elements in each conjugacy class in D.

Solution: First we find the conjugacy classes of each rotation R,. Since RyR;R_, = RpR¢_r = Ry and
FyRyFy, = FiFpyr, = R_y we have Cl(R;) = {Ry, R—¢}. Next we find the conjugacy class of each reflection
Fg. Since RkFgR,k = RkFg+k = Fg+2k and FkFng = FkRg,k = ng,z we have Cl(Fg) = {Fg+2k|/€ S Z5}.
Thus the distinct conjugacy classes are

{I}, {R1,Ro} , {R2,Rs}, {Rs3,Rr}, {R4,Re}, {Rs}, {Fo, Fs, Fy, Fs,Fg} , {F1, F3, F5, Fy7, Fo}.

(¢) Find two non-cyclic subgroups of order 6 in Dy.
Solution: We have Dg = {I, Ry, Ro, R3,- -, Rs, Fy, F1,-- -, Fs}. Note that
D3 = {1, R3, R, I, F3, Fs}

is one subgroup of Dg. Another is
H = {IaR37R67F13F47F7};

indeed we have I € H and H is closed under composition since R3x R3¢ = R3x—¢), R3pFse+1 = F3(kq0)41,
F3py1R3e = Fp—py41 and F3ry1F3001 = Rg—g. These two subgroups are not cyclic since they each
contain 3 reflections F, which are of order 2 (and a cyclic group can have at most one element of order 2).



3: (a) Find the number of elements of each order in the group Z4 x Zig.

Solution: We make a table listing all possibilities for |a| and |b| with a € Z4 and b € Z;¢, then summarize
the results in a second table.

ol #ofa [ #of |(ab) # of (a,b)
1 1 1 1 1 1
2 1 2 1
5 4 5 4 ‘(av b)‘ # of (a7 b)
10 4 10 4 1 1
2 1 1 1 2 1 2 3
2 1 2 1 4 4
5 4 10 4 5 4
10 4 10 4 10 12
4 2 1 1 4 2 20 12
2 1 4 2
5 4 20 8
10 4 20 8

(b) Find the number of elements of order 6 in Ag.

Solution: We list the possible cycle types for a € Sy with |a| = 6, we determine the parity (—1)* for each,
and when (—1)® =1, so that a € Ag, we count the number of such «.

cycle typeof @ (—1)¢ # of such «
(abedef)(ghi) -1
(abedef)(gh) 1 (9)5-(5)=84-120-3
(abcdef) -1
(abc)(def)(gh) -1
(abe) (de)(fo)(hi) 1
(abe)(de)(fg) 1 (3)2-(5)-3=84-2-15-3
(abc)(de) -1

Thus the number of o € Ag with |a| = 6 is 84 - 360 + 84 - 90 = 84 - 450 = 42 - 900 = 37800.



4: (a) Show that for all p,q € Q, the subgroup of Q generated by {p, q} is cyclic.

Solution: Let p,q € Q. Write p = £ and ¢ = E where £,/ € Z and n,m € ZT. For r = % we have
p=kr € (r) and ¢ = fr € (r) so that ( ,q) < {r). Since (p, q) is a subgroup of a cyclic group, it is cyclic.
In fact, we can find a formula for a generator of (p,q). To do this, write p = % and ¢ = % where
k,,n € Z with n # 0 (we are using a common denominator for p and ¢). Let d = ged(k,£). We claim
that (p,q) = <%> Writing k = ds and ¢ = dt, we have p = % = % € <%> and ¢ = % = % € <%> and so

{p,q} C < > < Q and hence (p, q) < < > On the other hand, choosing s,t € Z so that ks+ {t = d we obtain
4 — hstlt — g5 4 bt € (a,b) and so (2) < (p, q).

n

(b) Let a,b € Z* with ged(a,b) = 1 and let S = {22
generated by ¢

S |keZneZt}. Show that S is the subring of Q

Solution: Let R be the subring of Q generated by #. Note that S is a ring because 0 = %‘—f’ € S, and
given z,y € S, say z = ’;—S and y = f—i where k,/ € Z and n,m € ZT, we have —x = (;Ifb)a e s,
T+y (bbkf# € Sand zy = (b’fffma € S. Since S is aring and ¢ € S, we have R C S.

Since ged(a, b) = 1 we can choose s,t € Z such that as+0bt = 1. We have ¢ € R. Let n > 1 and suppose
inductively, that % € R. Since /% € R we have * € Rand # € R, hence %+ = a(g;fift) =4.48 1 4L c R

By induction € R for all n € ZT, hence £ E R for all k € Z and n € Z*, so that S C R.

7bn

(c) Determine whether for all p,q € Q there exists a € Q such that the subring of Q generated by {p, ¢} is
also generated (as a subring) by {a}.

Solution: This is true. For X C Q, let (X) denote the additive subgroup of Q generated by X, and let [X]

denote the subring of Q generated by X, and note that (X) C [X]. Let p,q € Q. By Part (a), we can choose

a € Q such that (p,q) = (a). Since {p,q} C (a) C [a], and [a] is a subring of Q, we have [p, ¢] C [a]. Since
€ (p,q) C [p,q] and [p, q] is a subring of Q, we have [a] C [p, g|.



