PMATH 336 Intro to Group Theory, Solutions to Assignment 4

: (a) Let G = {(g*j) € GLQ(R)‘ abe R}. Show that G is a group and that G & C*.

Solution: First we show that G is a group. G is closed under matrix multiplication since if A, B € G, say

A= (l’f _2) and B = (2 _‘i), then AB = (ZZ;Z‘Z _Zf:£§)7 which is of the correct form to belong to G, and

since A and B are invertible, we know (from linear algebra) that AB is also invertible, hence AB € G. Also,
we clearly have I € G. Finally, if A = (} 7b) € G then A is invertible with A~ = 1 ( 9 Z), so A"t eG.

a a2+b2
Now we show that G = C*. Define ¢ : G — C* by ¢(Z _2) = a+ib. This map ¢ is well defined since
when A = (§ 7) € G we have det A = a®> + 5> £ 0 and so a+ib # 0 and so a +ib € C*. ¢ is onto since

given z =a+ib € C* we can let A= ( ~°) and then det A = a® +b? # 0 s0o A € G and we have ¢(4) = 2.
The map ¢ is clearly one-to-one. Finally, ¢ preserves the operations since
o((5 ") (7)) = 0(Garhe aeya) = (ac—bd) +i(ad + be)
=(a+ib)(ct+id) =o(y 2)o(579).

(b) Suppose that ¢ : Usg — Zg X Z4 is a group isomorphism. Find ¢(19).

Solution: In Usg note that 72 =19, 73 = 13 and 7% = 1 so that |7| = 4. Since ¢ is an isomorphism we must
have |¢(7)| =4 and so ¢(7) € {(0,1),(1,1),(0,3),(1,3)}. Thus ¢(19) = ¢(7%) = 2¢(7) = (0,2).

: Show that no two of the groups Z2, Usg, Dg and Ay are isomorphic.

Solution: The number of elements of each order in Z15 is given by
|al 1 2 3 4 6 12
#ofsucha 1 1 2 2 2 4

In Uss ={1,3,5,9,11,13,15,17,19, 23, 25,27} we have
kK 0 1 2 3 4 5
3k 3 9 27 25 19

1
51 5 25 13 9 17
11* 1 11 9 15 25 23

From the list of powers of 3 we see that |3| = [19] = 6, |9] = |25| = 3 and |27| = 2, from the list of powers of
5 we see that |5| = |17| = 6 and |13| = 2, and from the list of powers of 11 we see that |11| = |23| = 6 and
|15] = 2, and so we have

== O

x 1 3 5 9 11 13 15 17 19 23 25 27
zZ 1 6 6 3 6 2 2 6 6 6 3 2

Thus the number of elements of each order in Usg is given by

|| 1 2 3 6
#ofsuchz 1 3 2 6

The orders of the elements in Dg are

A I RiA Rb R3 Ry Ry Fy F, Fy, F3; F, Fj
Al 1 6 3 2 3 6 2 2 2 2 2 2
so the number of elements of each order in Dg is as follows
| Al 1 2 3 6
#ofsuchA 1 7 2 2
Finally, in A4y we have
form of & || # of such «

(abe) 3 8
(ab)(cd) 2 3
(a) 1 1

We see that no two of the four given groups have the same number of elements of each order, and so no two
of them are isomorphic.



3: (a) The elements of Dy permute the 4% roots of unity, namely e***/2 for k € Z, = {1,2,3,4}, and so each
element of D4 determines a permutation of Z4. In this way, we can think of Dy as a subgroup of S4. To
be precise, there is an isomorphism ¢ : Dy — H = ¢(D4) < S4 which is determined by ¢(R;) = (1234) and
¢(Fp) = (13). Find all the elements of H = ¢(Dy).

Solution: We have (b( ) = (1), ¢(R1) = (1234), ¢(R2) = ¢(R1*) = ¢(R1)? = (1234)? = (13)(24), ¢(R3) =
O(R1)* = (1234)° = (1432), ¢(Fo) = (13), ¢(F1) = ¢(RiFo) = ¢(Ri)p(Fo) = (1 3‘;)( 3) = (14)(23),

(1
B(Fs) = 0(Ra)6(Fo) = (13)(24)(13) = (24) and 6(Fs) = o(Rs)o(Fo) = (1432)(13) = (12)(34) (these vahues
can also be seen geometrically), so H = ¢(Dy4) = {(1), (1234), (13)(24), (1432), (13), (14)(23), (24), (12)(34)}.

(b) Let f: Uy — {1,2,3,4,5,6} be the bijection given by

T 1 2 4 5 7 8
f@) 1 23 45 6
and define ¢ : Uy — Sg by ¢(a) = foLgo f!, that is ¢(a)(k) = f(a f~'(k)). List all the elements in ¢(Up).

Solution: The following table shows ¢(a)(k) = f(a f~1(k)) for the different values of a and k, so the
permutation ¢(a) appears in row a (for example we have ¢(2)(5) = f(2- f~1(5)) = f(2:7) = f(14 mod 9) =

f(5) =4). .

2K 123456
1 1 2 3 4 5 6
2 2 3 6 1 4 5
4 3 6 5 2 1 4
5 4 1 2 5 6 3
7 5 4 1 6 3 2
8 6 5 4 3 2 1
Thus ¢(Ug) = {(1), (123654), (135)(264), (145632), (153)(246), (16)(25)(34)}. (one way to check the answer

is to notice that Uy is cyclic with generator 2 and so ¢

Q

) should be cyclic with generator ¢(2) = (123654)).

4: (a) Find Inn(D,) (that is, list all the distinct elements in Inn(Dy)).

Solution: Using the rules RleR,k = Rl, RkﬂR,k = Rkﬂ+k = R2k+l; FleFk = Fka+l = R,l and
FyF F), = Fy R, = Fa,_;, we make a table showing the values of C,(7) = axa™" for a,z € Dy.

a\$ I R1 R2 R3 F() F1 F2 F3

I I R Ry Ry Fy F, F, Fj
Ri I R Ry Ry F» F3 Fy Fy
Ry I R Ry Ry Fy Fi F» Fy
Rg I Rl R2 R3 FQ F3 FO Fl
Fo, I Ry Ry Ry Fy, Fy F, F
F, I Ry Ry Ry F, F\ F, Fy
Fy I Ry Ry Ry Fy F3 F, F
Fy, I Ry Ry Ry F F, F, Fy

We se that there are 4 distinct rows, indeed I = C; = Cg,, Cr, = Cg,, Cr, = Cr, and Cp, = Cr,, so there
are 4 distinct inner automorphisms; Inn(Dy) = {I,Cr,,Cr,,Cr }.

(b) Show that ’Aut(D4)| > ‘Inn(D4)‘.

Solution: Since Inn(Dy) is a subgroup of Aut(D4) we have [Aut(D4)| > |[Inn(Dy)|, so we must find one
element of Aut(D,) which is not an element of Inn(Dy). Define ¢ : Dy — Dy by ¢(Ry) = Ry, and ¢(F;) =
Fi41. Then ¢ is clearly bijective. And ¢ preserves the operation since ¢(RrR;) = ¢(Rrti) = Ry =
Ri Ry = ¢(Ri)d(Ri), d(ReFr) = ¢(Fitt) = Fipi1 = R Fipn = ¢(Ri)o(F1), ¢(FRi) = ¢(Fi—i1) = Fr41 =
Fk+1Rl = ¢(Fk)¢(Rl) and qﬁ(FkFl) = (b(Rk—l) =Ry_; = Fk+1Fl+1 = (b(Fk)(b( ) Thus ¢ S Aut(D4). But,
from the above table, there is no inner automorphism which maps Fy to Fy, and so ¢ ¢ Inn(Dy,).



