AMATH/PMATH 331 Real Analysis, Solutions to the Problems for Chapter 8

: Let f: R — R be the 2n-periodic function with f(z) = 2® — 7%z for -7 <2 < 7.

(a) Find the coefficients of the (real) Fourier series for f.
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Solution: Since f(x) is odd we have a9 = 2—/ f(z)dx = 0 and a, = — f(z)cosnz dx = 0 and
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b, = — / f(x)sinnz dx = 7/ (23 — w%z) sinnx dr. Integration by Parts gives
T Jo

™ —T
/ x sinnx dr = [— % x cosnx] —|—/ %cosnx dr = —%w cosnm = —(_172””.
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/ 23 sinnz do = [— %m3 cos n;v] —|—/ %mQ cosnz dx
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(b) Show that s,,(f) — f uniformly on R.
Solution: Since s, (f)(z) = Z ED2 Ginna and ‘Jsmnﬂ < 12, it follows from the Weierstrass
M Test that {sm( } converges unlformly on R (to some function g), and by Fejér’s Theorem we have
lim s,,(f)(z) = lim ag(f)(x) = f(z) for all z € R.
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(c) By evaluating at x = 7, evaluate Z (ij_)l)g,
Solution: Since f(z) = 2® — 7%z for —7 < # < 7w, we have f(3) = (g)g - WQ(%) = —%. On the other
hand, since f(z) = > (711)”12 sin nz, and since when n = 2k we have sin &* = 0 and when n = 2k + 1 we

n=1

. > x = (=D)"i2 . nx 1)%k+119 = (=D)F12

have sin % = (~1)*, we have f(Z) = nz_:l UL gy o Z ( (23#1)3 (—1)F = — kzog%%)g. Thus
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2: Let f : R — R be a 27-periodic function whose restriction to [—, 7] is continuous.

(a) Use Integration by Parts to show that if f is C! (meaning that the derivative f’ exists and is continuous)

then |c, (f)| < % for all n € Z where M = ||f'||cc = max | f/(t)

Solution: Suppose that f € C! and let M = max | f’(t)|. Integration by Parts gives
<t
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Thus we have ¢, (f) = 5=2c,(f), and
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(b) Use induction to show that if f in C¥ (meaning that the k" derivative of f exists and is continuous)
then |cn(f)| < W for all n € Z where M = Hf(k)(x)Hoo = _max ‘f(k)(a:)‘.

Solution: Let f € C* and let M = max ‘f(k)(t)’. In Part (a) we showed that c,(f) = 57 c,(f’) and it

N
follows, by induction, that ¢, (f) = ( — ) Cn (f(’“)), hence
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(c) Show that if f € C? then s,,(f) — f uniformly on R.
Solution: Let f € C? and let M = max |f"(t)]. By Part (b) we have |c,,(f)| < 525 for all n € Z.
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Since s (f)(@) = > ca(f)e™ and |cn(f)e™| = |en(f)] < 5oLz, the Weierstrass M Test shows that

the sequence {sm(f) (x)} converges uniformly on R (to some function g(:v)) By Fejér’s Theorem, we have
1i_1>n Sm(f)(z) = élim oo(f)(x) = f(z) for all z € R.
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3: Let f € R(T), let (¢y)n>0 and (dy,),>1 be sequences in R and let p,,(z) = co+ Y. ¢, cosnz+ > d, sinnz.
n=1 n=1
(a) Show that if p,, — f in (R(T),| [l1) then ¢o = ao(f) and ¢, = a,(f) and d,, = b,(f) for all n € Z+.
for all n € Z.
Solution: Suppose pm, — f in (R(T), || |l1). Let € > 0. Choose £ € ZT so that m > = ||p,, — f|l1 < 2me.
Then for m > ¢ we have
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lco —an(f)| = |55 | Dm(z)=f(z) do
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len — an(f)| = %/ﬂ (pm(x)— f(z)) cosna dz
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<2 [ pn@)= @) e = Hipm — 1l < 2

< %/ |pm(2)— f(2)| dz = L{|pm — fll1 < 2e.
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|dn — an(f)| = %/ﬂ (pm(x)— f(z)) sinnz dx

Since |co — ao(f)] < € |en — an(f)| < 2¢ and |d,, — by (f)| < 2¢ for all € > 0 it follows that ¢ = ao(f),
en = an(f) and d,, = b (f).

(b) Show that if p,, = f in (R(T),|| |lo) then co = ao(f) and ¢, = a,(f) and dy, = b, (f) for all n € ZT.
Solution: Suppose pp, — f in (R(T), || |lo), that is p,, — f uniformly on [—m, 7). We remark that since
Pm — [ uniformly on [—7, 7], it follows that f is continuous (but we do not use the fact that f is continuous
in our solution). Let € > 0. Choose ¢ € Z" so that m > ¢ = ||py, — f|lcc < €. Then for m > ¢ we have
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and similarly |d,, — b, (f)| < 2e. Since |co — ao(f)| < €, |en — an(f)| < 2¢ and |d,, — b, (f)| < 2¢ for all € > 0
it follows that co = ao(f), ¢n = an(f) and d,, = b, (f).

(c) Show that if p,, — f in (R(T),|| [|2) then co = ao(f) and ¢, = an(f) and dy, = b, (f) for all n € Z.

Solution: Suppose py, — fin (R(T), || ||2). Let € > 0, Choose £ € Z™ so that m < £ = ||py, — f|l2 < \/% €.
By the Cauchy-Schwarz Inequality, for m > ¢ we have

lpm — fllx =/ [P (@)= f(@)] dz = (L, [pm—f1) < [1ll2]|lpm = FIll, = V27 Ipm — fll2 < €.

Thus pp, — fin (R(T), || [l1), so co = ao(f) and ¢, = a,(f) and d,, = b,(f) for all n € ZT by Part (a).
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4: Let f: R — R be the 27-periodic function with f(z) =< —1if —7 <z <0,

0if 2 =0, £7.

(a) Find the coefficients of the (real) Fourier series for f.

Solution: Since f(z) is odd we have ag = 0 and a,, = 0 for all n € Z™ and we have

4 4 7r A if n is odd.
= %/ f(z)sinnz dax = %/ sinnz dr = %{f %cosnx] =-2(-1)"-1)= { n
0 0 0

0 if n is even.
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(b) By recognizing sam, (f) (5% ) as a Riemann sum, show that lim sg, (f)(55) = f/ e
0

dx.
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Solution: When we partition the interval [0, 7] into m equal-sized subintervals, the endpoints of the subin-

tervals are xj, = %k and the midpoints of the subintervals are my = szrzm kol = (kajnl)”. The Riemann sum
T sinx
for / dzx using the midpoints of this partition is
o ¥ sin g m o (2k—1) m o (k=D
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By Part (a) we have .
. sin(2k — 1)z
som (f)(@) = s2m-1(f)(z) = Z % sSmnr = %Z T ok—1
120 S sm k=1
so, in particular, mo. (k—T)r
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Thus
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0

m—r 00

2 S

(¢) Using a computer to approximate the value of — / me dz, show that there exists ¢ € Z* such that
T 0 X

for all m > £ we have [|$,,,(f) — flloo > 0.17.

Solution: Using uniform convergence of power series (allowing term-by-term integration) and the Alternating
Series Test, and then using a calculator, we have
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z =2 124 14 1.7 - L 5 _ L 7.
o dr = % o (1 S s C )d:v— [w sa?’ + 552 — 7w }0
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Choose ¢ € ZT so that for m > £ we have som(f)(5%) — f<2m) (1.173 — 1) = 0.173. Then for all m > £
we have [|s2m—1(f) = flloo = l[s2m(f) = flloc 2 |52rrv(f)(27;n) - (%)‘ > 0.173.

(d) (Optional Challenge) Show that {s,,(f)(z)} converges for all z.
Solution: When x = k7 with k € Z we have s,,,(f)(«) = 0 for all . Suppose that x # kx for k € Z. Then

n ot (it 12 _
Z sin(2k + 1)z = Im( Z e(Zk+1)z ) = Im<<P21_11)>

k=0
_ Im<e”’ - 24 ! DT gin (n, + 1)9:) sin®(n + 1)z o1

2 €' sin x N sin x ~ sinz’

Since the partial sums Z sin(2k + 1)z are bounded by —x and the sequence {m} is decreasing with
k=0

limit 0, it follows from Dirichlet’s Test for Convergence (which most students will not have seen before, so

they will need to look it up) that the series Z sin(2k + 1)z converges.
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