AMATH/PMATH 331 Real Analysis, Solutions to the Problems for Chapter 7

: (a) Find an example of a function f: R — R such that ’f(y) — f(x)‘ < |y — z| for all z,y € R with = # y,
but f has no fixed point in R.

Solution: Define f: R — R by f(z) = = + g(z) where g : R — R is any differential function with g(z) > 0
and —1 < ¢'(z) < 0 for all z € R (for example, g(z) = (Va2 +1—z) or g(z) = 1 — Ltan"'z). Given
x < y, by the Mean Value Theorem we can choose ¢ with < ¢ < y such that g(y) — g(z) = ¢'(¢)(y — z) and
then

[fy) = f@)| = [(y—2)+ (g o) =]y —2)+g (O -2)|=1+g )y -2)<(y—2)
since —1 < ¢’(¢) < 0. But f has no fixed points because for all € R we have f(z) = x + g(z) > z, since
g(x) > 0.

(b) Define F : C[0,1] — C[0,1] by F(f)(z / f(t)dt. Show that F is not a contraction map but that
F2=FoFis.

Solution: Note that F and F? are linear maps on the normed linear space C[0,1]. When f is the constant
function f(x) =1 we have F'(f)(z) = « so that ||F(f)|,, =1 = ||, and so F is not a contraction. When
f€Cl0,1] and F(f) = g we have

m}=’/aﬂwﬁ‘</wUUHﬁ<ﬂ/ﬂﬁm¢ﬁ=Iﬂuw
W@l =| [[awal< [Caolas [Cied =i

so that |[F2(f)|l = [IF(9)lle < 3/|f]lo, and so F? is a contraction map with contraction constant ¢ = 3.

(c) Use the Banach Fixed Point Theorem to show that there exists a unique function f € C[0,1] such that
flx)= :ch/ t f(t)dt for all z € [0,1].
0

Solution: Define F : C[0,1] — C[0,1] by F(f)(z) = « +/ t f(t)dt. Note that F is a contraction map
0
because for f, g € C[0, 1] we have

’F(f)(z)—F(g)(x)‘:‘(x+Aztf(t)dt>—<x+/0 tg(t) )‘ ‘/0 ) dt
S R L

so that ||[F(f) — F(9)|l < 2IIf — gll... By the Banach Fixed-Point Theorem, F has a unique fixed point
f € C[0,1], so there is a unique function f € C[0, 1] such that f(z) =« —l—/ t f(t)dt for all z € [0, 1].
0



2: (a) Let A = { > filw) y) |n € Z*, frog €CJO, 1]}. Show that A is dense in (C([0,1]x[0,1]), o).

Solution: It is easy to see that A is a subalgebra of C([O, 1]x 0, 1]), and A vanishes nowhere because 1 € A,
and A separates points because x € A and y € A (and for x1,x9,y1,y2 € [0,1], if (z1,y1) # (22,y2) then
either 1 # @5 or y; # y2). Thus A is dense in C([0,1]x [0,1]) by the Stone-Weierstrass Theorem.

(b) Let A = { > (ag sin(kz) + by, cos(kx)) ’ 0<ne€Zagb; € R}. Show that A is dense in (C[0,7], dw)
k=0
for every 0 < r < 2w, but A is not dense in (C[O, 27], doo).

Solution: Let 0 < r < 2w. Note that A is a subalgebra of C[0, r] because

sin(kz) sin(fx) = %(COS ((k = 0)x) — cos ((k + )z )

sin(kz) cos(fz) = % (sin ((k+ 0)x) +sin ( )

cos(kx) sin(fz) = 1 <sin (k+0)z) — ) and
(

cos(kx) cos(lx) = %(COS ((k+ 0)x) + cos ((k: - €)x)>,

and A vanishes nowhere because 1 € A, and A separates points because cosz € A and sinxz € A and when
z,y € [0,7] with & # y, either cosx # sinz or cosy # siny. Thus A is dense in (C([0,7]),ds) by the
Stone-Weierstrass Theorem.

The reason that A is not dense in C[0,2n] is that for every f € A we have f(0) = f(27). When
g € C[0, 2x] with g(0) # g(2m), for every f € A we have

9(0) — g(2m)| < |9(0) = f(0) + f(27) — g(2m)| < [g(0) — F(O)] + |f(2m) — g(2m)| < 2I|f — gll

so that [|f — gl > 3]9(0) — g(2m)].
2

(¢) Show that there does exist 0 # f € C[—1,2] such that / 2? f(x)dx = 0 for all 0 < n € Z but there
-1

2
does not exist 0 # f € C[—1,2] such that / 23" f(z)dx =0 for all 0 < n € Z.

-1
Solution: If f is any continuous function whose restriction to [—1,1] is odd and whose restriction to [1, 2] is
zero (such as the function given by f(x) = sin(rz) for —1 < 2 < 1 and f(z) =0 for 1 < z < 2) then we

2
have/ 2? f(x)dr =0 for all 0 < n € Z.
~1
Let A = { )

k=0
nowhere because 1 € A, and A separates points because 22 € A and z3 is strictly increasing on [—1, 2], and

cpz®F ’0 <né€Zc € R}. Note that A is a subalgebra of C[—1,2] and A vanishes

2
so A is dense in C[—1, 2] by the Stone-Weierstrass Theorem. Let f € C[—1, 2] with / 237 f(x) do = 0 for all
-1

0 < n € Z and note that ffl pf =0 for every p € A. Since A is dense in C[—1, 2] we can choose a sequence
(pn)n>1 in A with p, — f in C[—1,2]. Then p,, — f uniformly on [—1,2], so p,f — f? uniformly on [—1, 2],
and hence f 2= hm f \Pnf = hm 0 = 0. Since f is continuous on [—1,2] and f_21 f? =0, it follows
that f = 0.



