AMATH/PMATH 331 Real Analysis, Solutions to the Problems for Chapter 6

: (a) Let A = {x € R? ‘ |z = ™tL for some n € Z+}. Determine whether A is complete and whether A is
compact.

Solution: Note that A is not closed in R? because for the sequence (x,),>1 in R? given by x, = (”TH, O),
we have ||z, || = % so that each z,, € A, and we have hm z, =e1 = (1,0) in R?, but e; ¢ A (since for all

n € ZT we have ":1 > 1=|e1]]). Since R? is complete and A is not closed in R?, it follows from Theorem
6.4 that A is not complete. Since A is not closed in R?, it follows from Theorem 6.21 that A is not compact.

(b) Let A be the set of points (a,b,c,d) € R* such that the points (0,0), (a,b) and (¢, d) are the vertices of
a right-angled triangle in R? whose area is equal to 1. Determine whether A is complete and whether A is
compact.

Solution: Consider the triangle 7 in R? with vertices at (0,0), (a,b) and (c,d). Triangle 7' has a right angle
at (0,0), with area equal to 1, if and only if (a,b) « (¢,d) = 0, that is ac + bd = 0, and 3|(a,b)| |(c,d)| = 1,
that is (a® + b?)(c® + d?) = 4. Triangle T has a right angle at (a,b), with area equal to 1, if and only
if (a,b) + ((c.d) = (a,b)) = 0, that is a(c — a) + b(d — b) = 0, and %|(a,b)||(c,d) — (a,b)| = 1, that is
(a® +b?)((c — a)* + (d — b)?) = 4. Similarly, T has a right angle at (c,d) with area equal to 1 if and only if
cla—c)+d(b—d)=0and (¢ +d?)((a—c)* + (b—d)?) = 4. Define f,g,h, k,l,m: R* - R by
fla,b,c,d) =ac+bd,

gla,b,c,d) = (a® +b*)(c* +d?),
h(a,b,c,d) =alc—a) +b(d—-1),
k(a,b,c,d) = (a® +b*)((c — a)* + (d — b)?),
l(a,b,c,d) =cla—c)+db—d),

m(a,b,c,d) = (* + d*)((a —c)*> + (b—d)?) .
These functions are all continuous (they are polynomials). For z = (a,b,c,d) € RS, we have

r€A < (f(z)=0and g(z) =4) or (h(z) =0 and k(z) =4) or ({(z) =0 and m(z) = 4)

and hence

A=BUCUD

where
B:{xeRﬂf(x =0 and g(x —4} Yoy ng t(4),
C={zcR'|h(z)=0and k(z) =4} =h~'(0)NEk~'(4),
D={zecR"|{(z)=0and m(z) =4} =71 (0)Nm~"(4).
Since f and g are continuous, and {0} and {4} are closed in R, it follows from Part 2 of Theorem 5.29
(the topological characterization of continuity) that f~1(0) and g=!(4) are closed in R*, and hence the set
B = f~10)Ng1(4) is closed in R* by Part 2 of Theorem 4.36 (Basic Properties of Closed Sets). Similarly,

the sets C' and D are both closed, and hence the set A = BU C U D is closed by Part 3 of Theorem 4.36.
On the other hand, the set A is not bounded because for r > 0 and z = (T,0,0, %) we have x € A and

[z|| = y/r? + % > r. Since R* is complete and A is closed in R*, it follows (from Theorem 6.4) that A is

complete, and since A is not bounded, it follows (from Theorem 6.21) that A is not compact.



2: (a) Let Mz(R) be the set of 2 x 2 matrices with entries in R and let O2(R) = {4 € My(R)| ATA = I}.
Define F : R* — My(R) by F(z,y,z,w) = (gyc 5}) and let A = {(a:,y,z,w) eR! ) F(A) e Og(R)}. Show
that A is compact.

Solution: For (x,y,z,w) € R* and A = F(A) we have

2,2
T . oty zz+yw) (1 O
(z,y,z,w) € A <= F(A)" F(A) =1 < (yw+yw 22+w2) = <0 1)

= <w2+y2:1andxz+yw:0andz2+w2:1).

Define f,g,h: R* = R by f(z,y,2,w) = 2% + 32, g(v,y,z,w) = vz + yw and h(x,y,z,w) = 22 + w?. Note
that f, g and h are continuous (they are polynomials) and we have

A=ftYOng N 0)nhA ().

Since {0} and {1} are closed in R and f, g and h are continuous, it follows (from Part 2 of Theorem 5.29)
that each of the sets f~1(1) and g~1(0) and h=1(1) are closed, and hence it follows (from Theorem 4.36) that
A= f"Y1)Nng 1(0) N h=1(1) is closed. Also note that A is bounded because when u = (x,y, z,w) € A we
have #2 + y? = 1 and 22 + w? = 1 so that |ju| = /22 +y2 + 22 + w2 = v/2. Since A is closed and bounded
in R4, it is compact by the Heine Borel Theorem.

(b) Recall from linear algebra (or verify) that the space M, xm(R) of n X m matrices with entries in R is an

n m

inner-product space with inner product given by (A4, B) = trace(BTA) = > > Ay ¢Bj s, and with standard
k=1(=1

orthonormal basis {Ekl’ 1<k<n,1 Séﬁm} where Ej, 4 is the n x m matrix whose (k, £) entry is equal to 1

and all other entries are zero, and the linear map L = L, ,,, : Myxm(R) — R given by L(Ej () = € (h—1)nte

is an inner product space isomorphism. Show that the set S = {A € Myxm(R) ‘ ATA = I} is compact.

Solution: For X € M,xm(R), we have (XTX)r, = > (XD Xj0 = > XjxXje. Let X € S. Then
j=1

Jj=1
n

XTX =1 so we have (X7X);, = 1 for all indices ¢, that is Y (Xj¢)? =1 for all 1 < ¢ < m. Thus we have
k=1

1X12= Y (Xke)? = 421 1 =n so that || X|| = y/n. Since || X|| = v/n for all X € S, S is bounded.

s

We claim that S is closed. Define F : Myxm — Myxm(R) by F(X) = XTX so that S = F~1(I),
and let G be the composite G = Ly, ,, F' L;;n : R™ — R™. The map G is continuous if and only if each
of its component maps G; : R™ — R is continuous. For j = (k — 1)m + ¢ with 1 < k,¢ < m, and for
= (21, Tnm)’ € R™™ and X = L}, (2) so that X ), = Ty We have

Gj(z) = (G(I))(kfl)erZ = (Lmva L;,lm(x))(kA)mH = (Lmva(X))(kq)mH = F(X)k

— T — - . . j— S

= (X ke = j; XiwXge = jglx(j—l)nﬂc T—1ynte
so each component function G; is continuous (it is a polynomial of degree 2) and hence G is continuous.
Since G is continuous, so is F' = L1, G Ly . Since F': Myxm(R) = Myxm(R) is continuous and {I} is
closed in My, xm(R) (indeed if X is any metric space and a € X the {a} is closed because if b € {a}® so
b # a and r = d(a,b) > 0, then we have a ¢ B(b,r) so B(b,r) C {a}® hence {a}* is open), it follows that
S = F~Y(I) is closed in M, 5, (R), as claimed.

Finally, note that since S is closed and bounded in M, xm (R), it follows (from Theorem 6.35) that S is

compact.



3: (a) Show that ({s,ds) is complete.

Solution: Let (an),>1 be a Cauchy sequence in {. For each n € Z*, a, is a bounded sequence of real
numbers, say a, = (anx)k>1. Fix an index k € Z* and let € > 0. Since (ay)n>1 is Cauchy in ¢, we can
choose N € Z" such that n,m > N = |la,, — an||,, < €. Then for n,m > N we have |a, ; — by, ;| < € for
all j € Z* so, in particular, |a,  — by k| < €. This shows that for each k € ZT, the sequence (z,, 1)k>1 is a
Cauchy sequence in R, so it converges. For each k € ZT, let by, = nll)n;o bnk € R, and then let b = (bg)r>1-

We claim that b € {5 (that is, the sequence b = (by)r>1 is bounded in R). Since (an)n>1 is Cauchy in
oo, it is bounded in ls, so we can choose M > 0 such that |la,| . < M for all indices n € Z*. Then for
all k,n € Z* we have |ay k| < [lan||. < M and hence, for all k € Z7T, |by| = | lim by, | = lim [b, | < M.
n—oo n—oo
Thus the sequence (bg)r>1 is bounded in R, that is b € ¢, as claimed.
Finally, we claim that a,, — bin £. Let € > 0. Choose N € ZT so that n,m > N = |la, — an |, <.

Then for n,m > N we have |a, x — am x| < € for all indices k € ZT. It follows that for all n > N and for all
k € Z" we have |a, , — b| = li_r>n ‘an’k — am7k| < € and hence, for all n > N, we have ||a, —b||, < e. This

shows that a,, — b in £, as claimed.

(b) Show that (f2,ds) is complete.

Solution: Let (z,),>1 be a Cauchy sequence in (62, dg), say Tn, = (Tnk)k>1. Note that for each fixed k € Z7,
the sequence (z,,)n>1 is Cauchy; indeed given € > 0 we can choose N € ZT so that for all n,m € Z* we
have n,m > N = ||x,, — T |2 < €, and then for n,m > N we have

o0

1/2
20 = @kl < (X @ns = emi)?) = o~ wmlle <c.
i=1

Since (%, k)n>1 is a Cauchy sequence in R, and since R is complete, this sequence converges. Let
a = (ag)g>1, where ay = lim z, .
- n—oo

o0

We claim that a € fo, that is Y |ax|? < co. For K € ZT we have
k=1

S Jax2 = 50 | Tz g = 30 Bim g = im 3 an 2 < lim S ang? = i 2
kz::1|ak| _k§1|”l_>ngoxn}k’ —kglnl_)rrgoxn’k _"ggokglxn’k 7"1_’%1{2_:1%”’]6 _"I_EI;O ”anQ 7

so it suffices to show that the sequence (||z,[|2) converges in R. And since |||zp|l2 — [#ml2| < |20 — 2ml2
(by the Triangle Inequality) we see that (||z,|2) is Cauchy in R, so it does converge.
Finally, we claim that x, — a in (62, dg). Let ¢ > 0. Choose N € Z™ so that for all n,m € Z* we have

2

n,m> N — Hmn —a:mH2 < § , that is io: (Tpk — Tmi)? < T

k=1

Let n € ZT. Then for all K € Z* we have

K K ) K 00 ,

2 T _ . _ 2 : _ 2 €&

Z(mn,k —ag)” = Z (l’n,k Jim :cm,k) = mlg)nOOZ(a:n,k Tmk)” < n}g)nooZ(mn,k Tmp)” <5

k=1 k=1 k=1 k=1
and so

[e%s) 9 1/2
lon = alls = (X2 (@ap —omp)?) <5 <e.

e

=1



4: For each of the following sets A, determine whether A is complete and whether A is compact.
(a) A=B2(0,1) = {a = (an)n>1 € 2] ]lallz < 1} C £5, using the metric ds.

Solution: Let E = {e1,eq,e3, -}, let Uy =¥3 \ E, let U, = Ble,, 1) = {x € Eg“\x —enll2 < 1} forn € Z7.
and let U = {Uy, Uy, Us, - - -}. Note that E is closed (because for all k # ¢ we have ||e, — e¢||2 = V2, so every
Cauchy sequence in E is eventually constant) and so Uy is open, and so U is an open cover of B. But U has
no finite subcover, indeed U has no proper subcover, because the point 0 € B only lies in the set Uy and for
each k € Z*, the point e € B only lies in the set Uy, (when n € Z1 with n # k we have ||ex — en|]2 = V2
so e, ¢ Blen, 1) = Up,).

(b) A= {a = (an)n>1 € &1 | lan| < + for alln e Z*} C {1, using the metric dy.
Solution: We claim that Ais closed in /1. Let a = (ay)n>1 € A° = {1\ A. Choose m € Z* so that |a,| > %

and let 7 = |a,,| — + and note that r > 0. We claim that B(a,r) C A°. Let x = (2,)n>1 € B(a,r). Since
lam| = |am — Tm + xm| < |am — T | + [T, we have
ol = 1@ ] <l — @] < 3 Jai —axl = la— @l <7 = Ja| - X

and hence |z,,| > L so that « € A°. Thus B(a,r) C A°, showing that that A is open, hence A is closed, as
claimed. Since ¢; is complete and A is closed in /1, it follows that A is complete. On the other hand, A is not
n

o0 L
bounded because given r > 0, since Y % = oo we can choose n € Z* such that > % > r, and then we can
k=1 k=1

n n
let © € {1 be given by z = 3 +ex = (1,4,--+,2,0,0,---), and then we have z € A but ||z|; = 3 1 > .
k=1 k=1

Since A is not bounded, it is not compact.
(c) A= {a = (an)n>1 € l2 | lan| < = foralln € Z+} C /5, using the metric ds.

Solution: We claim that A is closed in (f2,ds), and hence A is complete since (f2,dz) is complete. Let
a = (an) € 3\ A. Choose N € N so that |ay| > N+1 Let r = |an| — . We claim that B(a,r)NA = 0.
Let b = (b,) € B(a,r). Then we have

|aN|f\bN\§|beaN|§ Z(bnfan)2:|bfa|2<r:\amf

n=0

_1
N+1

so |by| > and hence b ¢ B(a,r). Thus A is closed in (¢2,d>), hence complete.

pEag i
We claim that A is totally bounded. Let ¢ > 0. Choose N € N so that > (ﬁ) < %, and then
n=N

let 06 = % For each n = 0,1,---, N — 1 choose points t, 1,tn 2, ", tn,m, € [— n-lu’ n-lu] such that

My
[— n+r1’ %ﬂ] C U B(tn,i,0), then let A, = {tn1,tn,2, s tn,m, }- Let P = Agx Ay x---x Ay_1. For each
i=1

o= (ao,oq7 e ,aN,l) € P, Let ay = (aqn|n € N) be the sequence a, = (@, @1, @2, -+, an_1,0,0,0, ).
We claim that A C |J B(aa,€), and hence A is totally bounded. Let b = (b,,) € A. For each n < N choose
acP

ay € A, so that b, € B(ay, ), then let a = (ag, a1, ,an—_1) € P. Then we have

N—-1 00
aa|2 \/Z n = Gan)® =] 2 (bn —an)? + 30 by’
n=0 n=N

1 2 €2
2 —
SE 5 +§ <”1> <\/N(52+§—6
n=0 n=N

Thus b € B(an,€), so A is totally bounded. Since A is complete and totally bounded, A is compact.



5: (a) Show that the closed unit ball B (0,1) is not compact in C[0, 1], using the metric d.

1—a? for |z| <1

0 ,for|z|>1.
is a continuous bump function of height 1 centred at 2% of width 271% (so the bumps of f,, and f,, do not
overlap when n # m). We have || fu|lsc = f1(5) =1 so that f,, € B(0,1). Notice that for n # m we have
[ frn = fmlloo =1 (since fo(5) =1 and fi,(5) = 0 and f,(z), fim(z) € [0,1] for all ), so no subsequence of
(fn) converges uniformly on [0, 1], that is no subsequence of (f,) converges in the metric space C[0, 1] using
doo. Thus C[0, 1] is not compact by Part 3 of Theorem 6.38.

For each n € N let f,(z) = p(2""2(2 — 5+)), so that f,(z)

Solution: Let p(z) = { 57

(b) Show that C[—1, 1] is not complete using the metric d;.

1

Solution: For each n € Z*, define f,, : [-1,1] — R by f,(z) = 2> . Note that each f, is continuous on
[—1,1], and the sequence (f,)n>1 is Cauchy in (C[—1,1],d;) because for m > n > N we have

1 1 | i
mﬁﬂmzf |M@—mwwwﬂ/ pT T gy
r=—1 =0

2m+41 2n4+11
_ 2[2m—1 Im—T _ 2n-1 x2nfl:| _2m-1 _ 2n—1 _
- 2m 2n - -
=0

1
<t

3=

1
m n n

Note that for each z € [—1,1] we have lim f,(z) = g(z) in R where g(z) = —1 for z < 0, g(z) = 1 for
n—oo

x>0 and g(0) =0 (so we have f, — g pointwise on [—1, 1]) Suppose, for a contradiction, that (f,,)n>1
converges in C[—1,1], and let h = lim f, in C[—1,1]. Note that the restriction of & to [0, 1] is continuous.
n—oo

Let € > 0. Choose n € Z" such that ||f, — hl|; < § and also 5 < §. Then
1 1

h@) ~ ful) da+ [ (o)~ 1] do
=—1 =0

1 1
[ e =1de< [ hie) = fulo)] + |ale) 1] de < [

=0 x=0

1 1
=m—nm+/}g—wwumzm—nm+ﬁ<%+%=e
-

1 1

Since / |h(x) - 1| dx < € for every € > 0, it follows that |h(x) - 1’ dxr = 0 and, since the function
z=0 z=0

h(z) — 1 is continuous on [0, 1], it follows that h(z) — 1 = 0 for all « € [0,1]. Thus we have h(z) =1 for all

x € [0,1]. A similar argument shows that h(z) = —1 for all € [—1,0]. But this is not possible since we

cannot have h(0) = 1 and h(0) = —1.



6: (a) Let X be a metric space, let A C X be compact, and let S be an open cover for A in X. Show that
there exists r > 0 with the property that for every a € A there exists U € S such that B(a,r) CU.

Solution: For each a € A, since S is an open cover for A we can choose U, € S with a € U, and then, since
U, is open we can choose r, > 0 so that B(a,2r,) C U,. Note that the set T' = {B(a, Ta)|a € A} is an open
cover for A. Since A is compact, we can choose a finite subcover, say {B(a1,7a,), "+, B(an,7a,)} of T for
A, with each a; € A. Let r = min{r,,, -+, r,, }. We claim that for every a € A there exists U € S such
that B(a,r) C U. Let a € A. Choose an index k such that a € B(ag,7q, ), and let U = U,, € S. For all
x € B(a,r) we have d(z,ax) < d(z,a) + d(a,ar) < r+rq, < 2r,, and hence x € B(ay,2r,,) C U,, = U.
This shows that B(a,r) C U, as required.

(b) Let X be a compact metric space. Let (f,)n>1 be a sequence in C(X) which converges pointwise to a

function f € C(X). Show that if ( fn(x))n>1 is increasing for every z € X, then the convergence is uniform.

Solution: Let g, (x) = f(x) — fu(2). Then (g, (z)) is decreasing for all z € X and g, — 0 pointwise on X.
We need to show that g, — 0 uniformly. Let € > 0. For each a € X, since g,(a) — 0 we can choose n, so
that gn,(a) < §, and then since gy, is continuous we can choose d, > 0 so that for all 2 € X we have

d(x’a) <0y = ’gna(x) — 9n, (a)’ < %

Then for all z € X with d(x,a) < §, we have |gna(x)| < | gna (x) — gna(a)’ + |gna(a)| <e.Let x € X
and let n > N. Choose i so that © € B(a;,d4,). Since (gn(z)) is decreasing and n > N > N;, we have
gn(x) < gn,(x) < €. Thus g, — 0 uniformly on X, as required.

(c) Show that the requirements in Part (b) that X is compact and that (f,,) is increasing are both necessary.

n

Solution: To see that the requirement that X is compact is necessary, take X = (0,1) and let f,(z) = —z™.
Then (fn(x)) is increasing for all € (0,1) and f, — 0 pointwise in (0,1), but the convergence is not
uniform.

To see that the requirement that (f,(z)) is increasing is necessary, take X = [0,1] and let f, be the
bump functions used in 5(a). Then f,, — 0 pointwise on [0, 1], but the convergence is not uniform.



7: (Absolute convergence implies convergence) Let X be a normed linear space. For a sequence (xj)r>1 in X,
n o0

the n't partial sum of (zy)k>1 is the element s, = > x), € X, the series Y xy, is, by definition, equal to
k=1 k=1
oo

the sequence of partial sums (s,,),>1, we say the series > ) converges in X when the sequence of partial
k=1

o0
sums (sy)n>1 converges in X and then the sum of the series (also denoted by > ;) is defined to be the
limit of the sequence of partial sums in X. Show that X is complete if and only if X has the property that

for every sequence (x)r>1 in X, if Z |lxk|| converges in R then Z X, converges in X.
k=1 k=1

o0
Solution: Suppose that X is complete. Let (xy)k>1 be a sequence in X such that > ||zx| converges in R.
k=1

For each n € Z*, let t, Z lzx]| € R and let s, = Z xr € X. Let € > 0. Since Z ||zk|| converges
k=1

in R the sequence (ty,)n>1 is Cauchy in R, so we can choose N € Z+ such that for m > n > N we have

Z |@k]| = |t — tn] < e. Then for m >n > N we have ||s,, — sn|| = | > @ < Z lzk]l < e. This
k=n+1 k=n-+1 k=n-+1
shows that the sequence (sy),>1 is Cauchy in X, and so it converges in X because X is complete.

o0
Suppose, conversely, that X has the property that for every sequence (yx)r>1 in X, if > ||yx| converges

oo
in R then ) y; converges in X. Let (z,)n>1 be a Cauchy sequence in X. Since (zy)n>1 is Cauchy, we
k=1
can choose n; € ZT such that k,¢ > ny = |jzx — 2| < %, then we can choose ny > ni such that
k.0 > ny = ||z, — x¢|| < 5, then we can choose ng > ns so that k,¢ > n3 = ||zx — 2| < 55 and so on,
to obtain integers ny, with 1 <n3 < ng < ng < --- such that i,j > ny, = ||z; — x| < 2% For each k € Z™,

let yx = Ty, ., — Tn, . Note that
&) o0 o0 1
Z Hka = Z ||‘Tnk+1 - xnkH < Z ok — L.
k=1 k=1 k=1

Since Z |y || converges in R, it follows that Z y) converges in X. For each ¢ € Z*, let sy be the (t!
k=1
partlal sum

4 I4
= Zl Yk = kgl(xnk+l - xnk) = Tnpyy — Loy

o0
and note that z,, = sy—1 + x,, for £ > 2. Since the series > yi converges in X, its sequence of partial
k=1

sums (s¢)¢>1 converges in X, and hence the sequence (xne) converges in X. Since (zp),>1 is a Cauchy

£>1
sequence, and the subsequence (x,,)¢>1 converges, it follows that (z,),>1 converges by Theorem 4.11.



8: Let X be a metric space.

(a) Show that X is complete if and only if every decreasing sequence of closed balls
E(al,rl) D) E(G/Q,TQ) D) E(ag,, T‘3) DI
in X with r,, — 0 has a non-empty intersection.

Solution: Suppose that X is complete. Let B(ai,r1) D B(az,r2) D B(as,r3) D -+ - be a decreasing sequence
of balls in X with r, — 0. We claim that (a,,) is Cauchy. Let € > 0. Choose N € N so that ry < 5. For
n,m € N with n,m > N we have a,, a,, € B(an,rn) so that d(an,am) < d(an,an)+d(an,am) < 2ry <,
and so (a,) is Cauchy as claimed. Since X is complete, (a,) converges in X. Let a = lim a,. Note that

n—oo
a € () B(an,ry) since for each N € N, the sequence (a,|n > N) lies in B(ay,rxy) which is closed in X and
n=1

hence complete, and so a lim a,, € B(ay,rn).
n—roo

Conversely, suppose that every decreasing sequence of balls B(a1,71) D B(as,m2) D B(as,r3) D - -- with
rn, — 0 has non-empty intersection. Let (a,) be a Cauchy sequence in X. Choose ng > 0 so that for all
n,m € N we have n,m > ng = d(an,am) < % Having chosen ng < ny < --+ < ng_1, choose ng > ng_1
so that for all n,m € N we have n,m > ni, = d(an, am) < 2,9% Note that B (ank, 2%) - E(ankﬂ, 2.,9%1)
since

d(w,ank) < 2% — d(m,ank_l) < d(m,ank_l) + d(ankl,ank_l) < 2% + 2% = 2,%1

S
Since this decreasing sequence of closed balls has non-empty intersection, we can choose a € (| B (ank7 2%)
n=1
Note that a,, — a in X since given € > 0 we can choose K € N so that 2%1 < € and then for kK > K we
have d(ank,anK) < 2,(% by the choice of ng, and we have a € E(anK, 2%() so that d(a, anK) < 2%(, and so
d(ank_,a) < d(ank,am{) + d(anK,a) < ﬁ + 2%( < 21%1 < e. Finally note that since (a,) is Cauchy and
has a convergent subsequence, {(a,) converges.

(b) Show that the requirement in part (a) that r,, — 0 is necessary.
Solution: Let X = {5 |n € N}. Define d : X x X — [0,00) by

0 yJife =y
d(w‘,y):{

1+jz—y|,iffz#y.

Then d is clearly positive definite and symmetric, and by considering that cases © = y = z, x = y # z,
r=2z#y,y=2z#x and x,y, z all distinct, we see that d satisfies the triangle equality, so d is a metric on
X. Under this metric, X is complete since if a sequence in X is Cauchy, then it must be eventually constant,
so it converges. But if we take a, = 2% and r, = 1+ %, then we have E(amrn) = {2%|k >n— 1}7 SO
B(a1,m1) D Blag,r2) D Blas,r3) D -+~ but (72, Blan,r,) = 0.



