AMATH/PMATH 331 Real Analysis, Problems for Chapter 5

1: Let X and Y be metric spaces.

(a) Let A and B be closed sets in X with X = AUB,let f: A — Y and g : B — Y be continuous with
f(z) = g(z) for all z € AN B, and define h: X — Y by

|} f(z), for z € A,
h(w){g(x),forzGB.

Show that A is continuous.

(b) Let A be a dense subset of X and let f,g: X — Y be continuous maps with f(x) = g(x) for all z € A.
Show that f(z) = g(z) for all z € X.

2: Let X and Y be metric spaces, and let f: X — Y.
(a) Show that f is continuous if and only if for every B C Y we have f~1(B°) C f~1(B)°.

(b) Show that f is continuous if and only if for every A C X we have f(Z) C f(4).
3: (a) Determine whether G : (C[0,1],d1) — (R, d2) given by G(f) = f(0) is continuous.
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(b) Determine whether H : (C[0,1],d2) — (R, d2) given by H(f) = / f(x) dz is continuous.
0



