AMATH/PMATH 331 Real Analysis, Problems for Chapter 4

: Determine which of the following functions d : R x R — R are metrics on R.

: (a) Let S = {(z,y) € R?|y > 2?}. Prove, from the definition of an open set, that S is open in R2.
(b) Define f: R — R? by f(t) = (L t?*l). Show that Range(f) is not closed in R?.
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: Determine which of the following statements are true for every metric space (X, d) and every A C X.

(a) B(a,r) = B(a,r) for every a € X and every r > 0.
(b) (A)" = (A°)".

(c) If A= A° then A= (A4)".

(d) If A= A then 9(0A) = OA.

(
(b

a) Show that there is no inner product on R? which induces the 1-norm | ||;.

)Let T ={U CR ] U =0or R\U is finite}. Show that T is a topology on R which is not induced by
any metric on R (T is called the cofinite topology on R).

: (a) Show that ¢; is neither open nor closed in the metric space (€oo, doo)-
(b) Determine whether every set U C ¢; which is open in (¢1,ds) is also open in (¢1,d).

(¢) Determine whether every set U C ¢; which is open in (¢1,d;) is also open in ({1, dg).



