AMATH/PMATH 331 Real Analysis, Solutions to the Problems for Chapter 3

: For each of the following sequences of functions (f,), find the set A of points x € R for which ( fn(x))
converges, and find the (pointwise) limit function f(z) = 1i_>m fu(z) for z € A.
n [oe]

(a) fu(z) = (sinz)"

Solution: If 2 = ¥ + 27k for some k € Z then sinz = 1 and so f,,(x) = 1 for all n, and so lim, o fr(z) = 1.
If © = —% + 27k for some k € Z then sinz = —1 so f,(z) = (=1)" and so li_}In fn(x) does not exist. If
n oo

x # 5 +mk for any k € Z then [sinz| <1 so HILH;O fulz) = nler;O(Sin x)" = 0. Thus the limit function is

0, if
f(x):{l ifii

+ 7k for any k € Z
+ 27k for some k € Z

INIERNIE

and f(z) is not defined when x = —F + 27k for some k € Z.

(b) falz) = (sina)!/ D)

Solution: If z = 7k for some k € Z then sinz = 0so f,(z) =0 andso lim f,(z) =0. If x € (27k, 7(2k+1))
n— oo

for some k € Z then 0 < sinz < 1 and so lim fu(x) =1. Ifz € (m(2k — 1),2nk) for some k € Z then

—1 <sinz < 0 and so li_)rn fn(x) = —1. Thus the limit function is
0,ifx=mk
f(z) = 1,ifz € (2nk,7(2k + 1))

—1,ifz € (7(2k — 1), 27k)



1 1
2: (a) Find / lim nz(l—2%)"dz and lim nx(l — )" da.
0 n—oo

n— oo 0
Solution: Let x € [0,1]. If x = 0 or 2 = 1 then na(1 — 2?)” = 0 for all n and so lim nz(1 — 2*)" = 0.

n—00

If z € (0,1) then 0 < (1 — 2?) < 1, so the series > nz(1 — 2%)" converges by the Ratio Test and so
i 1

hm nz(l — 2*)™ = 0 by the Divergence Test. Thus / lim nz(l —2*)"de = / 0dx = 0. On the other
0 0

hand, using the substitution v = 1 — 22 so du = —2z dz we have
1 0 n+1
—nu n
nx 1—x2"dx:/ —inu?du = = ,
/0 ( ) 2 [2(n+1)]1 2(n+1)
1
and so we have lim nz(l—2®)"dz = 3.
n—oo 0
4 -1 4, -1
t t
(b) Find / lim 7)o and G [ @)
1 m—oo €T n—oo [y €T

tan~(nx) 7w

Solution: Let z € [1,4]. Then lim = — and so
n—00 xT 2x
4 —1 4
t 4
/ lim %) (nz) dr = T e = [glnw] =nln2.
1 m—oo T 2z 1
. tan~!(nx) T . )
We claim that { ———=» — 2 uniformly on [1,4]. Indeed, given € > 0 we can choose N so that
x
m2N=>|tan x—f| < efor all x > N. Then for n > N and x > 1 we have
tan~! tan~ z
an (nx)_lzlan Ynx) -5 <fce
T 2z T x

4 4 —1
tan™ " (nx tan™ " (nx
Since the convergence is uniform, lim # dr = / lim # dr =7ln2.
T 1

n—oo [y n—00 x
2 w/4 on
(c) Show that Z %f) converges uniformly on R and find / C(l)si n? dz.
n=0
Solution: For all x € R we have Cisj_ nf) STim2 < poE and Z converges, SO nzo cc1>s+72) converges
uniformly by the Weirstrass M-Test. Since the convergence is uniform,
cos(2"x cos(2"x [ 1 sin(2"z) /4 /31 o
[ Z e Z/ o= |5 T |, = Frivoros=fsy
n=0



3: Suppose that (f,) and (g,) converge uniformly on A C R.

(a) Show that if f and g are bounded on A then (f,,g,) converges uniformly on A.
Solution: Let f = li_>m fand g = li_>m dn, and suppose that f and g are bounded on A, say |f(z)] < M

and |g(z)] < M for all x € A. Choose Ny so that n > Ny = |f,(x) — f(x)| < 1 for all z € A. Note that
for n > Ny we have |f,, ()] < |fn(z) — f(z)| + |f(x)] < M 4+ 1. Now choose N > Nj so that when n > N we
have | f,(z) — f(x)| < 537 and [gn(z) — g(2)] < sy for all x € A. Then when n > N, for all x € A we

have
[fn(@)gn(x) = f(2)g(@)] < [fn(2)gn(z) = fu(x)g(@)| + | fu(x)g(x) — f(2)g9(z)|
= [fn(@)llgn(z) — g(@)| + | fu(2) — f(2)]]g(2)]
< (M4 )5 + 5 M =€
Thus f,gn — fg uniformly on A.

(b) Show that if f and g are not bounded then (f,g,) does not necessarily converge uniformly on A.

Solution: Let A = R, let f(z) = g(z) = « and let f,(z) = gn(z) =2+ 1. Then f,(z)? =22+ 2 + L so0

lim f,(z)? = 2? = f(z)? for all € R, but the convergence is not uniform, since given any positive integer
n—oo

n, when z > n we have |f,(z)? — f(2)?| = 2 + 5 > 2.
7: Determine which of the following statements are true for all sequences of functions (f,,).

(a) If (f,) converges uniformly on (a,b) and pointwise on [a, b] then (f,,) converges uniformly on [a, b].

Solution: This is true. Indeed, suppose that (f,,) converges uniformly in (a,b) and that ( fn(a)) and ( fn(b))
both converge. Then given € > 0 we can choose N so that when I,m > N we have |fj(z) — fm(z)] < € for
all x € (0,1), and |fi(a) — fm(a)] < € and |fi(b) = fm(b)] < €, and so we have |fi(z) — fm(z)| < € for all
x € [a,b].

(b) If each f, is continuous on [a,b] and Y f,, converges uniformly on [a,b] then > M, converges, where
M, = max {| fn(z)||a <z < b}.
Solution: This is false. For a counterexample, let
fola) = %sin2(2"7r.x) , if 2% <z< 2,%1
0 , otherwise.

Then M, = % so > M, diverges, and yet we claim that 3" f,, converges uniformly on [0,1]. Indeed if we
write S(z) = > fo(x) and Sj(z) = 3 fn(z) then for all x € [0, 1] we have
n=1 n=l

|Si(@) = S@)| = Y ful®) < max{Mi1, Myys,--} = 5
n=Il+1

since for each x, at most one of the terms f,(x) is non-zero.



