AMATH/PMATH 331 Solutions to Assignment 5

: For each of the following sets A in R™ (using its standard metric), determine whether A is complete and
whether A is compact.

() A= {(abed R (25 =}

. 2 2
Solution: We have (Z Z) = (Zcfc); ‘;ﬁjgij) and hence

(5= (") <= (> +bec=a,ab+bd=b, ac+cd=d and d* + be = d).

The set A is closed because each of the four functions f; : R* — R given by fi(a,b,¢,d) = a? + bc — a,
fa(a,b,c,d) = ab+bd — b, f3(a,b,c,d) = ac+cd —d and f4(a,b,c,d) = d*> + bc — d is continuous, so that each
of the sets four f;, '(0) is closed, and we have A = ﬂi:l £ 1(0). Since A is closed, it is complete. Note that A

is unbounded because for every 0 < t € R we have %(1, t, %, 1) € A. Since A is unbounded it is not compact.

(b) A= {z eR3 ‘ [z] = 5 for some n € Z*}.
Solution: Let (ry),>1 be the sequence given by r, = 5! and let R = {r,, |[n € ZT}. Note that r; = 0, and

ro = 1, and r, is strictly decreasing for n > 2 because for f(z) = 3! we have f'(z) = ‘”2—2§§w—1) _ x(i:ar) S0
that f/(2) = 0 and f’(z) < 0 for z > 2. Because r1 = 0 and 5 = § and (r,,) is decreasing for n > 2, it follows

that max R = r = I, and hence A is bounded with A C B(0, ) (because when x € A we have [|z|| € R so
that ||z|| < max R = 1).

We claim that A is closed. Because m1 = 0 and 7o = i and (ry) is strictly decreasing for n > 2 with
lim, o 7, = 0, it follows that [0,00) \ R = |52, I, where I; = (1,00) and I,, = (ry41,75) for n > 2.
For each n € Z*, let U, = {z € R*|||z| € I,,}, and note that each of the sets U, is open in R?: indeed
Uy = {zeR3| |z > 1} = B(0, %)C, which is open, and for n > 2 we have U, = { €R® | rpq1 < |Jz]| <7} =

B(O7 rn) N B(0,7,41)¢, which is open. Finally note that for x € R3, we have
A = {J;GR3 ‘ ||| ¢ R} = {xER3 ’ 1| GUZo:lln} =Ur—1 Un

which is open in R? (since it is a union of open sets). Since A€ is open, it follows that A is closed, as claimed.
Since A is closed, it is complete, and since A is closed and bounded, it is compact.




2: For each of the following sets A, determine whether A is complete and whether A is compact.
(a) A= {x € R® ’ |2]| oo < 1} C R*® C /., using the metric du.

Solution: We claim that A is not closed in ¢, (using the metric d). Let (x,),>1 be the sequence in R>
n
given by ,, = Y 1ex = (3,3,%,---,1,0,0,--+). Note that for every n € Z* we have ||z,||o = 1 so that

z, € A, and so (z,)n>1 is a sequence in A. Also note that z, — a in {o, where a = (ay)r>1 € loo is given by
ar = % for all k € Z*, that is a = (%, %, %, . ~~), indeed we have

la=anllo = 110,0,--,0, 57, s 75l = 707 — Oasm— oc.
But notice that a ¢ R*, so a ¢ A. Since (x,)>1 is a sequence in A with z,, — a in ¢y, but a ¢ A, it follows
(from Theorem 5.16) that A is not closed in ¢. Since £, is complete and A is not closed in £, it follows
(from Theorem 6.4) that A is not complete. Since A is not closed in £, it follows (from Theorem 6.21) that

A is not compact in £, (and we remark that, by Theorem 6.19, A is not compact in R* or in itself).

(b) A= {1: €l ‘ llzll2 < 1} in the metric space ({oo, doo)-

Solution: We claim that A is closed in (fs,ds), and hence A is complete (since (¢, ds) is complete).
Let a € A°. We have [lalls > 1, and so >, |ax|?> > 1. Choose n € Z* such that > ,_, |ax|*> > 1. Let
b= (a1, --,a,) € R" and note that [|bllz = (> ;_; |ak|2)1/2 > 1. Let r = Hb”%. Let © € Boo(a,r). Let
y = (x1, -+, 2,) € R" and note that ||y — b]|eoc < || — aljco < r. Recall that for u € R™ we have

n 1/2 n 1/2 1/2
lullz = (325oq luel?) ™ < (ko lull) ™ = (nllulld) ™ = valulle.
Using the (reverse) Triangle Inequality in R™, we have
lzll2 = [1yll2 = [1Bll2 = [ly = bll2 > [[bll2 = vV lly = bllse > [[Bl2 — VRr =1

so that x € A°. Thus By (a,r) C A¢, so that A is closed in (¢, dso) (and hence complete), as claimed.
Finally note that A is not compact since, letting e,, denote the n'' standard basis vector in R, the
sequence (e ),>1 is a sequence in A with no convergent subsequence (when n # m we have ||, — e ]lco = 1).



3: (a) Let A = {fEC[O, 1] ’ |f(@)| <L forall z€ (0, 1)} C C[0,1]. determine whether A is complete and whether

A is compact using the metric dy-

Solution: We claim that A is closed in C[0, 1] (using the supremum metric do). Let f € A°=C[0,1]\ A.
Choose a € (0,1) such that | f(a)| > L. Let r = |f(a)| — 2 and note that r > 0. We claim that B(f,r) C A°.
Let g € B(f,r), that is let g € C[0,1] with |lg — f|lec < 1. Since |f(a)| < |f(a) — g(a)| + |g(a)|, we have

[f(@)] = lg(@)] < |f(a) = g(a)] < |If = gllo <7 =|f(a)] - %

and hence |g(a)| > 1, so that g € A°. Thus B(f,r) C A°, showing that A is open, hence A is closed, as
claimed. Since C[0,1] is complete and A is closed in C[0, 1], it follows that A is complete.

On the other hand, A is not bounded because given r > 0 we can define f : [0,1] = R by f(z) = r for
0<z<land f(z) =2 for L <2 <1 and then we have f € A with ||f|. = . Since A is not bounded, it is
not compact.

(b) Define F : C[0,1] — C[0,1] by F(f) = f?, that is by F(f)(z) = f(z)? for all # € [0,1] (note that F is
not linear). Determine whether F is continuous as a map F : (C[0,1],d1) — (C[0,1],d2) and whether F is
continuous as a map F : (C[0,1],d2) — (C[0,1],d1).

Solution: We claim that F : (C[0,1],d1) — (C[0,1],d2) is not continuous at 0. We need to show that there
exists € > 0 such that for all § > 0 there exists f € C[0, 1] such that ||f||; < & but | f?||2 > €. Take e = 1. For
neZt, let fo(z) =ndz"™ Then | f,|: = n"—fl <6, and ||f,2]2 = \/% — 00 so that we can choose n € Z*
such that [|f,2]ls > 1 =e.

We claim that F : (C[0,1],d2) — (C[0,1],d;) is continuous (at every g € C[0,1]). Let g € C[0,1]. Let
€ > 0. Choose § = min {1, 53—} where M = [|g|l2. Let f € C[0,1] with [|f — g2 < §. Note that since
If —gll2 <6 <1 wehave ||fll2 < ||f —gllz2 + llgllz2 <1+ M and so, using the Cauchy-Schwarz Inequality, we
have

1
||f2—g2H1=/0 F—gllf+al=(f =gl 1f +al) < 1 — gllollf + gl

<If =gl (Ifll2 + llgllz) < zrrs (A+M) + M) = e.



4: (a) Let X be a compact metric space. Let (A,),>1 be a sequence of nonempty closed subsets of X with
Ay D Ay D Ag D ---. Prove that (), A, # 0.

Solution: Suppose, for a contradiction, that ()., A, = 0. By taking the complement, we have [ J;- ; A¢ = X
where AS = X'\ A,, so that {A;‘ n€Z+} is an open cover of X. Since X is compact, we can choose a finite

subcover, so we can choose ¢ € Z*1 such that Ufl:1 A¢ = X. By taking the complement, we have mf;:l A, =0.
This is not possible since A; D Ay D --- so that ﬂfz:l A, = Ay, and Ay # 0.

(b) Let X be a metric space and let A, B C X. Show that if A is compact, B is closed and AN B = (), then
there exists r > 0 such that the open sets U = | J,. 4 B(a,r) and V = | J,. 5z B(b,r) are disjoint.

Solution: Suppose that A is compact, B is closed and AN B = (. Since AN B = () we have A C B¢. For
each a € A, since a € B¢ and B¢ is open, we can choose d, > 0 such that B(a,2d,) C B¢. Note that the set
S = {B(a, da) | a € A} is an open cover of A. Since A is compact, we can choose a finite subcover of S, so we
can choose ay,as,- -, a, € A such that A C B(ay,dq,)U---UB(an,d,,). Let d = min{d,,, -, dq, }-

We claim that d(a,b) > d for all a € A and b € B. Suppose, for a contradiction, that a € A and b € B
and d(a,b) < d. Since a € A C B(ay,dq,) U+ U B(ay,d,,) we can choose k such that a € B(ay,d,, ). Then
we have d(a, ar) < d,, and d(a,b) < d < d,, hence d(b,ar) < d(b,a)+d(a,ar) < 2d,, so that b € B(ag, 2d,,)-
This is not possible since B(ay,2d,, ) € B¢. Thus d(a,b) > d for all a € A and b € B, as claimed.

Let r = %, and let U = UaeAB(a,r) and V = UbeB B(b7 r). Then U and V are disjoint because if we
had z € U NV then, since x € U we could choose a € A such that x € B(a,r), and since x € V we could
choose b € B so that « € B(b,r), but then we would have d(a,b) < d(a, z) + d(z,b) < 2r = d.
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