AMATH/PMATH 331 Solutions to Assignment 4

: (a) Let A= {(z,y)€R? ’4x2+y2 <8z}. Prove that A is open in R?.
Solution: We have A = f~1((—o00,0)) where f : R? — R is given by f(z,y) = 42 + y* — 8z. Since (—o0,0)
is open and f is continuous, it follows that A is open (by the topological characterization of continuity).

(b) Let B = {(a,b, c,d) € R* ‘ (¢ 3)2 =(; 2)} Prove that B is closed in R%.
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Solution: For a,b,¢,d € R we have (¢ 3) = (;‘Ciﬁg ‘;iizczl) so that

(a,b,¢,d) € B <— (a2+bc, ab+bd, ac+ cd, bc—l—d2) = (1,0,0,1),

and hence B = g~!(p) where g : R* — R* is given by g(a,b,c,d) = (a* + be,ab + bd, ac + cd, be + d?) and
p=(1,0,0,1) € R* The map g is continuous (it is a polynomial map) and {p} is closed in R*, and so the set
B=g! ({p}) is closed in R* (by the topological characterization of continuity).

(c) Let C = {(t*~1, t*~t)eR?|teR}. Determine whether C'is closed in R?.

Solution: We claim that C'= h=1(0) where h : R? — R is given by h(z,y) = 23 + 22 — y%. Let (x,y) € C, say
(z,y) = (t2—1,t>—t). Then 2> + 22 = (¢ =3t + 32 — 1) + (t* =22 + 1) =1 —2t* + 12 = (£ —1)> = y® s0
that h(x,y) = 0. This shows that C C h=1(0). Now let (z,y) € h~1(0), so we have y?> = 2% +22. If 2 = 0 then
y? = 2% + 22 = 0 so that y = 0, and in this case we can choose t = 1 toget t? —1=0=zand > —t=0=y
so that (z,y) € C. If  # 0 then we can choose t = ¥ to get t* — 1 = i—z —-1= yQ;x2 = i—z = z and
t3—t =1t(t*—1) = L. = y so that again (z,y) € C. This shows that h~*(0) C C, and hence C' = h™1(0), as
claimed. Since {0} is closed and h is continuous, it follows (from the topological characterization of continuity)
that C is closed.




2: We consider that C = R? (when z,y € R, the ordered pair (x,y) € R is equal to the complex number
z = x + iy € C), and the usual norm in C is equal to the usual norm in R?: for z = x + iy = (v,y) we have
Izl = v/22 + y2. Recall that for z,w € C we have ||zw|| = ||z ||w]|-

n

(a) Forn >1, let s, =" (%)k Prove, from the definition of a limit, that lim s, = 43 in C.
k=1 n—00

Solution: From the formula for the sum of a geometric series, or by noting that
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Using the definition of the limit, it follows that lim s, = % indeed given € > 0, since 72 < 1 we can
n—oo
choose m € Z1 so that (?)m < \/%/57 and then when n > m we have
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(b) Define f : C\{0} — C by f(z) = T sz Prove, from the definition of a limit, that hm f(2) does not exist.
Solution: Note that f(z 4 iy) = (@2 y)i2ey) (@ +y")—i2ey) _ idey ang we have f(z +40) = 0 and
) z2+y? 224y
flz,z) = 1241 = 2i. We use this to prove, from the definition of the limit, that lim, .o f(2z) cannot exist.

Suppose, for a contradiction, that lim,_q f(z) does exist, and let b = lim,_,q f(z). Taking ¢ = 1, we can choose
§ > 0 such that for all z # 0, if 0 < ||z|| < & then ||f(2) — b|| < 1. When z = & we have 0 < ||z|| = § < § and
we have f(z) = 0, and hence ’O — b‘ < 1 so that b € B(0,1). On the other hand, when 2z = g(l + 1), we have
0< |z = % < & and we have f(z) = 2i, and hence |2i — b| < 1, so that b € B(2i,1). This gives the desired
contradiction, since B(0,1)NB(24,1) = 0 (if we had b € B(0,1) and b € B(2i,1) then we would have d(b,0) < 1
and d(b,2i) < 1 but then, by the Triangle Inequality, we would have d(0,2i) < d(0,b) 4+ d(b,2i) <1+ 1= 2).



3: (a) Define f, : [0,1] & R by f,(z) =1 —mnaz for 0 <2 < L and f,(z) =0 for £ <2 < 1. Show that f, — 0
in C[0, 1] using either of the metrics dy or da, but f,, /4 0 pointwise on [0, 1].

Solution: We have f, — 0 in (C[0,1],d;) and f,, — 0 in (C[0,1],dz) by Part 5 of Theorem 5.2 because

1 1/n 1/n
dl(fn,()):/ |fn(x)|das:/ lfn:cdx:{x—%xﬂ =5 —0,and
0 0 0

1 1/n 1/n
dg(fn,())Q:/ fn(ac)zdx:/ 1 —2nx + n’z? dx:[x—nxQ—l—";x:‘O =4 —0.
0 0

On the other hand, it is not the case that f,, — 0 pointwise on [0, 1] because li_>m fa() = 1i_>m 1=1.
(b) Define f,, : [0,1] = R by fn(z) = n*z —n®z? for 0 < 2 < L and f,(z) =0 for £ <2 < 1. Show that
frn — 0 pointwise on [0,1] but f, 4 0 in C[0, 1] using either of the metrics d; or ds.

Solution: We claim that f, — 0 pointwise on [0,1]. When z = 0 we have f,,(z) = f,(0) =0 for all n € Z*
so that lim f,(z) = 0. Let € (0,1]. Choose m € Z* large enough so that - < z. Then for n > m we
n—oo

have 2 < L < 2. so that f,(z) = 0. Since f,(2) = 0 for all n > m, we have le fn(x) =0. Thus f, — 0

pointwise on [0, 1], as claimed.
On the other hand, we have f, # 0 in (C[0,1],d1) and f, 4 0 in (C[0,1],d2) by Part 5 of Theorem 5.2
because

1/n 2 3 1/n
d1(fn,0) / | fn(2)| dx —/ nx —n32? do = {%xQ - %ajﬂ :% , and

1/n
_ ntr2 _ 9pSy3 6,.4 _|n* 3 _n nf 5 _n
da(fn,0) / fn(z)? do = / = —2n°z° +n’x dx—[ﬁx B —l—?x} = 35 — 0.



n
4: (a) For each n € Z*, let x, = (zp 1 )x>1 € R be given by x,, = Y % ex, where ey, is the k"™ standard basis

k=1
vector in R*° (so we have z, = % when k < n and z,; = 0 when £ > n) Find lim ( lim IZ?n,k) in R,
n—oo " k—oo
and find hm ( lim z, k) in R, and determine whether the sequence (z,,),>1 converges in (Yoo, doo)-
k—o0 n—oo =
Solution: Given n € Z*, since ,, ;, = 0 for all k > n, we have hm ZTnk = 0, and so lim ( lim z, k) =0
n—oo  k—oo
Given k € Z™", since @, = k“ for all n > k, we have hm Tpk = ktl ) hm (lim @) = hm % 1.
k— oo n—oo k—oo
We claim that (x,,),>1 does not converge in (€oo, doo). Suppose for a contradiction, that 2, = a in (s, doo)-
By Theorem 5.6, for all k € Z* we must have a;, = hm T p = %, and so a = (ag)k>1 = (f, g, ;L, i, . )
k+1

For all n € Z" since x,, = a = for k < n and x, = 0 for k > n, we have |z, ; —ax| = 0 for k£ < n and
[Tk — ag| = B for k > n, and so ||z, — al|o = sup{k;;l|k: >n+1} =22 > 1. Since ||z, — alle > 1 for
all n € Z7, it follows that x,, # a in (£, ds), 50 we have obtained the desired contradiction.

(b) Let K = {m (Tk)k>1 EEOO| hm TE = O} Show that in (fs, ds) We have R® = K.

Solution: Let a = (ay)y>1 € K. For each n € Z*, let z, = Y ;_, arey, = (al,a2,~--,an,0,07~-~) and note
that (z,,)n>1 is a sequence in R>. We claim that x,, — a in {o, (using the metric ds). Let € > 0. Since a € K
so that limy,_, ar = 0, we can choose m € Z* so that for all k € Zt, k > m = |ax| < §. Then for n € Z*
with n > m we have ||z, — al|c = [la = Zn oo = ||(0,0,-++,0, ant1, ans2, - )||Oo =sup {|ax| [k>m} < § <e
Thus z, — a in {5 (using d ), as claimed. Since (z,)n>1 is a sequence in R* with z,, — a in /s, we have
a € R® (by Part 2 of Theorem 5.16). Since a € K was arbitrary, we have K C R*®.

Now let a = (ax)r>1 € R®. We claim that a;, — 0 in R so that a € K. Let € > 0. Since a € R, by Part
2 of Theorm 4.47, we have By (a,€) NR> # (), so we can choose b = (bg)i>1 € R> with |ja — b||oc < €. Since
la — bljoo < €, we have |ag — bx| < ||a — b||so < € for all k € ZT. Since b € R™, we can choose m € ZT so that
forallk:eZJr we have k > m =—> b, = 0. Then for £ > m we have |ak|—|akfbk| <€ Thus ap — 0in R,
so that a € K, as claimed. Since a € R>® was arbitrary, we have R® C K.



