AMATH/PMATH 331 Assignment 4 Due Nov 18, 11:00 pm

: (a) Let A= {(z,y)€R? ’4x2+y2 <8z}. Prove that A is open in R?.

(b) Let B = {(a,b, c,d) € RY ‘ (¢ 3)2 =(; 2)} Prove that B is closed in R%.

(c) Let C = {(t*~1, t*~t) eR? |teR}. Determine whether C' is closed in R2.

: We consider that C = R? (when z,y € R, the ordered pair (z,y) € R is equal to the complex number
z=1x+1iy € C and we have Z = z — iy € C), and the usual norm in C is equal to the usual norm in R?: for
z = x+iy = (x,y) we have ||z = /22 + y2. Recall that for z,w € C we have ||2]|?> = 27 and ||zw| = ||2]| |Jw]|-

n

(a) For n >1, let s,= > (%)k Prove, from the definition of a limit, that lim s, = 13 in C.

k=1 n—o00

(b) Define f : C\{0} — C by f(z) = % Prove, from the definition of a limit, that lir% f(2) does not exist.

Aad

: (a) Define f,, : [0,1]] CR - R by fu(z) =1 —na for 0 <z < % and f,(z) =0 for + <z < 1. Show that

fn — 01n C[0, 1] using either of the metrics d; or dg, but f,, /4 0 pointwise on [0, 1].
(b) Define f,, : [0,1] CR — R by fu(z) = n?z —n3z? for 0 < 2 < L and f,(z) =0 for £ <z < 1. Show that
fn — 0 pointwise on [0,1] but f,, 4 0 in C[0, 1] using either of the metrics dy or ds.

1
n

n
: (a) For each n € Z*, let z, = (1 )r>1 € R be given by x,, = % ex, where ey, is the k'™ standard basis

k=1
vector in R (so we have 2,5 = 2 when k < n and z,,, = 0 when k > n). Find lim ( lim z,;) in R,
n—oo  k—oo

and find lim ( lim $n,k) in R, and determine whether the sequence (z,,),>1 converges in (Yoo, doo)-
k—o0 " n—oo 2

(b) Let K = {ac:(xk)kzl GEOO| klim Ty = 0}. Show that in (fs, ds) We have R® = K.
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