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1:

SYDE 311 Advanced Engineering Math 2, Solutions to the Exam, Spring 2024

. x 22 +y—1 e .
(a) For the pair of ODEs | *, | = , find all the equilibrium points.
Y 2y —wy
Solution: A point (x,y) is an equilibrium point when y = 1 — 22 (1) and y(2 — x) = 0 (2). From (2) we find
that y = 0 or # = 2. When y = 0, equation (1) gives 22 = 1 so that x = 41, and when z = 2 equation (1)

gives y = 1 — 22 = —3. Thus the equilibrium points are (z,y) = (+1,0), (2, —3).

!
(b) For (Z,) = (gé’ —_’—i) determine whether (_11> is attracting or repelling.
L [Tyt _(y+l oz . n_ (0 1
Solution: Let F'(z,y) = <y2 _ x) Then DF(z,y) = ( 1 2y)' Let A= DF(1,-1) = (_1 9 ) The
characteristic polynomial is g(r) = 72 +2r + 1 = (r + 1)2. The only eigenvalue is r = —1, which is negative,

so the equilibrium point (1, —1) is attracting.

(c) For T =y’ find a conserved quantity H(z,y).
y/ yx _ y ) )

Solution: We need to solve the DE % = % = Y=Y — 21 The DE is separable, so we write it as
Y Ty

ydy = ””T’l dzr and integrate both sides to get %y2 = f1,% de =x—Inx+c. Thus H(z,y) = %yQ —z+1Inx
is a conserved quantity.
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2: (a) Find the 4" Taylor polynomial at 0 for the solution to the IVP ¢/ +xy = 1+22 with y(0) = 2.

Solution: Let y = co + c12 + cox® 4+ c32® + -~ and ¢ = ¢; + 2cox + 3czx® + - - -. Put this in the DE to get
(cl +202m+30302+464x3+-~-) + (cox+c1x2+02m3+~--) =14+

To get y(0) = 2 we need ¢y = 2, and then we equate coefficients of 2™ in the above equation: By equating

coefficients of 2° we get ¢; = 1. From the coefficients of 2! we get 2¢o +co = 0 so that ¢y = f%co = f% -2 =
—1. From 22 we get 3c3 +c¢1 = 1 so that ¢ = %(1 —c) = %(1 —1) = 0. From 2 we get 4c4 +c2 = 0 so that
¢4 = —%tcy = —1(—1) = 1. Thus the 4" Taylor polynomial is

yZCQ+01$+CQ$2+C3Jj3—|—C4.’E4=2+$—%$2—|—%1‘4.

(b) Consider the ODE 2%y"” — 2%y’ + (x—2)y = 0. Following Frobenius’ method, find two values of r such

that the DE has a solution of the form y = ZZOZO cnx™ T, then find an exact, closed form formula for a

solution with r = —1 and ¢g = 1.

Solution: Let y = 3 c, 2™t ¢/ = Y (n+r)cpz™ ™ Land v = 3 (n+7)(n+7 — 1), 2" 72, Put these
n>0 n>0 n>0

in the DE to get

0= Y (n+r)n+7r—1Dc,a" — S (n+7r)c,z™ ™+ 3 ezt — 3 2¢, 2™t
n>0 n>0 n>0 n>0

= xr( S(m+r)im+r—Depz™ — > (m4+r—1Dep_12™+ > cporz™ — Y, 2cmxm)
m>0 m>1 m>1 m>

0= > ((m+r)(m+r—1)—2)cpaz™ — >, (m+7r—2)cp_12™
m>0 m>1
When m = 0, if ¢y # 0 then equationg the coefficient of 2° gives r(r — 1) — 2 =0, that is r2 —r — 2 =0, so
that (r — 2)(r + 1) = 0. To get a non-zero solution we need r =2 or r = —1.
When r=—1 and ¢y =1, equating the coefficient of z,,, m>1 gives ((m—1)(m—2) —2)c;—(m—3)¢m—1=0
so that

_ m—3 . m-—3 _ 1
Cm = ('m—l)(’m—Q)—QC"L_1 = mz3mCm-1= 3,Cm-1-

T

Thus ¢, = = for all n > 0, and the solution is y =7+ > L = Le

n>0

8=
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3: (a) Find the Fourier series for the 2m-periodic function f with f(z)=|z| for —r <z <.

Solution: Since f is even we have b, = 0 for all n > 0 and we have
aozﬁ/ﬂmdx:%{%acgr:g
0 0
ap = %/ chosnx dr = i([ixsinm:]g — / 7r%sin?w: dm)
0 0
= E(O—I— {% cosnxr> =2 ((-)"-1)= { Ot even}.
T " 0 o —# ,if n id odd

Thus the Fourier series of f is given by f(z) =5 — > # cosn.
n odd

(b) Let f be the 2m-periodic function with f(z) = —1 for —7 < 2 < 0 and f(z) =1 for 0 < & < 7. The
Fourier series of f is given by > % sinnz. By evaluating at = 7, and by using Parceval’s identity, find

n odd
o (71)k %) 1 %) 1
R=3 S 5= Ry and T= > e
k=0 k=0 n=1
Solution: Note that sin % = 0 when n is even and sin @ = (=1)*, so evaluating at = = 5 gives
_ _ 4 _ 4 L 2EDT 4 (=" _ 4
1=f(3)= X ﬁsm%ﬂ—?z(%ﬂ)sm 5 =% 2 whiT = R
n odd k>0 k>0

Thus we find that i = 7. Next, note that
IfI2 = f(x)de:/ | de = 2.
so, by Parseval’s identity, we have

or=|flIP=n ¥ (&)"=1L%s

n odd

so that S = 12% = %2. Finally, notice that we can write > % = 3 =iy = i 3 & = T so we have
n even k>1

T= Y L+ L5 =31T+Ssothat S=3T, and hence T = 35 = 3

n even n odd

o
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4: (a) Find the solution u(z, y) to Laplace’s equation % + ‘3277; =0for 0 <z <2and 0 <y <1 which satisfies

the boundary conditions u(z,0) = z, u(z,1) =1, u(0,y) =y and u(2,y) =2 — y.

Solution: We choose u(z,y) = x + y — xy. Then u satisfies Laplace’s equation and we have u(z,0) = z,
uz,)=xz+1—2=1u(0,y) =y and u(2,y) =2+y—2y=2—y.

(b) Find the solution v = u(x,t) to the heat equation % = 4% for 0 < x < 2 and t > 0, satistying
the insulated ends condition %(O,t) =0 and %(2,15) = 0 for all £ > 0 and the initial condition u(z,0) =

2cos?(rx) for all 0 < o < 2.
Solution: Taking ¢ = 2, £ = 2, and f(x) = 2cos?(nmz) = 1 + cos(2mz) for 0 < x < 2, the desired solution
u = u(z,t) to Laplace’s equation is given by

—(nm)?t

u(z,t) = go an cos (%) = ;0 ane cos (L)
n> n>

—(enm /€)%t
(&

where the constants a,, are the Fourier coefficients for the even 2¢-periodic (that is 4-periodic) function given
by f(z) =1+ cos(2mx) for 0 < z < 7, namely ap = 1 and a4 = 1 and a,, = 0 for n # 0,4. The solution is

u(z,t)y=1+e am

cos(2mx).
(c) Find all negative values k < 0 for which there exists a non-zero solution to the ODE y” = ky for y = y(z)
with y(0) =0 and 3/(2) = 0.

Solution: Let k& < 0, say k = —o? with ¢ > 0. The DE becomes 3" + %y = 0 which has solutions
y = y(z) = asin(ox) + beos(oxz). To get y(0) = 0 we need b = 0 so that y(x) = asin(oxz) and hence
y'(x) = oacos(ox). To get y'(2) = 0 we need oacos(20) = 0. When a = 0 we get the zero solution, so for a
non-zero solution we need cos(20) = 0, which occurs when 20 = 7 + 7n, that is when o = § + 2&F, for some
integer n > 0. Thus we get non-zero solutions when k = —0? = —(% + %)2 for some 0 < n € Z. For this

nm

value of k, we remark that the solution is given by y = y,(x) = a, sin ((% +4 ).T)
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5: (a) Use Euler’s method with step size h = At = % to approximate the point (z(1),y(1)) when (z(t),y(t)) is

the solution to 2’ = % — 1 and 3 = z + y with x(0) = y(0) = 0.

Solution: We obtain

kot m ye yi—1 zitus
0o 0 0 0 -1 0

1 1 1
L3 -3 0 -1 -3
2 1 -1 -1

Thus (2(1),y(1)) = (x2,y2) = (—1,—3)-
(b) Find the first approximation (zi) when Newton’s method is used to approximate a solution to the

equation (giz:zz) = (8) Startlng with (Zg) = (_11)

2
Solution: Let F(‘Z’) = (;iz_iz) Then

DF(*) = <22x iy) CF(L) = (3) , DF(}) = <12 f) : DF(-ll)léG 12>
and so

() =reo-mreee = () = 3) (6)= () -+ () =+(5)

(c¢) Find the weights wp, w1 and wy for the Newton-Cotes quadrature rule using the points g =0, 1 = 1
3 2
and z2 = 3 in the interval [0, 3] to give fo flx)de = > wif(xk).

Solution: First we let go(z) = % = 2(z — 1)(z — 3), and g1 () = Ef:g;gf_g)) = —iz(z — 3) and
g2(x) = % = tz(x — 1), and then we choose
— [Cgoayde =1 [~z +3de=1[1a% ~22 43 =3 -6+3=0
wo = |, go(x)dz =3 | = x =33z x x| = =0,
w =f3 (x)dwz—lf?)xQ—Sxdx:—l[lx3—§x2]3:—9(1—§):9 and
1 o 91 2Jo 213 2V |, 2 2 1
3

s [P o 1{1,3_ 1,2 9 1 3
wngOgQ(x)deEIOx —xdmza[gx _ix]ozé(l_i):l

For an alternate solution, we require that Zi:o wip(zy) = f03 p(z) dzx for each p(z) € {1,z,2?}. Taking
p(x) = 1 gives wo + w1 + we = f03 1 dz = 3 (1), taking p(x) = x gives Owp + lw; + 3wz = fOSx dr =3 (2)
and taking p(z) = 22 gives Owg + 1wy + Ywq = f03 2% dx =9 (3). We solve these 3 equations:

11 1]3 1 0 —-2|-3 10010
01 3|%|~10 1 3|%]|~|010]F%
01 919 0 0— 6| 2 0 0 11323
2 1
Thus, as in the first solution, we take wg = 0, wy = 2 and wgzg.
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