SYDE Advanced Math 2, Solutions to Assignment 9

: Find the Fourier series for the 2m-periodic function f : R — R given by f(z) = « when —7 < z < 7, then
o0

7_(_2

use Parseval’s Identity to show that ). & = 2.
n=1

Solution: We have

and Integration by Parts gives

bn:%/ xsinnmda::}r({—ixcosnm} +/ flcosnxdz>:}r((1)n+12ﬂ+0):2(l73n“.

Thus the Fourier series of f is

n=1
By Parseval’s Identity, we have
11" = 2 ao(f) + 7 3 an(f)? 7 3 balf) =7 5 3 = dm 3 7.

On the other hand,
I7ll2* = | f(2)*de = / o) do = 2°

—T —T

3
L = 277 and hence
n 3 n
1 n=1

so we have 4m

118

n



2: Let f : R — R be the function of period 4 given by f(z) =1for —1 <z <1l and f(z) =0for 1 <z < 3.

S} n
Find the Fourier series for f, then evaluate at x =0 to find > (2;21 .
n=0

Solution: Since f(z) is even (except at the points of discontinuity x =142k, k€Z) we have b, =0 for all n,
and we have

2 1
aozi/ f(m)dxzi/ ldz =3 ,and
—2 —1

2 1 1
an:%[2f(m)cos(%x)dx:%/ cos(%x)dz:/() cos (& z) dz = {n—isin(”—;x)]o

-1

0 ,if nis even
= %,ifn:1+4k,k€Z
—2 ifn=34+4k, keZ

nm

Since f(z) is equal to the sum of its Fourier series (except at the points of discontinuity), we have

) = b+ 2 (oos (50) — heos () + $oos () = hoos () + )

X (—1)k 2k+1)m
+ kX—:O ((2k+)1) cos (25T g).

I

Evaluating at x = 0 gives

5~
so we have > S=5 = 7.

k=0



3: Let f: R — R be the 27-periodic function with f(x) = 23 — 7%z for —7 < 2 < 7. Find the Fourier series
for f, then evaluate at = § to find Z (%il)

™

Solution: Since f(z) is odd we have ag = 5 f(z)dz = 0 and a, = 1 f(z)cosnz de = 0 and

—T —T

T

™ us
b, =1 f(z)sinnz dz = 2 / (2 — n%z) sinnx dz. Integration by Parts gives
- 0

/ T sinnx dr = [— % T cosnac] —l—/ %cosnx dr = —%7? cosnmw = —(_173””.
0 0 0
and - - -

/ 22 sinnx dr = [— %x3 cosnaz] —l—/ %xQ cosnx dr

0 0 0

_yre? + | 222 sinnx i — i S rsinnz dr
n n? 0 o n2
- 0 S (- 5)
and so .
b, = %/ (z° — m*z) sinnz dx = %((_1)71(% - %3) + (—1)"%3) = (_L#
0
Since f(z) = 2% — 7%x for —7 < 2 < 7, we have f(l) = (%)3 — WQ(g) = —%. On the other hand,
since f(x) = E M sinnwx, and since when n = 2k we have sin - = 0 and when n = 2k + 1 we have
n=1

: s T s = —1)2k+119 x 12
sin 2% = (—1)*, we have f(%) = z_: sm% = g}o ((2,)67)3(—1)’C = _kz;o Ezk}rl) Thus

(1) _ 1 T\ _ 1 3 _ w2
Z ey =1uf3)=u%=%



4: Use Fourier series to solve the ODE 42" + x = f(¢), for © = x(¢), where f : R — R is the 2r-periodic
function given by f(t) = t% for —7 <t < 7.

Solution: First let us find the Fourier series for f(t). Since f is even we have b,, = 0 for all n, and we have
We have

T s
=2 ( [lx2 sin mc} — / 2 sinna dm)

T s
(0 + {% T CcoS nx} + / % cosnx d;v)
0 0

= %(0 + Za(-1)" + 0) = (=1

I
3

Since f(z) is equal to the sum of its Fourier series we have

f(z) = %2 + 3 74(:;)" cosnt .
n>1
To solve the homogeneous DE 4z” + x = 0 we try x = e": we need 472 + 1 = 0 so that r = i%i, and the
general real solution is given by x = z(t) = acos% + bsin % By inspection, a particular solution to the DE
4" +x = %2 is given by the constant function x = x((t) = %2 For each n € Z™T, to find a particular solution
to the DE 42" + & = cosna we let = x,,(x) = A cosnx + Bsinnz so that 2’ = — An sin nz + Bn cos nz and
2" = —An? cosnx — Bn?sinnz. Put this in the DE to get

4( — An® cosnt — Bn*sinnt) + (A cosnt + Bsinnt) = cosnt

and equate the coefficients of cos nt and sinnt to get —4An? + A =1 and —4Bn? + B = 0 so that A = ﬁ

and B = 0. Thus a particular solution to the DE 4a” + x = cosnz is given by = = z,(t) = ﬁ cos nt.
Adding together multiples of the particular solutions z = z¢(t) and = = z,(t), we find that a particular

solution to the given DE 42" + z = f(z) = L > % cosnt is given by
n>1

x=xp(t) = xo(t) + Y 4(;%)n xn(t) = %2 + > % cos nt.
n>1 n>1

Thus the general solution to the given ODE 42" 4+ 2 = f(t) is given by

z(t) = acos§ +bsin £ + %2 + > %cosnt.
n>1



