8. Hilbert’s Nullstellensatz

8.1 Theorem: (Hilbert’s Weak Nullstellensatz) Let F be an algebraically closed field,
and let A % F[z1,---,x,] be a proper ideal. Then V (A) # .

Proof: Using Zorn’s Lemma, we can choose a maximal ideal M C Flzq,---,x,]| with
A C M. Note that V(M) C V(A) so it suffices to show that V(M) # (.

Let L = Flxzq, - -,xn]/M, and note that L is a field since M is maximal. Let ¢ be
the natural projection ¢ : F[zq,-- -, x,] — L, which is given by ¢(f) = f+ M. Notice that
F N M = {0} since if we had 0 # a € F N M then we would also have 1 = a € M so M
would not be maximal. This implies that the restriction of ¢ to F is injective, since for
a € Fwehave ¢(a) =0=a € M —=acFNM = a=0. Let us write K = ¢(F).
Then ¢ : F — K is an isomorphism of fields. In particular, K is also algebraically closed.

Now for i = 1,---,n, write u; = ¢(z;) = x; + M. Then we have L = Kluq, -, uy].
We claim that the fact that L = Kluq, -, u,] is a field implies that each u; must be
algebraic over K. Suppose, for a contradiction, that the u; are not all algebraic over
K. Then, writing r = transKK[ul, -+, uy], we have r > 1. By Noether’s Normalization
Lemma we can choose an algebraically independent set {vq, -, v,.} C K[uy,- -+, uy] such
that K[uy, -+, u,] is integral over K[vy,---,v,]. But since {vq,---,v,} is algebraically
independent over K, so that we can identify K[vy, -, v,] as the ring of polynomials in the
variables vq, - - -, v, the ideal <1)1, cee vr> is maximal in K[vy, -+, v,]. By the Lying Over
Theorem there must be a maximal ideal N C L which lies over it. But since L is a field,
{0} is the only maximal ideal in L, and {0} certainly does not lie over (vy,---,v,). This
gives the required contradiction.

Since each u; is algebraic over K = ¢(F'), which is algebraically closed, we have u; € K
for all i. For each ¢ = 1,---,n, choose a; € F so that ¢(a;) = u;, that is ¢(a;) = ¢(x;),
and set a = (a1, --,a,) € F*. We claim that a € V(M) so that V(M) # (. Indeed,
for f € M we have ¢(f) = 0, so if we write f = Zcil min:clil -+~ x,' then we have

¢(f(a>) - Z ¢(Ci17,..7in)¢(a1)il QS(G’H)Z” = ZQS(Cil’...’in)’qb(ml)il e ¢<mn)2n = ¢(f) = 07

and hence f(a) = 0 since the restriction of ¢ to F is injective.

8.2 Example: If F is not algebraically closed, then it is certainly possible to find a
proper ideal A % Flxy, -+, x,] with V(A) = 0. Indeed for any non-constant polynomial

f € Flxy, -+, x,] with no roots, we have (f) % Flx1,---,z,] but V({f)) = 0.
8.3 Definition: Let R be a commutative ring. The radical of an ideal A is the ideal

\/Z:{TERIT”EAforsomeneN}.

Note that v/A is an ideal since for r € R and a,be VA with ™ € A and b™ € A, we have
(ar)” = a™r™ € A and we have (a + b)"T™ = a" ™ 4 ... 4 @™ 4 .- +0"T™ € A. Also
note that A C v/A. A radical ideal is an ideal in R of the form v/A for some ideal A.

8.4 Note: For any ideal A in a commutative ring R, A is radical <= A = V/A.

Proof: If A = /A then A is radical by definition. Coversely, suppose that A is radical,
say A =+/B. We have A C v/A, so we only need to show that VA C A. Let a € VA, say
a™ € A =+/B. Choose m € N such that (a")™ € B. Then a"™ € B soa € VB = A.

8.5 Example: In a commutative ring, every prime ideal is a radical ideal.
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8.6 Example: In Z, if n = p;¥1po*2 - .- p;¥ where the p; are distinct primes, then we have
V{(n) = (p1p2 - - - pi). Similarly, if f € Flxq, -, z,] factors into irreducible polynomials as

f=h"pRM e R then /(f) = (fifo--- fi).

8.7 Note: Let A be any ideal in F[x1,---,2,]. Then V(A) = V(v/A), and VA C A4, and
if A is closed then A must be radical.

Proof: Since A C VA, we have V(vVA) C V(A). Let a € V(A). Let f € VA. Choose
n € N so that f™ € A. Then since a € V(A), we have f"(a) = 0, and so f(a) = 0. Since
f € VA was arbitrary, we have f(a) = 0 for every f € VA, and so a € V(v/A). Thus
V(A) = V(VA). Since V(A) = V(V/A), we have VA C VA = I(V(VA)) = I(V(4)) = 4.
And finally, if A is closed then we have VACA=A.

8.8 Theorem: (Hilbert’s Nullstellensatz) Let F be an algebraically closed field and let A
be an ideal in F[z1,- - -, x,]. Then A = /A.

Proof: We have seen that v/A C I(V(A)), so we must show that I(V(A)) C VA. Let f €
I(V(A)) CFlzy,- -, x,). Write x = (21, -+, 2), let g(x,y) =y f(x)—1 € Flz1, -+, zp, Y]
and let B be the ideal generated by AU {g} in Flz1,- -, 2,,y]. We claim that V(B) = 0.
Indeed, suppose for a contradiction that (a,b) € V(B), where a € F™" and b € F. Then for
every h(x) € A, we also have h(z) € B so h(a) = 0, and so we have a € V(A) C F™. Since
feI(V(A)), we have f(a) = 0. Also, g(x,y) € B sowe have 0 = g(a,b) =b f(a)—1 = —1,
giving a contradiction, so V(B) = (), as claimed. By Hilbert’s Weak Nullstellensatz, we
must have B = F[zy,- -+, x,,y]. In particular, we have 1 € B = (AU {g}), so we can write

- k;l Fi@)gi(@, ) + (@) — Dgu(a,y) € Flen,- - an,y]

where each f;(z) € A and each g;(z,y) € Flx1,---,z,,y]. Settingy = ﬁ e F(xy, -, xn)
we have

k
1= ;fl(x)gl(x, ﬁ) eF(xy, -, xp).

Multiplying by f~(z), where N is the maximum of the degrees in y of the polynomials
gi(z,y), we obtain

£ () = i fi@)hi(e) € ACFlor, -2

where h;(z) = fN(z) (90, L) € Flay, -, 2,). Since f¥ € A for some N, we have
f € VA as required.

8.9 Example: If F is not algebraically closed, then we can find ideals A C F[zq, -, ]
such that v A ; A. For example if f is any irreducible polynomial in F[xq,- -, z,] with

no roots, then we have /(f % Flzy,-- = <7>

8.10 Corollary: If F is an algebraically closed field, then the maps A — V(A) and
X — I(X) give a bijective order-reversing correspondence between the set of all radical
ideals A C Flzy,---,x,]| and the set of all varieties X C F™. Under this correspondence,
every maximal ideal M corresponds to a point, and every prime ideal P corresponds to an
irreducible variety.



8.11 Corollary: IfF is an algebraically closed field and X C F" is an irreducible variety
and ¢ : Flz1,---,z,) = Flz1,--+,2,]/I1(X) = A(X) is the natural projection, then the
maps B +— V (¢~ 1(B)) and Y — ¢(I(Y)) give a bijective order-reversing correspondence
between the set of all radical ideals B C A(X) and the set of all varieties Y C X. Under
this correspondence, every maximal ideal M C A(X) corresponds to a point in X, and
every prime ideal P C A(X) corresponds to an irreducible variety Y C X.

Proof: This follows from the previous corollary together with the fact that, when R is a
commutative ring and I C R is an ideal and ¢ : R — R/I is the natural projection, the
maps A — ¢(A) and B — ¢~ 1(B) give a bijective correspondence between the set of ideals
A C R with I C A and the set of all ideals B C R/I and that, under this correspondence,
radical and prime and maximal ideals A C R with I C A correspond to radical and prime
and maximal ideals B C R/I.

8.12 Corollary: If F is an algebraically closed field and X C F" is a variety, then every
radical ideal A C A(X) can be decomposed uniquely (up to order) as A= PiNPyN---NP,
for some prime ideals P; C A(X) with no P; contained in any other P;.

8.13 Corollary: If F is algebraically closed, and if f € Flx1,---,x,] is an irreducible
polynomial, then X = V(f) C F" is an irreducible variety with I(X) = (f). More
generally, if f € Flxy,---,x,] decomposes into irreducible factors as f = f1k1f2k2 e flkl,
then the irreducible components of the variety X = V(f) are the varieties V (f;).

8.14 Example: In C[z, y|, the polynomial f(z,y) = y*>+2%(x—1)? factors into irreducibles
as f(z,y) = (y+iz(z—1))(y—iz(xr—1)), and so the irreducible components of the variety
V(f) C C? are the varieties V(y+ixz(x—1)) and V(y—iz(x—1)). On the other hand, the
same polynomial f(z,y) is irreducible in R[z, y], and in R? we have V(f) = {(0,0), (1,0)}
which is a reducible variety.

8.15 Corollary: IfF is algebraically closed and R is an integral domain which is finitely
generated over F, then there exists an irreducible affine variety X with A(X) = R.

Proof: Let uq,---,u, be generators for R over F so that we have R = Fluq,---,u,]|. Let
¢ Flzy,---,2,] — R be the F-algebra homomorphism given by ¢(zy) = ug for 1 < k < n.
Let P = ker ¢. Then P is an ideal and R = Flu1, - - -, u,] = Flz1,- -+, z,]/P. Since R is an
integral domain, it follows that P is prime, hence radical. Since F is algebraically closed,
it follows that P is closed. Thus for the variety X = V(P) C F", we have [(X) = P.
Since I(X) = P and P is prime, it follows that A(X) = R and X is irreducible.

8.16 Corollary: If F is algebraically closed, and X C F" and Y C F™ are irreducible
varieties, and f : X — Y is a rational map with domain X, then f is a polynomial map.

Proof: Suppose f: X — Y is well-defined at every point a € X. For each a € X choose
pa € Flzy, -+ 2n)™ and qq € Flzy, -+, xp] such that f = 22 and gq(a) # 0. Let A = (S)
where S = {qa‘a € X }. By Hilbert’s Basis Theorem, we can choose points ay,---,ap, € X
such that A = (qa,," ", qa, ). Note that V(A) = 0 because for all a € X we have ¢, € A
and g,(a) # 0. By Hilbert’s Weak Nullstellensatz, we must have Ae: Flxy, -, zy).

In particular, we have 1 € A = <qa1,---,qa€> so we can write 1 = ) grqq, for some
¢ ‘ k=1
gr € Flx1,---,x,]. Then f=1-f= > gkqa, f = D_ gkPa,, which is a polynomial map.
k=1 k=1

8.17 Example: In R[x] the rational map f(z) = x% is not a polynomial map.
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8.18 Corollary: Let F be algebraically closed, and let X C F™ andY C F™ be irreducible
varieties, Let f : Y — X is a dominant polynomial map and note that f* : A(X) — A(Y)
is injective so that A(X) = f*(A(X)) C A(Y). If A(Y) is integral over f*(A(X)) then f

is surjective.

Proof: Let a € X and let M C A(X) be the maximal ideal corresponding to a. Let
N = f*(M). Since f is dominant so that f* is injective, N is maximal in f*(A(X)).
By the Lying Over Theorem, since A(Y') is integral over f*(A(X)), we can choose a
maximal ideal N C A(Y) such that N N f*(A(X)) = f*(M). Let b € Y be the element
which corresponds to the maximal ideal N. We claim that f(b) = a. Let g € M. Then
f*(g) € f*(M) C N. Since f*(9) € N we have f*(g)(b) = 0, that is g(f(b)) = 0. In
particular, taking g = zx — ar € M we obtain fi(b) = ax so that f(b) = a, as claimed.

8.19 Example: For X = R and Y = V(y — 2%) C R?, the projection map f: Y — X
given by f(z,y) =y is a dominant polynomial map, and A(Y) is integral over f* (A(X)),
but f is not surjective.



