PMATH 450/650 Solutions to the Exercises for Chapter 4

: (a) Let P> denote the space of polynomials of degree at most 2 with coefficients in R using the inner product
given by (f,g) = f(0)g(0) + f(1)g(1) + f(2)g(2). Find the orthonormal basis for P, which is obtained by
applying the Gram-Schmidt Procedure to the basis {1, x, xz}.

Solution: Write pg = 1, p1 = « and py = z2. We take
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Note that [go|> = 12+ 12+ 12 =3, |12 = (-1)2+ (0)*+ (1)2 =2 and |2 = (3) "+ (- 2)" + (}) = ¢ = 2,
and so normalizing yields the orthonormal basis {rg, 1,72} with
q0 1 Q1 1 a2 3 (2 1
ro=——=—=, Mm=——=—(x—1), ro=—"—"=4/2 (2 - 22+ 3).
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(b) Let R denote the space of sequences x = (z1, 2,23, --) with each z; € R such that z; = 0 for all
oo

but finitely many indices k, using the inner product given by (z,y) = > zryr. Let U be the subspace
k=1

U= {x € R°°| Soag = 0}. Find the orthonormal basis for U which is obtained by applying the Gram-
k=1

Schmidt Procedure to the basis {u1,uz,us, -} where uy = e — epq1.

Solution: Let {vy,vs,vs, -} be the orthogonal basis obtained by applying the Gram-Schmidt Procedure to
{u1,u2,us, -}, and let {wy,ws,ws---} be the orthonormal basis obtained by letting w,, = HZ—”H Let

Sp = Z€k=(1,1,"~,1,0,0,-~).

We claim that
vn:%sn—enﬂz(%,%,--- 1 —1,0,0,~-~) for all n>1.

[
We have v;1 = u; = e1 — ey = 81 — €9, so the claim holds when n = 1. Let n > 2 and suppose the claim holds
for all £ < n. For £ < n we have
£ —1lifl=n—-1
1 )
Up, V) = (€, — € , 7 e — e = (€n, —€ = .
< n €> < n n+l, 7 kgl k €+1> < n Z+1> { 0ifl<n—1.

and we have |vg[? = ¢+ % + 1 = 2L so that in particular [v,_1|? = -2;. Thus
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By Induction, v, = %sn —eny1 and |v,|? = "T“ for all n > 1. Normalizing gives
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2: Use the Cauchy-Schwarz Inequality to solve each of the following problems, involving real-valued functions.

(a) Let f € L]0, 00). Show that lim f=o.
n=00 Jin ni)
Solution: Since f € L2[0, c0), we have Z/ IfI? = / |f|* < o0 hence lim |f|> = 0. Since
n=0" [n,n+1) [0,00) =0 Jin,n+1)

[0,1]\[0,1) = {1} which has measure zero, we have /
[n,n+1]
By the Cauchy-Schwartz Inequality in La[n,n + 1], we have
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(b) Let f € L5[0,1] be nonnegative with f? = / f3 = f* < oco. Show that there exists a
[0,1] [0,1] [0,1]
measurable set A C [0,1] such that f =X, a.e. in [0,1].

If|? = |f|?, and so lim |f|? = 0.
(n,n+1) n—
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Solution: In L0, 1] we have

(f.f%) = % and

[0,1]
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Since (f, f2) = || fl|2||£?||2 it follows, from the Cauchy-Schwartz Inequality, that {f, f?} is linearly dependent

in L5[0,1]. Thus either f =0 (and f? =0) in L[0,1], or f # 0 and f? = cf in L0, 1] for some 0 # ¢ € R.

If f =0in Ls[0,1] then f = X, a-e. in [0,1]. Suppose that f # 0 and f? = cf in Ly[0, 1] with 0 # ¢ € R.

Since f? = / 3= / cfP=c¢ f? and/ 2 = ||| # 0, we must have ¢ = 1. Thus we have
[0,1] [0,1] [0,1] [0,1] [0,1]

f?=fin L3[0,1], and so f(z)? = f(z), hence f(x) € {0,1}, for a.e. z € [0,1]. If A= {z € [0,1]|f(z) =1}
and B = {z € [0,1]|f(z) =0} and C = [0,1]\ (AU B) then A(C) = 0 and f(z) = X ,(z) for all z € [0, 1]\ C.



3: Let 1 < p < oo

(a) Show that if p # 2 then there does not exist an inner product on £, such that ||z||2 = (z,z) for all z € £,,.

Solution: Suppose that there exists such an inner product. By the Parallelogram Law, for all z,y € ¢, we
have ||z +y||2+ |lz —y||2 = 2(]|z||2 +|y]|2). Note that p # oo because [|e; +ez]|2, = [|e1 —ea]|2, = 1+1 =2
while 2(J|e1||% + [le2]|Z) =2(1 4+ 1) =4. When 1 < p < oo,

[lex +62H12)+||€1 feQHIQJ = 2(||61||12)+||62||?)) — 22/P 1 92/P — 2(14+1) = 22/p — 91 — % =1=p=2.

(b) Let A C R be measurable with A(A) > 0. Show that if p # 2 then there does not exist an inner product
on Ly(A) such that [|f]|2 = (f, f) for all f € L,(A).

Solution: Let A, = AN[n—1,n) for n € Z. Since A(A) > 0 we can choose n € Z so that A(4,) > 0. By our
solution to Problem 2(b) on Assignment 1, we can choose a € (n,n + 1) such that for B = A, N [n,a) and
C = A,Na,n+1) we have A(B) = A(C) = 1A\(4,). Let L = 1X(A4,) =A(B) = A(C). Let f,g: A — R be
given by f =X, and g = X, and note that |f 4+ g[ = |f — g] = X . Suppose that there exists an inner
product on L,(A) which induces the p-norm. Then the Parallelogram Law must hold. Note that p # oo
because ||f + g% + ||f — g//% = 141 =2 while 2(||f||X + ||gl|%) =2(1+1) =4. When 1 < p < oo we
have
1S+ gll3+11f = gll; = 2(11F 15 + llgll) = (2L)%/7 + (2L)*/? = 2(L*/ + L*/7)

— (2L)*/P =2L%P — 2P =2 — p=2.



4: (a) Let B = {x € £y |||z|]2 < 1}. Show that B is not compact.

Solution: Let E = {ey,eq,e3, -}, let Uy =43\ E, let U, = Ble,, 1) = {x € ﬁg“\x —enlla < 1} forn € Z7.
and let U = {Uy, Uy, Us, - -}. Note that E is closed (because for all k # ¢ we have ||ej, — e¢||> = V/2, so every
Cauchy sequence in FE is eventually constant) and so Uy is open, and so U is an open cover of B. But U has
no finite subcover, indeed U has no proper subcover, because the point 0 € B only lies in the set Uy and for
each k € Z*, the point e € B only lies in the set Uy, (when n € Z* with n # k we have ||ex — en|l2 = V2
so e ¢ Blen, 1) =Up,).

(b) Let 7, > 0 for all k € Z*, and let S = {x € ly | |zg| < rp for all k € Z*}. Show that S is compact if

o0
and only if > |r|? converges in R.
k=1
o0 n n
Solution: If 37 |rg|? = co. then S is unbounded because s, = . rpex € S and |[spllz = Y |re]? — oo
k=1 k=1 k=1

oo
as n — 00, and hence S is not compact. Suppose that Y |ri|> < co. We claim that every sequence in S
k=1

oo

has a convergent subsequence whose limit lies in S. Let {x,},>1 be a sequence in S, say x, = > @ iek
k=1

with |z, 1| < 7 for all n, k. Since x,1 € [—r1,71] for all n, we can choose m; < mg < m3 < --- so that

the sequence {Zm,, 1}n>1 converges in R, say to ¢; € [—r1,r1]. Denote the subsequence {zp,, }n>1 of {z,}

in £5 by {z1} so we have xl Z x} i€k With @) = . Note that x}bk € [k, ri) for all n,k and
k_

lim @, , =c1 € [-r1,m1]. Since z} 5 € [—r2, 9] for all n, we can re-choose m; < my < mg < --- so that the
n— 00 ’

sequence {x}, ,}n>1 converges in R, say to ¢z € [—rg2,72]. Denote the subsequence {x;, }n>1 of {z}} in {3 by

{22} so we have x2 Z x? 7€k With x? k= =uxl k- Note that x2 vk € [~ 7k, i) for all n, k and HILH;O x? 1=c
=1

and nh_)rrgo x2 2 = C2. Repeat this procedure to obtain successive subsequences {z!"'},,>1 in ¢5 for each m € Z+

given by 2™ Z z e with |27, | < g for all m,n, k such that lim 7'y = ¢ € [=rg, %] in R for all

n— oo

k < m. Let {y,} be the diagonal sequence y,, = z" = E )y pex, and note that {y, } is a subsequence of the

k=1
o0 o0
original sequence {x,}. We claim that y — ¢ in f5 where ¢ = Y cxeg. Let € > 0. Since Y |rx]? < oo, we
k=1 k=1
o0
can choose m € Z* so that > |ri|? < &. Since hm xy'y, = ¢ for all k < m, we can choose N € Z*

k=m++1
with N > m so that for all n > N we have |mnmk — ck} < ;—m for all & < m. Note that when m' > m, {x?,}

. / .
is a subsequence of {27} so for each n € ZT we have 2™ = 2™ for some n’ > n. In particular, when n > N
we have y,, = ! = z17, for some n’ > n, and so

|[Yn — C||2* Z ‘ynk*CkP Z |ynk70k|2+ Z |yn,k70k|2
k=1 k=m+1

m , ,
Z‘ 7uk_ck|+kZ+1(2Tk)2§m-2‘—m+4-%:62
k=1 =m

hence ||y, — ¢||2 < €. Since every sequence in S has a subsequence which converges to an element in S, it
follows that S is compact (recall that, in a metric space, sequential compactness is equivalent to compactness).



5: Let H be a separable Hilbert space over C.
(a) Show that for every u € H, the linear map L : H — C given by L(z) = (x,u) is continuous.

Solution: Let w € H and let L(z) = (x,u). Given ¢ > 0 choose § = . Then for z,y € H with

[lull +1
||z — y|| <, the Cauchy-Schwarz Inequality gives
€]lull
L(z) = L(y)| = [{z,w) = (y,w)| = [{& =y, w)| < [Jz —yll[[u]] < se
| | =ty el
Thus L(z) is continuous (and indeed uniformly continuous).
Remark: we used ¢ = 177 rather that § = o in order to include the case in which [u[| = 0.

(b) Show that for every continuous linear map L : H — C there exists a unique point v € H such that
L(z) = (x,u) for all x € H.

Solution: Let L : H — C be a continuous linear map. If L = 0 then we can take u = 0 to get L(x) = (x, u)
for all . Suppose that L # 0. Let U = ker(L) = {:I: € H‘L(m) = O}. Since L is linear, U is a subspace
of H, and since L is continuous, U is closed, and it follows that H = U @ U~. Since L # 0 it follows that
U # H and so Ut # {0}. Choose w € H with L(w) # 0 and choose v € Ut with ||v|| = 1. Let z € H. For
y = L(xz)v — L(v)x we have L(y) = L(z)L(v) — L(v)L(x) = 0 so that y € U hence (y,v) = 0, and so

L(z) = L(@)|]v|]* = L(z){v,v) = (L(z)v,v) = (y + L(v)z, v) = L(v){z,v) = (z, L(v) v).

Thus L(z) = (z,u) where u = L(v) v.
To prove uniqueness, note that if L(z) = (z,u) = (z, /) for all z € H then (z, u—u') =0 for allz € H
so. in particular, |Ju — v/[[> = (u — v, u — u/) = 0 and hence u = v/.



