PMATH 450/650 Exercises for Chapter 2

: Let f, : A C R — [—00, 00] be measurable functions for n € ZT, and let a € R.

sab= JUN e el 2 as 21,

m=14=1n=~L

(b) Show that the set {x €A ‘{ fn} converges} is measurable.

(a) Show that {

: In this problem, you are asked to prove parts of several of the theorems from Chapter 2 in the Lecture Notes.
Your proofs should not make use of any theorems from Chapter 2 (you may use theorems from Chapter 1).
Let A= BUC where B,C C R are disjoint and measurable, let f: A C R — [—00, 0] be a function, and
let g and h be the restrictions of f to B and to C respectively.

(a) Show that f is measurable if and only if g and h are both measurable.
(b) Suppose that f is a nonnegative simple function. Show that / f= / g +/ h
A B c

(c) Suppose that f is a nonnegative measurable function. Show that / f= / g+ / h
A B c
(d) Suppose that f is an integrable function. Show that g and h are integrable and / f= / g +/ h
A B c

: Let f: ACR — [0,00] be a nonnegative measurable function.

(a) Show that if 0 < a then
M (@) <5 [ 1.

(b) Show that if/ f=0then f=0 a.e. in A.
A
(c) Show that if 0 < a < A(A) < co and f(z) > 0 for all z € A then

inf {/ f ‘ B C A is measurable with A\(B) > a} >0.
B

: (a) Let f, : AC R — [—00, 0] be measurable and let g, : A C R — [0, 00] be nonnegative and measurable

with ‘ fn| < g, foralln € Z*. Suppose that hm fn exists, hm gn exists, and lim gn / 1112O gn < 00.
AT

n—oo

Show that / lim f, = lim fn

A n—oo n—oo

(b) Let f, : AC R — [—00, ] be integrable, suppose lim f, exists and is integrable, and let f = lim f,.
n—oo n—oo
Show that lim / |fn — f| = 0 if and only if lim / | fn] :/ [

: Let A C R be measurable with A(4) < co and let Let f : A — R be bounded. Define the upper and lower
Lebesgue integrals of f on A to be

U(f)inf{/As
L(f)=sup{/As

(a) Show that f is measurable if and only if U(f) = L(f) and, in this case, / F=U(f)=L(f).
A

s is a simple function on A with s > f} and

s is a simple function on A with s < f }

(b) When A = [a, b], show that if f is Riemann integrable then f is Lebesgue integrable and the two kinds
of integral agree.



