PMATH 450/650 Solutions to the Exercises for Chapter 1

: (a) Show that for all sets A C R we have ¢*(A4) = ¢*(A).
Solution: Since ACA it is clear that ¢*(A) < ¢*(A). Let € > 0. Choose bounded open intervals I, I, - - -, I,,

so that A C U Ij, and Z |Ir| < c¢*(A)+e. For each index k, say I, = (ay, by,) and let Jp = (ar— 5=, b+ 55 )
=1

so that Iy C Jp and |Ji| = [Ix| + £. Then A C |J Ji, so we have
k=

(@) 3= X (Il + £) = 32 Il + € < ¢ (A4) + 2.
k=1 k=1 k=1
Since € was arbitrarily small, it follows that ¢*(4) < ¢*(A), as required.

(b) Show that for every compact set A C R we have ¢*(A) = A*(A4).

Solution: Let A C R be bounded. Let € > 0. Choose bounded open intervals Iy, I5, - - -, I,, so that A C U Ay

and > |[Ix] < c*(A)+e€ Let Iy =0 for k >n. Then A C > I so AX*(A) < > || = Z [T < c¢*(A) +
k=1 k=1 k=1 k=1
Since € > 0 was arbitrary, it follows that A\*(A4) < ¢*(A).

Now let A C R be compact. Let € > 0. Choose bounded open intervals I, I, I5,- -+ so that A C |J I
k=1

and \*(4) < E |T;| + €. Since A is compact, we can choose finitely many indices k1 < ko < -+ < kj, such

that A C | I,. It follows that ¢*(A) < > Ik, | < > [Ix] < A*(A) +e. Since € > 0 was arbitrary, it follows
i=1 i=1 k=1

that ¢*(A) < A ( )-

: (a) Let A C R with A*(A) > 0. Show that there is a bounded open interval I such that A\*(ANI) > 3|I].

Solution: Suppose, for a contradiction, that for every bounded open interval I we have A*(ANI) < %|I |. Let

A = ANk, k+ 1] for each k € Z. Note that A*(Ay) > 0 for some k € Z because if we had \*(A4;) = 0 for

all k € Z then we would have A*(A) = X*( U 4x) < Z A*(Ag) = 0. Choose k € Z so that A*(Ag) > 0 and
kEZ

let B = Aj. Choose bounded open intervals Iy, I, I3, - - - so that B C U Ij, and Z [Ix| < 3X\*(B). Then

k=1
NB)=X(UBNL) <X XN (BNIL) < S MNANIL) <Y 3k < 5 3X(B) = 3X(B),
k=1 k=1 k=1 k=1
which gives the desired contradiction.
(b) Let A C R be bounded. Show that there is a set B C A with A\*(B) = $A*(A).
Solution: Choose a,b € R so that A C [a,b]. Define f : [a,b] — R by f(z) = A*(A N [a,z]). Note that
fla) = X (An{a} M({a}) = 0 and f(b) = A*(AN[a,b]) = A*(A). For agxg < b we have

=\ y]) = A*((Aﬂ [a,z]) U (AN (amy])) <X (AN[a,z]) + X (AN (z,9])
<X (AnNn [aﬂs]) + X ((z,9]) = flz) + (y — o).

Thus 0 < f(y) — f(x) < y—x for all z,y with a < 2z <y < b, and so f is continuous on [a,b]. Since f :
[a,b] — R is continuous with f(a) = 0 and f(b) = A*(A), we can choose z € (a,b) such that f(z) = 1A*(A).
Thus we can take B = AN [a,z] to get A\*(B) = A*(ANa,2]) = f(z) = 1X*(4).

)_

fly) = )\*(Aﬁ [a,y]) < A (Aﬂ [a,z]) = f(x) and we have
(An
(



3: (a) Let A C R be measurable with A(A) > 0. Show that there exists a nonmeasurable set B C A.

Solution: As in Problem 2(a), choose k € Z so that for S = AN [k, k+ 1] we have A(S) > 0. Define an
equivalence relation on S by defining x ~ y <= y—x € Q. Let C be the set of equivalence classes. For each
class ¢ € C choose an element x. € c. Note that z. € ¢ C S = ANk, k+1]. Let B = {x.|c € C} C ANk, k+1].
We claim that B is not measurable.

Let QN [—1,1] = {a1,az,as, -} with the elements a, all distinct. For each k € Z*, let By = ax, + B.
Note that since ay, € [-1,1] and B C [k, k+1], we have By, = ar+B C [k—1, k+2]. We claim that the sets By,
are disjoint. Let k,l € Z* and suppose that ByNB; # (. Choose y € ByN By, say y = ay +x. = a;+x4 where
¢,d € C. Then we have z.—x4 = a;—ai € Q hence z. ~ x4 hence ¢ = d hence a = a; and hence k = [. This

proves that the sets By, are disjoint, as claimed. We also claim that S = AN[k,k+1] € U By C [k—1,k+2].
k=1

It is clear that |J Bx C [k — 1,k + 2] because By, C [k —1,k+ 2] forall k € ZT. Let y € S = AN [k, k+ 1].
k=1

Then y € ¢ for some equivalence class ¢, and then we have y ~ z. hence y — z. € Q. Since y € [k, k+ 1] and

zc € [k, k+ 1] we have y — z. € [—1,1]. Since y —x. € QN [—1,1] we have y — ¢, = a;, for some k € Z" and

o0 o0
then y = ap + x. € ap, + B = By, C |J Bg. This proves that S C |J By, as claimed.
k=1 k=1
Suppose, for a contradiction, that B is measurable. Then the translated sets By = a+ B are measurable

with A(Bg) = A(B) for all k € Z. Since the sets By, are disjoint, it follows that

0o 0o 00 ’1f =0,
G = e = E = { 0

But since S € |J By C [k — 1,k + 2] we have 0 < A(S) < A( U Bx) < 3 giving the desired contradiction.
k=1 k=1

(b) Show that there exist disjoint sets A, B C R such that A\*(A U B) # \*(4) + \*(B).

Solution: Choose a nonmeasurable set C C R. Choose aset X C R such that A*(X) # A*(XNA)+2*(X\A).
Let A=XNC and B= X\ C). Then A and B are disjoint with AU B = X and so A*(AU B) = \*(X) #
X*(A) + A*(B).



4: (a) Show that F C Gs (or, equivalently, that G C F,).

Solution: Let ) # A € F. Since A is closed, for each € R the function g, : A — [0, 00) given by g, = |z —al
attains its minimum value. Define f : R — [0,00) by f(z) = dist(x, A) = min {|z — a||a € A} and note that
f(z) =0 <= z € A. We claim that f is continuous. Choose a € A so that |z — a| = dist(z, A) = f(x).
Then
fly) =dist(y, A) <y —a|=ly—a+z—a| <|y—z[+ [z —a] < |y — 2]+ f(z)

so we have f(y)— f(x) < |y—z|. By symmetry, we also have f(z)— f(y) < |x—y| so that }f(y)—f(ac)‘ < |ly—x|.
Since |f(y) —f(a:)| < |ly—z| for all z,y € R, it follows that f is continuous, as claimed. Since f is continuous,
the set {z € R|f(z) <1} = f71(%,00) is open for each n € ZT. and so

n?

A={zeR|f(z)=0} = Fi{:neR|f:c<%}€Q5.

(b) Show that F, # Gs.

(oo}

Solution: Recall that Q € F, (indeed if Q ={ai,aq, -} then Q = | {ak}) and it follows (by taking the
k=1

complement) that Q¢ € G5. We claim that Q¢ ¢ F, (and hence, by taking complements, Q ¢ Gs). Suppose,

for a contradiction, that Q¢ € F,. Let Q = |J Ay where each Ay, is a closed set (which is contained in Q)
k=1

o0 oo
and let Q° = |J By where each By, is a closed set (which is contained in Q¢). Then R=QUQ°= |J C,

k=1 n=1
where Cy, = Ay, and Cy,_1 = By.. For each n € Z1, when n is even C,, is contained in Q and when n is odd
C,, is contained in Q¢ and, in either case, it follows that C' has an empty interior. Thus R is a countable
union of closed sets with empty interiors, and so R is first category. We know this is impossible, by the
Baire Category Theorem, and so we have obtained the desired contradiction.

(c) Show that Gs # Gs, (or, equivalently, that F, # Fps).

Solution: Since F C Gs, we have F, C Gs,. Since Q € F, and F, C Gs,, we have Q € Gs,. Since Q¢ ¢ F,,
we have Q ¢ Gs. Since Q € Gs, but Q ¢ Gs it follows that Gs # G5,



