PMATH 351 Real Analysis, Solutions to the Exercises for Chapter 7

: (a) Show that for A C R, if A is closed and of measure zero then A is nowhere dense.

Solution: Suppose that A is closed and of measure zero. We must show that A° = (). Suppose, for a
contradiction, that A° # (). Choose a closed interval [a,b] C A, where a < b. We claim that A(4) > b—a >0
so that A is not of measure zero. Let U be a countable set of open intervals which covers A. Then U also
covers [a, b], which is compact. Choose a finite subcover V C U of [a,b]. Choose an open interval (aq,by) € V
with a € (a1,b1). If by > b then [a,b] C (a1,b1). If b < by then by € [a,b] but by ¢ (a1,b1), so we can choose
an open interval (ag,bs) € V with by € (ag,b2). Recursively, we choose intervals (a1, b1), (az, b2), (as,bs), -
so that a € (a1,b1), b1 € (ag,b2), by € (as,bs) and so on. Since V is finite and covers [a, b], eventually we
obtain an interval (a,,b,) which contains b. Since a; < a and a;—1 < b; for 2 <i <n and b, > b, we have
> (bi—a;) = (by — a1) + (b2 — az) + (bs — az) + -+ + (bu—1 — an_1) + (b — @)
i=1
> (b1 — a) + (bg — bl) + (bg — bg) + -+ (bn,1 — bn,Q) + (b — bnfl)
=b—a
Thus the sum of the lengths of all the intervals in U is greater than b — a. From the definition of outer
measure, we have A(A) >b—a > 0.

(b) Let X and Y be metric spaces and let f: X — Y. For € > 0 let
D. = {a € X)Vé >03x,y € B(a,0) d(f(z),f(y)) = 6}.
Show that the set of points in X at which f is continuous is of type G5 by showing that D, is closed in X

for all € > 0 and that U Dyyp = {a eX ’ f is not continuous at a}.
n=1

Solution: Let a € X \ D.. Since a ¢ D, we can choose 6 > 0 so that for all z,y € B(a,d) we have
d(f(z), f(y)) < e. We claim that B(a%) ND.=10. Let b € B(a,g). Then for z,y € B(b,g) we have
z,y € B(a,0) so d(f(z), f(y)) <e. Thus b ¢ D,. It follows that D, is closed.

Suppose that f is discontinuous at a € X. Choose € > 0 so that V6 > 0 3z € B(a,d) d(f(z), f(a)) > €.
Choose n so that + < e. Then V§ > 0 3z € B(a,d) d(f(z), f(a)) > . Hence (by taking y = a) we have
V6 >0 Jz,y € B(a,8) d(f(x), f(y)) = +. Thus a € Dy,,.

Conversely, let a € |J Dj/,. Choose n so that a € Dy/,. Let e = % Let 6 > 0. Since a € Dy, we
n=1

can choose z,y € B(a, g)_so that d(f(x), f(y)) = + = 2e. Then either we have d(f(z), f(a)) > € or we have

n

d(f(y), f(a) > €, and so (by taking z = z or z = y) we have 3z € B(a,d) d(f(z), f(a)) > e. We have shown
that 3¢ > 0 V6 > 0 3z € B(a,d) f(z) & B(f(a),€), which means that f is discontinuous at a.

oo
Thus U Dy = {a eX ’ f is not continuous at a}, as required, and by taking the complement we see

n=1
that the set of points in X at which f is continuous is of type Gs.



2: Let G = G(R) be the set of open sets in R, and let F = F(R) be the set of closed sets in R.

(a) Show that F C G5 (or equivalently, by taking complements, that G C F,).

Solution: Let ) # A € F. Since A is closed, for each € R the function g, : A — [0, 00) given by g, = |z —al
attains its minimum value. Define f : R — [0,00) by f(z) = dist(x, A) = min {|z — a||a € A} and note that
fl@) =0 < x € A. Recall (or verify) that f is continuous, and so the set {x € R|f(x) < %} = ffl(%, oo)
is open for each n € Z™. Thus

A={zeR|f(z)=0} = Fjl{zGR’f(z)<%}€g(5.

(b) Show that F, # Gs.

Solution: Recall that Q € F, (indeed if Q ={ay,aq, -} then Q = | {ak}) and it follows (by taking the
k=1
complement) that Q¢ € G5. We claim that Q¢ ¢ F, (and hence, by taking complements, Q ¢ Gs). Suppose,

for a contradiction, that Q¢ € F,. Let Q = |J Ay where each Ay is a closed set (which is contained in Q)
k=1

o0 o0
and let Q° = |J By where each By is a closed set (which is contained in Q¢). Then R=QUQ°= | C,

k=1 =1
where Cy, = Ay, and Cy,_1 = By,. For each n € Z1, when n is even C,, is contained in Q and when n is odd
C,, is contained in Q¢ and, in either case, it follows that C' has an empty interior. Thus R is a countable
union of closed sets with empty interiors, and so R is first category. We know this is impossible, by the
Baire Category Theorem, and so we have obtained the desired contradiction.

(C) Show that Gs U F, 75 Gso N Fys-

Solution: Let a,b € R with a < b. Since Q € F, and (a,b) € G C F,, we have QN(a,b) € F,. Since Q° € Gs
and (a,b) € G C Gy, we have Q°N(a,b) € Gs. If we had Q°N (a,b) € F, then we could write each of the sets
QN (a,b) and Q° N (a,b) as a countable union of closed sets, with each closed set necessarily having empty
interior, and then the union (a,b) = (QN(a,b)) U(Q°N(a, b)) would also be a countable union of closed sets
with empty interior, and this is not possible by the Baire Category Theorem. Thus Q° N (a,b) ¢ F,. If we
had Q N (a,b) € Gs then, by taking complements, we would have Q¢ U (a,b)¢ € F,, but then we would also
have Q° N (a,b) = (Q°U (a,b)°) N (a,b) € F,, which is not the case. Thus Q° N (a,b) ¢ Gs. To summarize,
we have

QN(a,b) € Fo, QN(a,b) ¢ Gs, Q°N(a,b) € G5, Q°N(a,b) & Fo.

Let A= (QN(-1,0)) U(Q°N(0,1)). Since QN (—1,0) € Fy C Gso N Fus and QN (0,1) € Gs C Gso N Fs
we have A € G5, N Fus. If we had A € G5 then we would also have AN (—1,0) € Gs, but AN (=1,0) =
QN(—1,0) ¢ Gs. If we had A € F, then we would also have AN(0,1) € F,, but AN(0,1) = QN (0,1) ¢ Fo.
Since A ¢ G5 and A ¢ F, it follows that A ¢ Gs U F,.



3: A function f : [0,1] — R is called nowhere monotonic when it is not monotonic in any interval. Show that
the set of all nowhere monotonic continuous functions f : [0,1] — R is a residual set in (C[0, 1], du ).

Hint: for N € N let
AN:{ifGC[O,l]‘Hae 0,1] ¥z €[0,1] |z—a| <+ = (f(@) - f(a))(z — a) 20}.

Solution: For 2 < N € N, let

AN:{fGC[O,l}‘HaG[% —Llvze(0,1] [r—a <+ = (f(:c)ff(a))(:rfa)EO}
and

BN:{fEC[O,l]‘HaE 11— %] Ve elo,1] |x—a|<%:>(f(m)—f(a))(x—a)SO}

Let f € C[0,1] and suppose that f is increasing in some interval I. Choose a € I and 1 < N € N so that
(a—%,a+ %) CI. Fora <z <a+x wehave (z—a) > 0and (f(z )—f( )) =0, and fora— 3 <z < a we
have (z,a) < 0 and (f(z)— f(a)) > 0, so for all z € [0,1] with |z —a| < 3+ we have (f(z)— f(a))(z—a) > 0.
Thus f € Ay. Similarly, if f € C[0, 1] is decreasing in some interval I, then we have f € By for some N.
Thus the set of somewhere monotonic functions is contained in U?Vozl(A ~ U Bp), and so it suffices to show
that each Ay and each By is nowhere dense.

We claim that each Ay is closed in (C[0,1],ds). Fix N. Let (f,) be a sequence in Ay which converges
uniformly on [0, 1] to the function f € C[0, 1]. We must show that f € Ay. For each n € N, choose a,, € [0,1]
so that Vo € [0,1] [z — an] < % = (fu(®) — fulan))(z — an) > 0. Choose a subsequence (a,) of (ay)
which converges in [0,1], and let a = leH;o an, € [0,1]. We claim that

lim frn (ank) = f(a).

Let e > 0 Since f is continuous at a we can choose § > 0 so that for all y € [0,1] we have |y —a| < § =
|f )| < §, and then since a,, — a and since f,, — f umformly on [0,1] we can choose K € N so
fFyl <

that for £k € N with £ > K we have |ank a| < ¢ and we have |fnk for all y € [0,1]. Then
|fnk(ank) - f(a)‘ < ’f”k (a”k) - f<ank)| + ‘f<a”k) - f(a)‘ < §+ % =€

for k£ > K we obtain

Now, let x € [0,1] with |z — a| < 7. Note that for sufficiently large k we have |z — an, | < #; indeed if we
choose K so that k > K = |an, —a| < 3 — |z —al, then for k > K we have |z —ay,| < [z —a|+|a—ayn, | <
|z —a|+ % — |z —a| = &. Since we have (f(z) — f(an,))(z — an,) > 0 for all k sufficiently lage that
|z — an, | < %, it follows that

(f(@) = f(@)(x = a) = lim (f(z) = fu,(an,))(z = an,) = 0.

Thus f € Ay, so we have shown that Ay is closed. Similarly, each By is closed.
We claim that each Ay has empty interior. Fix N, let f € Ay, and let r > 0. We shall construct
g € Boo(f,7) with g ¢ Ap. Since f is uniformly continuous on [0, 1], e can choose 0 > 0 so that for all

£
2

x,y € [0,1] we have ‘f(a;) — f(y)’ < %. Choose w large enough so that 2% < min (4, d). Let
g(x) = f(z) + §sin(wz) .
Since [g — f|oo = 5, we have g € Boo(f, 7). Let a € [+,1— %]. If sin(wa) > 0 then we choose = € (a,a+ 2Z]
so that sin(wz) = —1, and then we have (z —a) > 0 and
g(x) — g(a) = (f(z) — f(a)) + 5(sin(wz) —sin(wa)) < 5 — 5 < 0.
If sin(wa) < 0 then we choose z € [a — 2%, a) so that sin(wz) = 1, and then we have (z — a) < 0 and

g(z) — g(a) = (f(z) — f(a)) + 5(sin(wz) —sin(wa)) > -2 + % > 0.
In either case we obtain z € [0, 1] with |z — a| < % such that (g(z) — g(a))(z —a) < 0. Thus g ¢ An.



