
PMATH 351 Real Analysis, Exercises for Chapter 7: The Baire Category Theorem

1: (a) Show that for A ⊆ R, if A is closed and of measure zero then A is nowhere dense.

(b) Let X and Y be metric spaces and let f : X → Y . For ε > 0 let

Dε =
{
a ∈ X

∣∣∣∀ δ > 0 ∃x, y ∈ B(a, δ) d
(
f(x), f(y)

)
≥ ε
}
.

Show that the set of points in X at which f is continuous is of type Gδ by showing that Dε is closed in X

for all ε > 0 and that

∞⋃
n=1

D1/n =
{
a ∈ X

∣∣∣ f is not continuous at a
}
.

2: Let G = G(R) be the set of open sets in R, and let F = F(R) be the set of closed sets in R.

(a) Show that F ⊆ Gδ (or equivalently, by taking complements, that G ⊆ Fσ).
(b) Show that Fσ 6= Gδ.
(c) Show that Gδ ∪ Fσ 6= Gδσ ∩ Fσδ.

3: A function f : [0, 1] → R is called nowhere monotonic when it is not monotonic in any interval. Show that
the set of all nowhere monotonic continuous functions f : [0, 1]→ R is a residual set in

(
C[0, 1], d∞

)
.

Hint: for N ∈ N let

AN =
{
± f ∈ C[0, 1]

∣∣∣∃a ∈ [0, 1] ∀x ∈ [0, 1] |x− a| ≤ 1
N =⇒

(
f(x)− f(a)

)
(x− a) ≥ 0

}
.


