PMATH 321 Non-Euclidean Geometry, Solutions to the Exercises for Chapter 3

: (a) Let 2 = (—=2,1,3) and y = (5,1, —4). Find dp([2], [y]).

Solution: We have
_1 |z e _ —21 — : ™
du ([2], [y]) = cos™* l‘x”;"l = cos™! \/‘ﬁ\/[‘ﬁ =cos~! @ =Z.

. 2 . . .
(b) What fraction of the area of P* is covered by a triangle with angles Z, % and 37

Solution: The area of the triangle is equal to (% + 35+ g) —m = %, and the total area of P? is equal to 2,
1

and so the required fraction is 5.

(c) Find the area of the circle on P? which is circumscribed around a square on P? with sides of length T

Solution: The square can be cut into 4 congruent triangles meeting at the centre. In each triangle the angle
at the centre is o = 7, the other two angles 8 and 7 are equal, the side opposite a has length a = %, and the
other two side lengths b and c¢ are equal. By the First Law of Cosines we have

cosa — cosbcosc % - COS2 b

0=cosa= - - = —5
sinbsinc sin“ b
and so we have cos?b = % hence b = 7. The radius of the circumscribed circle is 7 = b and so the area is

A =2m(1 - cosb) =2 (1 — %) =7(2—-2).



2: Make an accurate sketch of the artist’s perspective drawing (the image under the gnomic projection) of the
scene shown below. The artist’s eye is at the origin, the (transparent) canvas is at the plane y = 1, the floor
lies along the plane z = —1, the blue grid lines on the floor are spaced % units apart, the cube has sides of
length % and the two pyramids have height %

z

Solution: The sketch is shown below. The sketch shows the portion of the canvas in the rectangle —1 < u < 1,
—1 < v < 0 in the uv-plane, and the grey grid lines are spaced 1—12 units apart. The sketch is produced as
follows. We find the coordinates (z,y, z) of various points in the scene and sketch the corresponding points
on the canvas at position (u,v) = (z/y, z/y). For example, the top 4 vertices of the cube are at positions
) and ( - 1,2, f%) and the corresponding points on the canvas are

(-1.3,-3), (-4, 3,-3), (- 1,2,
at (u,v) = (f %,f% , (f %,f%), (f %,f%) and (f %, f%). As another example, the top vertices of the 2
pyramids are at (z,y,2) = ( ,g,—%) an (%,2, —%) corresponding to (u,v) = (0, —%) and (i,—%).




3: Find the areas of the inverse images in Us C P2 under the gnomic projection ¢s, given by ¢3 ([m, Y, z]) = (g, %)7
of the regions A, B, C' and D in the uv-plane as shown below. The regions are bounded by the lines v = 3u,

u=2v and 2u + v = /5.
v

4

\ < u

Solution: By letting u = £ and v = £ we see that inverse image of the lines v = 3u, u = 2v and 2u +v = V5

are the lines in S? given by y = 3z, x = 2y and 2z + y = /5 2, that is the lines with poles u’ = \/%(3, —1,0),

v = %(71,2,0) and w' = \/%fo(fl —1,4/5), respectively. The line at infinity is the line z = 0 with pole

p’ =(0,0,1). A picture of these lines and the inverse images A’; B’, C' and D’ of the 4 given regions is shown
below. The picture shows the upper hemisphere with the z-axis pointing towards us and the z-axis pointing
to the right. To find the areas of the various regions, we need to determine the angles. Notice that triangle D’

has polar triangle [u/,v’,w']. The edge lengths of the polar triangle are o’ = cos™ (v « w’) = cos™(0) = 3,

V = cos™Hw' ) = cos™t (= 1) = 2 and ¢ = cosH (v« v') = cos™! (\’/—%) = 3% and so the angles in
triangle D" area =7 —a = 5, =7 -0 = § and vy = 7 — ¢/ = 7. Similarly, triangle A" has polar triangle
AN B : / /s _ (! o (—ap)) — 7+ — -1(_ 1\ _ . _3r _m
) ) .
[p', —w’, —u'] and so the angle in A" at vertex v' is 7 — cos™(p' « (—w’)) =7 — cos™* ( \/5) T— i
All of the other angles in the figure can be determined without calculation. The angles in triangle A" are 7,
g and 7, the angles in the quadrilateral B’ are 5y 5, 5 and 2?”, and the angles in triangle C’ are 5, 5 and
7- It follows that the areas of the various regions are
Area(A) =5+ 2 +5 —m= 1,
Area(B) =2 +Z+Z2+%3 —2n=1I,
Area(C') =5 +3+ 5 —7=17, and
!/
Area(D') =5+ 5+ 7 —7T=15

We remark that it is possible to solve this problem with almost no calculations by noticing that the areas of
the various regions will not be changed if we rotate the given figure clockwise by the angle § = tan—! % which
has the effect of replacing the three given lines to the lines v = u, v =0 and u = 1.




4: (a) Let u = %(O7 1,1), v = %(17 1,1) and 8 = 2F. Find p € S? and 6 € [0, 7] so that F,R, 3 = R, ¢ as an

isometry on P2.

Solution: Let J, K, L, M and N be the lines with poles j, k, £, m and n Wherej:%(l, 0,-1), k:%(o, 1,-1),

L =u= %(0,1,1)7 m = (0,0,1) and n = (0,1,0). Also, let ¢ = (1,0,0). We can determine the points
of intersection and the angles between these lines using a picture (or by analytic calculations) to see that

R,Uﬁ = FKFJ and qu = FLFK = FNFM and Rn% = FMFJ, and so on Sz we have
FuRys=FLRyp=FLFxF; = RyxFy=FNFyF;=FyRyz =—R, 3 =—R_pz

and so on P? we have
FuRv,G = _an,% = an,g = Rp’g

where p = —n = (0, —1,0) and 0 = 7.

(b) Let u = (0,0,1), v = %(1, 1,0) and w = %(O, 1,1). Find p € S? and 6 € R such that F,F,F,, = R, ¢, as

an isometry on P2.

Solution 1: You should draw a picture to accompany this solution. Let L = L,,, M = L,, and N = L,,. Notice

that L and M intersect orthogonally at the point ¢ = %(17 —1,0) so that FFyy = Ry . Let J = L, with

r = %(1,1,2) and let K = L, with p = %(1, 1,—1 so that J and K intersect orthogonally at ¢ and K
intersects orthogonally with V. Notice that N and J intersect at p and the oriented angle from N to J at p
is ¢ = . Thus we have

FuFFy = FLFMFN = RgnFny = FxFjFn = FrRp oy, = FpRp = = —Rn%ﬂ.

As an isometry on P? we have —R, g = Ry, and so F,,F,F,, = Ry, ¢ with p = %(1, 1,—1) and 6 = 4T
Solution 2: By the classification of isometries, we know that the matrix Fy, F, F,, is of the form —R for some

rotation matrix R, and as an isometry on P? we have —R = R. Let

10 0 0 -1 0 1
R=-F,F,F,=—10 1 0 -1 0 O 0
0 0 -1 0 0 1 0
-1 0 0 0 0 1 0 0 —
=10 -1 0 -1 0 0)=(1 0
0 0 1 0 -1 0 0

To find the axis of rotation we find the eigenspace of 1. We have

-1 0 -1 1 0 1
R-I=|1-1 0|]~|0-1-1
0 -1 —1 0 0 O

so a basis for the eigenspce is {(1,1,—1)} and so we can take p = %(17 1,—1). Perhaps the easiest way to

determine the angle of rotation is to consider a picture of the sphere. A picture shows that in order to have
R,6(1,0,0) = (0,1,0) we need to choose 6 = 4F.



5: (a) Let w = (1,1,—-1), v = (0,1,1), w ( 1, ) = (1,1,1), y = (0,1,—1) and z = w. There are two

isometries F on P? such that F ([ ) = ( ]) =[y] and F ([ ]) = [2]. Express these two isometries in the
form R, ¢ and R, s with p,q € S? and 9 qzﬁ € [0,n].

Solution: You should draw a picture to accompany this solution. Let 4 = ﬁ = %(17 1,—1) and similarly

for 9, W, &, § and 2. Notice that the triangles [4,,®] and [Z,§, 2] are congruent, each with edge lengths

a = %’T, b=c= 7 and angles a = 4 and 8 = v = 5. Note that [4,0,] is positively oriented while

[, 7, 2] is negatively oriented. Note that because there b = ¢ = 7, if we replace Z by —& then we obtain a
congruent triangle [—&, 4, 2]. Of the 8 triangles [+, £+, +2], only the 4 triangles [+%,9, 2] and [z, —¢, —Z]

are congruent and, of these 4 triangles, only the 2 triangles [—%, §, 2] and [—&, —§, —Z] are positively oriented.
It follows that the two isometries on P? which send [u], [v] and [w] to [2], [y ] and [z] are induced by the two
rotations on S? which send the triangle [, 9, ] to each of the triangles [—#, ¢, 2] and [—Z, —7, —2].

The rotation R; on S? which sends [, 9,%] to [—#,7, 2] has axis vector w (since @ = 2). We have

0 = 0(ws,wy) = cos™! ( — %), and the rotation about 1 clockwise by 6 sends © to 7, and so

Ri=Ry_9=R,p ,withp=—= %(—1, 1,0) and 0 = cos ™! (— %).

S

By inspection (with the help of a picture) we see that the isometry on S? which sends [, 9, W] to [Z, §, 2] is the

reflection F}, where n = (0,0,1), and so the rotation Ry on S? which sends [i, 9, %] to [—2, —7, —2] is given by

Ry = —F, =R,y with¢g=n=1(0,0,1) and ¢ = 7.
(b) Let z = (1,1,1), y = (1,-1,1), 2 (1 0,-1), u =2, v=(1,1,-1) and w = (1,—1,0). There are two
isometries F on P? such that F ([ ) = ( ]) = [v] and F([z]) = [w]. Express these two isometries in the

form R, and R, 4 with p,¢q € S* and 9 qu eR.

Solution: You should draw a picture to accompany this solution. Let & = ﬁ = %(17 1,1) and similarly for g,
2, 4, ¥ and w. Notice that the triangles [, ¢, 2] and [d, 0, W] are congruent, each with 2 right angles. Note that
[%,9, 2] is positively oriented while [a, 0, ] is negatively oriented. Note that, because there are right angles at
@ and 9, if we replace @ by — then we obtain a congruent triangle [@, 0, —]. Of the 8 triangles [+, +0, 0],
only the 4 triangles [4, ¥, +w] and [—4, —0, 0] are congruent and, of these 4 triangles, only the 2 triangles
[, D, —b] and [—, —0, —b] are positively oriented. It follows that the two isometries on P? which send [z],
[y] and [2] to [u], [v] and [w] are induced by the two rotations on S? which send the triangle [#, 4, 2] to each
of the triangles [4, 0, —] and [—@, —0, —b].

By inspection (Wlth the help of a plcture) we see that the isometry on S? which sends [£, 9, 2] to [i, D, —] is
the rotation R, 2 withp=2 =1 = \f(l 1,1). By inspection (again using a picture) the isometry on 82 which

sends [Z, g, 2] to [u 0, ] is the reflection in the line y = z, that is the reflection F, with ¢ = E(O, 1,—1), and

so the isometry on S? which sends [Z, 9, 2] to [, —9, —] is the rotation R, . = —F,. Thus the two required
isometries on P? are induced by the rotations Rp%r with p = %(17 1,1) and R, » with ¢ = %(0, 1,-1).



6: For each of the following polynomials f(z,y), find the homogenization F(z,y, z), and make an accurate sketch
of the zero sets of the dehomogenizations fi(y, z), fa(x, z) and f3(x,y).

(a) flz,y) =2 +y* — 2

Solution: The homogenization of f(z,y) is F(x,y,z) = ? + y*> — 222 and the dehomogenizations are given
by fi(y,2z) = 1+ 9% — 2z, fo(z,2) = 2% + 1 — 222 and f3(z,y) = 2% + y? — 22. The zero set Z(f;) is given by
z = 2(y? + 1), the zero set Z(f>) is given by z = ‘”22;1, and the zero set Z(f3) is given by (z —1)% +¢% = 1.
The zero sets are sketched below.

=
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N

(b) flz,y) =y—a®+x

Solution: The homogenization of f(x,y) is F(x,y,2) = yz? — 2® + 222 and the dehomogenizations are given
by fi(y,z) = y22 -1+ 22 fa(z,2) = 2? — 2% 4 x2* and f3(z,y) =y — a® + 1. Z(f1) is given by y = z% -1,
Z(f2) is given by 22 = £~ and Z(f3) is given by y = z(z — 1)(z + 1).

1+x

(¢) flz,y) =a® +a? —y?

Solution: The homogenization of f(x,y) is F(x,y,2) = 2 + 2?2 — y?2 and the dehomogenizations are given
by fi(y,2) = 1+ 2 = y°2, fa(z,2) = 2® + 272 — 2 and fa(w,y) = 2 +2® —y*. Z(f1) is given by 2 = 71,
Z(f2) is given by z = % and Z(f3) is given by y? = z?(x + 1).

AN




7: (a) Let f(x,y) = 2+y? —y. Find the homogenization F(x,y, z), sketch the zero sets of the dehomogenizations
fi(y,2), fa(x, 2) and f3(x,y), then use your artistic talent to sketch the zero set Z(F).

Solution: The homegenization is F'(z,vy,2) = vz +y? —yz. The 3 dehomogenizations are fi(y,2) = z+y? —yz,
fo(x,2) =22+ 1— 2z and f3(z,2) = f(x,2) = 2 +y? —y. The zero set Z(f1) is given by z + y* = yz, that is
z= yyle, the zero set Z(f3) is given by zz+ 1 = z that is z = ﬁ, and the zero set Z(f3) = Z(f) is given by
r+y? =y thatis . = y — y?> = y(1 — y). The zero sets are shown below. The zero set Z(F) can be drawn
by drawing the zero sets Z(f1), Z(f2) and Z(f3) on the faces x = 1, y = 1 and z = 1 of the cube, giving a
curve on the front, right, and top faces of the cube, and then Z(f) consists of the lines through 0 which pass
through this curve.

(b) Let f(z,y) = y*—x+1, let g(x,y) = y—x+7 and let R be the region in the zy-plane which lies between the
zero sets Z(f) and Z(g). By finding the homogenizations F'(z,y, z) and G(x,y, z) and the dehomogenizations
fi(y, z) and g1 (y, ), find the area of the image of R under the composite ¢ o1 where ¥ (z,y) = [z,y,1] € P?
and ¢([z,y, 2]) = (£, 2).

Solution: Note that ¢ is the gnomic projection ¢; and v is the inverse of the gnomic projection ¢z, so the
composite ¢ o1 first projects from the zy-plane to projective space P? and then from P? to the yz-plane. The
homogenizations are F(x,y,2) = y?> — xz + 22 and G(x,y,2) = y — x + 7z and the dehomogenizations are
fily,2) =y?> — 2+ 2% and g1 (y, 2) = y — 1 + 7z. The zero set Z(f1) is given by y? + 2z — 22 = 0 or equivalently
by y? + (z — %)2 = i, so it is the circle C' in the yz-plane centred at u = (O, %) of radius r = % (with the point
(0,0) removed because it corresponds to the point at infinity on the projective completion of the parabola).
The zero set Z(g1) is given by y — 1 4 7z, so it is the line L in the yz-plane with equation y = 1 — 7z. The
image of the given region in the xy-plane is the region R in the yz-plane which lies inside the circle C' and
above the line L (not below L because the point (0,0) corresponds to the point at infinity). To find the points
of intersection of C' and L we solve the two equations y> + 22 — 2z = 0 (1) and y = 1 — 7z (2) to get the

21 3 1 3

intersection points v = ( — % g) and w = (E’ 1—0). Notice that the line from u to v has slope § and the line
from v to w has slope —% so the angle at u in the triangle [u,v,w] is & = §. Thus the area A of the region R
3

is equal to 7 of the area of the circle C' plus the area of the triangle [u, v, w], that is

3. x4 1 _3rm 1
e B T Tl



8: (a) Find pe R3, u € S? and ¢ € (07 g) such that V(p,u, ¢) intersects the zy-plane in the parabola y = 322.

Solution: From Part 1 of Lemma 3.32, when p = (0,0, —h) and u = %(O, 1,1) and ¢ = 7, the intersection of

V(p, u,$) with the zy-plane is the parabola y = 5-z2, so we take p = (0,0, —%), u = %(0, 1,1) and ¢ = Z.

(b) Find p € R®, u € S? and ¢ € (0,%) such that the intersection of V(p,u,¢) with the zy-plane is the

hyperbola given by "f—; — % =1.
Solution: From Part 2 of Lemma 3.32, when p = (0,0,h), u = (1,0,0) and ¢ € (07 g), the intersection of

2

V(p, u, ¢) with the zy-plave is the hyperbola m — Z—z = 1. If we take h = 2 and ¢ = ¢ so that cot ¢ = V3

then we obtain the desired hyperbola % - yff =1, so take p = (0,0,2), u = (1,0,0) and ¢ = %.
(¢) Find p € R? and u € S? such that the intersection of V (p,u, ) with the zy-plane is the ellipse f—; + % =1.
Solution: From Part 3 of Lemma 3.32, when ¢ = (0,0,h), u = (sinf,0,cosf) and ¢ = %, the intersection

of V(q,u,¢) with the xy-plane is the ellipse (””};hsteigggf + 52 Syjc 55 = 1. If we take h = V3 and 6 = £ 50

that tan 26 = v/3 and sec 26 = 2, then for ¢ = (0,0,h) = (0,0,v/3) and u = (sin#,0, cosd) = (%,0, @), the
intersection of the cone V(q,u, %) is the ellipse % + %2 = 1. To obtain the desired ellipse we need to

translate 3 units to the right, so we use p = (3,0,v/3) and u = (%7 0, g)

(d) Verify that the conclusion of Pascal’s Theorem holds for the points u; = (—2,3), us = (=1,1), uz = (0,0),
ug = (1,0), us = (4,6) and ug = (5, 10) which all lie on the parabola x + 2y = 2.

Solution: The line uj,us has equation 2z + y = —1 and the line w4, us has equation 2z 4+ y = 2 and these

two lines intersect at a = (i, —%) The line w2, us has equation z + y = 0 and the line us, ug has equation

42 — y = 10 and these two lines intersect at b = (2, —2). The line u3, u4 has equation y = 0 and the equation
ug, U1 has equation x —y = —5 and these two lines intersect at ¢ = (—5,0). Note that a, b and ¢ all lie on the

line with equation 2x + 7y = —10.



