MATH 245 Linear Algebra 2, Solutions to the Exercises for Chapter 7

: Let F=R or C. Let W = F* with its standard inner product. Let U = {a = (a1,az2,--*) € W‘ >ap = 0}.
k=1
Let S = {e1, ez, €3, - -} be the standard basis for W, where e, = (en,1,€n,2,€n,3, ) With e, ; = p k-

(a) Recall that the annihilator of U in W* is the vector space U? = {f € W*|f(a) =0 for all a € U}. Show
that dim(U°) = 1.

Solution: Define f : V — F by f(a) = i ar- Note that f is well-defined since only finitely many of the terms
ay are non-zero, and f is linear, so wekﬁal,ve f € V*. We claim that U° = Span{f}. For a = (a;,az,---) € U,
we have f(a) = io: ar =0, so f € U® and hence Span{f} C U°. Conversely, let g € U° so that g(u) = 0 for
allu e U. NOtiCéC:tilat forall k =1,2,3,--- we have e; — e, € U, s0 0 = g(e1 — e;) = g(e1) — g(ex), and hence
g(ex) = g(e1). For all a € V, we have

o0

g(a) = g( f ager) = 121 apglex) = 2 argler) = (

k=1 k
Thus g = g(e1) f € Span{f} and hence U° C Span{f}.

118

ak)g(el) =g(e1) f(a).
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(b) Let F = {fhfg,fg,---} where f, € W* is determined by f,(ex) = 0n%. Show that F is linearly
independent but does not span W*.

Solution: We claim that F is linearly independent. Suppose that some (finite) linear combination of the
n

n
elements of F is equal to zero, say > ¢; fi = 0. Then for every a € V we have Y ¢; fi(a) = 0, and in
i=1 i=1

particular for every k =1,2,3,--- we have 0 = >_ ¢; fi(ex) = D ¢; 0;p = cx. Thus F is linearly independent.
i=1 i=1
On the other hand, we claim that F does not span V*. Let f € V* be the map from part (b) given by

oo
f(a) = > ag. Notice that f cannot be equal to any (finite) linear combination of the elements of F, since for
k=1

g=>_ ¢ fi we have g(ey+1) = 0 while f(e,+1) =1, s0 g # f. Thus F does not span V*.
i=1

(c) Define E: W — W** by E(a)(f) = f(a), where a € W and f € W*. Show that F is 1:1 but not onto.

Solution: Note that F is linear, so to show that F is 1:1 it suffices to show that Null(£) = {0}. Let a € Null(E)
so E(a) = 0. Then for all f € V* we have f(a) = E(a)(f) = 0. In particular, for all k =1,2,3--- we have

0= fi(a) = fu( Zlai ;) = Zlfk(ei) = Zlai Ok, = ag
and so a = 0.

We claim that E is not onto. Extend the linearly independent set F to a basis F UG for V* (where F
and G are disjoint). Let h : V* — F be the (unique) linear map given by h(fx) =1 for all k =1,2,3,--- and
h(g) = 0 for all g € G. Notice that h cannot be in the range of E since given a = (a1, a9, --) € V we can
choose k so that ar, = 0, and then we have E(a)(fx) = fr(a) = 0 while h(fx) = 1, so E(a) # h.

(d) Define L : W — W by L(a)r = Y. a;, where a € W. Show that L has no adjoint.
i=k

k
Solution: Notice that forall k = 1,2,3,--- we have L(e;) = (1,1,---,1,0,0,0,---) = > e;, and so (L(ex), e1) =
i=1
1. Suppose, for a contradiction, that L had an adjoint L*. Let a = L*(e;) € V. Choose k so that ax = 0.
Then (ey,a) = a; = 0. But this contradicts the fact that (ex,a) = (er, L*(e1)) = (L(ex),e1) = 1.



2: Let U = P(R) =R[z]. Fix pe U. Let L : U — U be multiplication by p, that is L(f) = pf for all f € U, and
let D : U — U be the differentiation operator, that is D(f) = f’ for all f € U.

(a) Show that if we use the inner product on U given by <Z a;zt, Y bixi> =Y a;b; then both L and D have
adjoints.

Solution: When we use the inner product <Z a;rt, Y bia:i> = " a;b;, the standard basis S = {ej, ez,€3,- -}
is orthonormal. The differentiation operator is given by

D( > aixl) =Y iax" =3 (i + ag12°.
i=0 i=1 i=0
Informally, we note that, with respect to the standard basis, we have

0100 0 00
100

D] = 00 20 o -0 2 0
000 3 , 0 0 3

Since the (infinite) matrix [D]* has finitely many non-zero entries in each column, it is the matrix for a well-
defined adjoint operator D*. To be more formal, we define ' : U — U to be the linear map suggested by the
above matrix, that is we define £ by

E( Z sz?Z) = Z (’L + 1)bi£i+1 = Z 7 bi_lxi.
i=0 i=0 i=1
Then for a = Y a;x" and b= Y bz’ we have
(Da,b) = < > (i + Daga’, Z bz > S (i 4+ 1)aj41b; , and
=0 i=0

<a,Eb> = < i aixi’ Z ibi—1$i> = Z iaibi—l = i(l —+ 1)ai+1b1- = <Da,b>,
=0 i=1 i=1

i=0
and so we have D* = E.

If we write the fixed polynomial p € U as p(x) = ¢o + c12 + - - - + ¢p@™, then the multiplication operator
L is given by

L( > ail‘i> = (coag) + (crag + coay)x + (coag + cray + cpaz)w® + -+ - .
i=0

Informally, we note that, respect to the standard basis, we have

Co 0 0
C1 Co 0
. S cg €1 ¢y - ¢y O 0
] - C':rn _ e I = 0 ¢ ¢ ¢ -+ ¢en O
- 0 C’:m . ) =1 0 0 ¢ ¢ ¢ -+ cm
0 0 cm

Since the (infinite) matrix [L]* has finitely many non-zero entries in each column, it can be used to determine
a well-defined adjoint for L. Let

QR) :{ io: a;x

1=—00

‘la; € R with a; = 0 for all but finitely many indices z} .

Note that { R I R N } is an orthonormal basis for Q(R). The orthogonal projection of Q(R)
onto U = P(R) is given by
Proj ( > aizi) =3 a;xt
U\ i=Zo =0

Define ¢ € Q(R) by g(z) = p (L) so that when p(z) = ¢y + c12 + - - + ¢, 2™ we have

T

q(2) = ema ™™ + 1) 4 pe T g



Define M : U — U to be the linear map given by
M(g) = Proj_(qp)

We claim that M is the adjoint of L. First, we note that to show that M is the adjoint of L, it suffices to
show that (La’, x7) = (x', Mz7) for all 4, j, because then, for all a =" a;2" and b=} b;ja’) we have

<L( § a;z), § bjxj> =Y a;b;(L(z),27) = Zal (2, M(27)) = < § a;xt, M(ijxj)> .
i=0 §=0 0 i=0
Next we note that
<in,xj> = <:17ip(:c),zj>
= (cox’ + ez + -+ e 7))
= the coefficient of 7 in (coxi +eoxt 4+ cmx”m)
{Cj—i ifi <j<i+m,

0 otherwise.

and , A , o
<xl,M:EJ> = <xl, PrOJijq(:c)>

= (', PrOJU(mej_m +oad? T ead))
= the coefficient of z* in (¢;n2? ™™ + -+ + 1277 + coa?)
{Cj—i if j —m <1<y,

0 otherwise.

= <in, xj>
Thus L* = M, as claimed.

b
(b) Show that if we use the inner product given by (f,g) = / fg, then L has an adjoint but D does not.

Hint: to show that D does not have an adjoint, you might find it useful to show first that there is no gelU
with the property that (g, f) = f(b) — f(a) for every f € U, and then use Integration by Parts.

Solution: Note that for all f,g € P(R) we have

b
(Lf.g) = (pf.g) = / pfg = {f.pg) = (f, Lg)

and so we see that L* exists and is equal to L (so L is self-adjoint).

To prove that D has no adjoint, we first follow the hint. Suppose, for a contradiction, that there exists
g € P(R) with the property that (g, f) = f(b) — f(a) for all f € P(R). Choose such a polynomial g. Then,
taking f(x) = (z — a)?(z — b)%g(x), so that f(a) = f(a) = 0, we obtain

b
0= (g(z), (z - a)*(z — b)’g(x)) = / ((z = a)(w = b)g(x))” dz = |(z — a)(& — b)g(x)|

and so (z —a)(x — b)g(z) = 0 € P(R), and hence g(z) = 0 € P(R). But clearly g(z) = 0 does not have the
required property, so no such polynomial g exists.

Now suppose, for a contradiction, that D has an adjoint D*. Then for all f,g € P(R), using Integration
by Parts, we have

b
(D, f) = (f,D"g) = (Df.g) = (', 9) = / f(@)g(x) dz = F(B)g(b) / fa

In particular, taking g to be the constant polynomial g(z) = 1, so ¢’(x) = 0, we find that (D*1, f) = f(b)— f(a)
for all f € P(R). But, as we just showed, there is no such polynomial D*1 € P(R).
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