MATH 245 Linear Algebra 2, Solutions to the Exercises for Chapter 6
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: Let u; = 1=l ws=] and x = 7 | Let U = {u1,ua,us} and let U = Span Y. Find
—1 0 1 3

ProjU(x) in the following three ways.

(a) Let A = (u1,us,u3) € Myxs then use the formula ProjU(x) = At where t is the solution to ATAt = ATz

Solution: We have

O A 33 2
ATA=[2 1 1 L1 9| =361
1-32 1)\, | 2 1 15
1 0 1-1 1 5
ATz=[2 1 1 -] =110
1 -3 2 1 5 15
3 3 5 1 2 -13]-10 1 2 -131]-10
(ATA|ATz)=(3 6 1 |10|~ |3 6 1 [ 10|~ (0 0 40 | 40
2 1 15| 15 2 1 15| 15 0 3 —41 |-35
1 2 —13 |-10 1 2 013 1 2 013 1 0 0]-1
~10 3-41]-35]~[0 3 0|6]|~]0 1 0]2|~]01 0|2
00 1 1 00 1|1 00 1|1 00 1|1
and so
} G
t= % andPrOJU(:E):At: 1 1 9 ? =1 3
1 0 1 2

(b) Apply the Gram-Schmidt Procedure to the basis U to obtain an orthogonal basis V = {v1,vq,v3} for U,

3
then use the formula PTOJU(m) — Z QTU.‘ |1;z v;.
i=1 't
Solution: We let
1
V1 = Uy = 0
1
—1
2 1 1
Vo = ug Uz * V1 L= 1 _§ 0 _ 1
|vq]2 1 311 0
0 —1 1
1 1 1 2 1
Vs = us us UlU1—U3.U2U2: -3 _g 0 + = 1 :1 -8 :g —4
v1 | |va]? 2 3(1 0 3| 4 3|2
1 —1 1 6 3
Then
1 1 1 12 4
. TV T Uy T VU3 5[ 0 1 20 |—4 1]-3 -1
Projy ()= T - e e e =5 0 [T lo ) Ta 2T 07|
—1 1 3 6 2



(c) Find w € R* so that {w} is a basis for U+, then calculate ProjU(x) =x— Projw(x) =x— Tl
w

Solution: Let A = (uy,uz,u3) € Myx3. We wish to find a basis for UL = (ColA)*+ = (RowAT)+ = NullAT.
We have

1 0 1-1 1 0 1 -1 1 0 1 -1 1 0 0 3
AT=12 11 0|~]l0 1-1 2|~]0 1-1 2|~]0 1 0-2
1 -3 2 1 0 3 -1-2 0 0 2 -8 0 0 1-4
so we can take w = (—3,2,4,1)T. Thus
1 —3 4
. Tew 1 30 2 -1
PrOJU(x)—x— PE 71730l 2 | = 3
3 1 2

2
2: (a) Let W = P»(R) with the inner product given by (f,g) = > f(k)g(k). Let U C W be the subspace
k=0
U =Span{l+x,5— 2z +z?}. Find ProjU(xz).

Solution: Let fi(x) = 14z and fao(x) = 5—2x+ 22 and let h(x) = 22. We apply the Gram-Schmidt procedure
to the basis {f1, f2}, using the inner product {f, g) = f(0)g(0) + f(1)g(1) + f(2)g(2) to obtain the orthogonal
basis {g1, 92}, where

g=hH=1+z

{f2,91) 2y 5:14+4-2+5-3 ) )
g2 = f2— 912 g1=05-2z+2%) - RSy 14+z)=0B—-2z+2°)—-2(1+2) =3 -4z +a°.
The required projection is given by

2 2 0-1+1-2+4-3 0-3+1-0+4-(-1)
Proji 2y <'r 7gl> <J) 792> — 1 34 2
ol ()= T AT p 2T Ty PO Terey g C )

=(14z)— 2B -4z +2?) = L(-1+ 13z — 22?).

1
(b) Let W = CO([—l, 1],R) with the inner product given by (f,g) = / fg. Using the orthogonal basis
-1

1
{1,2,22 — 1} for P»(R) C W, find the polynomial f € P5(R) which minimizes / (f(z) - x2/3)2dsc.

-1

Solution: To minimize fil (f(z) - x2/3)2 = d(f(x),x2/3)2 we must take

1) L @) et )
— Pro; 2/3 :L.l e ) 3/ (1
F= POl ) = T M Tt e 79
B f—11 22/3 0 _11555/3 o f_lle/?,_ %xz/s . 27l)
B [t [tz * [t =224 L N
1 -1 —1 3 9
2% - 1)
7L T R I ¥ DA A% J O
2 2/3 I_2_ 1 3
/ 25 -5 +3)
4/55 9.2



1 0 1 2 1 4 2 1 . .
3: (a) Let A1—<1 2>,A2—(1 _4>,A3—<1 2) andA4—<0 2). Find the orthogonal basis for

M>5(R) which is obtained by applying the Gram-Schmidt Procedure to the basis A = {41, As, Az, As}.
Solution: Applying the Gram-Scmidt Procedure gives

1 0
Bl—A1—<1 2>,
B (A2,B1) , (1 2\ —6(1 0\ (2 2
Br=de=mpmBi={1 1) 51 2)7\22)

B (As, By) (A3, Ba) . (1 4 6 /1 0 8 (2 2\ (1 3
Bs =45 = |B1|? B - |Bs? Ba={1 9)76\1 2) w\2—2)= 1 1)

(AsBr) p  (AsBa) p (As.By)
|Bi? | Ba|? | Bsl?

(6 2)-80 2) w0 2)-wh )-0 o)

S = 0}. Find the orthogonal basis for U which is obtained by
i=0

Bs

B4:A4*

(b) Let U = {a: = (20, 71,22, ) € R®

applying the Gram-Schmidt Procedure to the basis A = {u1, us, ug, - - -} where ug = ey, — eg.

Solution: Let B = {v1,vq,vs, -} be the basis obtained by applying the Gram-Schmidt Procedure to .A. Write

n—1
Sk = Z 67;:(1,1,"',1,0,0,"')-
1=0

We claim that
k—1
ve=ey—tsk=€x—7 > €= (—2,—%,",—7,1,0,0,---) forall k=>1.
i=0
We have v; = u; = e; — eg, so the claim holds when k = 1. Let n > 2 and suppose the claim holds for all

k <n. For k <n we have

k
(Un,vp) = <en—eo, ek—%26i>=% , and
i=1
e = k- & 41 = ke
and so y > . )
" (Un; Uk = 1 = 1 1
Up = Uy — Vg =Up — Y 75 Uk = Up — P 7€k — T8k
" " =1 |okl? " k=1 h " k=1 k+1( k )
n—1 1 n—1 1 1 n—1 1 n—1 1
=un— 2 grrek T 2 (5~ mra)sk = un+ 2 w8k — > prylen +sk)
k=1 k=1 k=1 k=1
n—1 1 n—1 1 n—1 1 n 1
= Up + ;Sk—2m3k+1zun+zESk—275l
k=1 k=1 k=1 =2
=tUp + 81— 25, = (en — €0) + €0 — L5y = €n — 55,

as required.



2 2
4: (a) Use an orthogonal projection to find f € P»(R) which minimizes / (f(:v) — V2 - m2) dzx.
0

Solution: To simplify calculations, we translate 1 unit to the left. Let g(z) = v2z — 22, h(z) = f(z + 1) and
k(z) = g(x + 1) = V1 — 22 and note that
1

/:0 (f(z) - g(x))* da :/ (h(z) — k(x)) du.

r=—1

We work in the vector space C°([—1,1], R) with its standard inner product. To minimize f_ll(h(x) —k(x))%dz,
which is equal to |h — k|?, we must choose h = PrOJ (k) To find this projection, we use an orthogonal basis

for P,. In Example 6.21 in the Lecture Notes, the Gram-Schmldt Procedure was applied to the standard basis
{1, 2,22} for P, to obtain the orthogonal basis {qo, q1, g2} With qo(z ) =1, q1(x) = z and go(x) = 22 . The
calculations done in that example also show that |go|*> = 2, |¢1|? = 2 and |g2|? = . Note that

1
(k, q0) :< 1—x2,1> =/ \/1—x2dx:g
-1
since the integral calculates the area under the semicircle y = V1 — z2. Also note that
1
(k,q1) = (V1 —a2 ) =/ zV/1—2%2dz =0
-1

by symmetry, since xv/1 — 22 is an odd function. To find (k, ¢3) we need to find f_ll 221 — 22 dz. We make
the substitution sin# = z so that cosd = /1 — 22 and cosf df = dx to get

/2 /2 gin%20

1
/ x2\/1—x2dx:/ sin? 0 cos? 0 d0:/ do
=—1 0:—7‘{'/2 O=—m/2 4
/21— cos4d /2
= — 7 dh=|L0— L sin46 =T
[ (30— gpinst]_ =3

and so

(i) = (V122,02 — 1) = / de—f/lmm—g—g:—i

Thus in order to minimize |h — k|? we must choose

<Iq Tg> o <|q1q|;> n | qj? .

h(z) = Proj | (k) = |
/ /24 T s _ T
1‘*‘2/3 T+ 8/{15 (@ —3)=F - 5 (@® —3) = g (21— 152?)

and hence we must choose
f(@) =h(z —1) = Z (6 + 30z — 152?).

(b) Let a,b € R with a < b and let W = C°([a,b],R) with the inner product given by ( f fg.
Suppose {po,pl, e ,pn} is an orthonormal basis for P,(R) C W. For each k, write pg(x) = Z ay,;x’ and let

A€ M, 1(R) with Ag; = ag;. Let b= (bg,by,---,b,)T € R* 1. Given that f € W with f z)dr = b; for

0 < i <n, find a formula, in terms of A and b, for the minimum possible value for fa f(z dw.

Solution: Since (f,z') = fj &' f(x) dx = b; for all i, we have (f, pr) = (/, Z apir')y = zn: api(f, ) = zn: apibi
‘ i=1 i=1

which is equal to the k*® entry of Ab. Thus we have Ab = ((f,pg), (fyp1), -, <f,pn>)T. When f = u+wv with
u € P,(R) and v € P,(R)*, we have |[f|? = |u+v]? = [ul? + 2u+v + [v]? = |ul? + |v]? because u v = 0,
and so |f| < |u| with |f| = Ju| < v =0 <= f = w. Thus in order to minimize |f| we must have

f =u = Proj (f). Thus the minimum possible value for f: f(x)%dx = |f|? is equal to

P2 (R)
Jul? = _;)|<f,pk>|2 = |Ab|*.



