MATH 245 Linear Algebra 2, Solutions to the Exercises for Chapter 3

1: Find the least-squares best fit quadratic f € P»(R) for the following data points.

z, —1 0 1 2 3
vy 0 2 3 2 =2
1 X1 $12 1—1 1 Y1 O
1 T2 I22 1 0 0 Y2 2
Solution: Let A= |1 z3 32| =1 1 1 ]|andy=]wys | =1| 3 |. Then we have
1 Xy 1642 1 2 4 Yy 2
1 ZIs JI52 1 3 9 Ys —2
1 -1 1
1 1 1 1 1 1 0 0 5 5 15
ATA=1-1 0 1 1 1 1]l=1|5 15 35|,
1 01 4 9 1 2 4 15 35 99
1 3 9
0
1 1 1 11 2 5
Aly=1-1 0 1 2 3 3 |=(1],and
1 01 49 2 —7
—2
5 5 15| 5 1 1 3 1 1 1 3 1
(ATA|ATy) =5 15 35| 1|~ [0 10 20|-4 |~|0 1 2 [-2
15 35 99 |-7 0 20 54 |-22 0 0 14 |-14
7 12
1 0 1] 3 1 0 0| %5
~10 1 2 _% ~10 1 0 %
00 1]-1 0 0 1|-1
Thus the best fit quadratic is f(z) = 2 + £ 2 — 22
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2: (a) In R%, find the angle between (e1, e2, €3, e4) and (a1, az, a3, as), where ar, = > e;.
i=1

Solution: Let P = (ey, ea,e3,e3) and @ = (a1, as, as, aq). Note that P =¢e; + U and Q = e; + V where
U = Span{es —e1,e3 —e1,e4 — €1} = {33 S R4| S = 0},
V = Span{as — aj,a3 — a1,a4 — a3} = Span{es, ea + e3,e2 + €3 + 64}
= Span{eg,eg,e4} = {x € R4|x1 = 0},
T/V:UOV:{966R4|961:07asg—i—xg—&—:u;:O}:Span{eg—eg,64—63}7
WL—{z€R4|x- (e3 —ea) =x + (€4 — e3) zO}:{x€R4|x2=$3=aZ4},
Unwt={ze RY > 2; =0, 32 =23 = x4} = Span{(—3,1,1,1)7},
VAWt = {x€R4|x1fO x5 =3 =24} = Span{(0,1,1,1)"}.
Let u = (-3,1,1,1)T and v = (0,1,1,1)7 so that we have U N W+ = Span{u} and V "W+ = Span{v}. Then

O(P,Q) =0(U, V) =cos! u - o] _ cos ! 2 = cos™!

l_z
|ul [v] Vizv3 S
(b) In R™, find the distance hy, from (e1, ez, -, ex) t0 (€xt1,€kt2, s En)-
Solution: Let P = (e, --,ex) and @ = (ex4+1, -+, en). Let U and V be the associated vector spaces so we
have P = e; + U and Q = e, + V where U = Span{us,usz, -, ur} with u; = e¢; — ey for 1 < i < k and
V = Span{v41, V42, -, Vn—1} with v; =e; —e, for k < j <n. Then

U+V:Span{ui,vj|1<i§k,k<j<n}

and
U+V)r={zeRz uy=a-v;=0for 1 <i<kk<j<n}
—{;EER |mi—a:1for1<2§jandxj—a:nfork<j<n}
= Span{u, v}
k n
where u = > ¢; = (1,---,1,0,---,0)7 andv = > e; = (0,---,0,1,---,1)T. To find Proj
i=1 j=k+1
we let A = (u,v) € Myx2(R) so that (U 4 V)* = ColA, then we have

Wy (en = €1);

T
: _ TAN-14T(, _ o\ — Ueu UV u B
PTOJ(UJrV)L(en*el)*A(A AT A (e, 61)(u,v)( veu v v) <UT> e1)
~1
— k 0 Up — U _ % 0 -1 . —%
a0 () e (b 2)()- (2
R A N S
Thus

hy = dist(P, Q) = ‘PTOJ U+V)i ’ = \/k 7+ ( Y k)2 \/ T o m



3: Let U and V be subspaces of R™.
(a) Show that (UNV):t =Ut + VL,

Solution: We shall show that UNV = (ULt +V 1)L, Tt then follows that (UNV)+ = (UL + V)L = UL +VE
Let e UNV. Let y e U+ V™, say y =y, +y2 with 4y, € U+ and y € V', Since z € U and y; € U+
we have z +y; = 0. Since x € V and o € V* wehave z s = 0. Thus z -y =z » y; + 2+ yo = 0. Since
rey=0foralyecU:+ VL wehave z € (UL + V+)L. This proves that UNV C (UL + V1)L
Now let z € (Ut + V1)t sothatz «y =0forally € U +V+. Forally € Ut, we also havey € U+ + V4,
and so z +y = 0. Since x+y = 0 for all y € U+ we have z € U++ = U. Similarly we have z € V so that
x € UNV. This proves that (U+ + V)L =U NV, and so we have U NV = (U+ + V1)L as required.

b) Show that O(U, V) =0 <« (UL, VL) =0.
(

Solution: We claim that (U, V) = 0 if and only if either U C V or V C U. By definition, we know that
if either U C V or V. C U then (U, V) = 0. Suppose U € Vand V € U. Let W = U NV and choose
0£uecUNWLand 0#ve VNWHL so that O(u,v) = (U, V). If we had 6(u,v) = 0 then we would have
u = tv for some 0 # ¢t € R so that w € V, but then we would have u € UNV = W and u € W+ so that v = 0.
Thus we must have 6(u,v) # 0 so (U, V) # 0. This proves the claim.

Next we claim that U CV <= V+ C U'L. Suppose that U C V. Let z € V1. Let yeU. Sincey e U
and U C V we have y € V. Since z € V+ and y € V we have 2 -y = 0. Since = +y for all y € U we have
x € UL, This proves that if U C V then V+ C U+. Conversely, if V+ C U~ then we have U++ C V4, and
so U C V. This proves the claim.

From the above two claims, we see that

U V)=0 < (UCVaVCU) < (V-CUtor Ut CV"') < U, V') =0.

(¢) Show that (U, V) =3 < U+, V) =13.

Solution: Let A = {uy,---,ux} be a basis for U N W+, let B = {vy,---,v} be a basis for VN W+, Let
C = {w1, -, wy} be abasis for W =UNV,and let D = {21,-,2,} be a basis for Z = U+tNV+ = (U+V)*L.
Note that U = W @ (UNW) because given u € U we can write u uniquely in the form u = w+y with w € W
and y € W+, and then, sincew € U andw € W =UNV C U, we also have y € U so that y € U N W+,
Similarly we have V = W & (V N W+). Thus AUC is a basis for U and BUC is a basis for V and AUBUC is
a basis for U +V and AUBUCUD is a basis for all of R, and we have k + [+ m + p = n. In this situation,
we write R* = (UNWL) @ (VN W)@ W @ Z. Interchanging U with V+ and V with Ut and W =U NV
with Z =U+t NVL, we also have R* = (VinZH) e (UtnzZhYeZaoW.
Suppose that (U, V) = 5. Note that, by Part (b), we do not have U C V or V C U, and so

g:o(U,V):min{e(u,v)]o¢ueUme,07éveVmWL}.
It follows that O(u,v) = 5 for all 0 # u € UNW*,0 # v € VN W (because if we had 0(u,v) > %

for any such pair, then we would also have 0(u,—v) = m — 0(u,v) < 7). Thus we have u+v = 0 for all
wveUNWEH, veVnnWwt,

We claim that UNWL CVEinNnZtand VWt CcUrNZE Letw e UNWL. Since v € U and
UcCU+V =2, wealso have u € Z+. It remains to show that u € V*. Let y € V. Write y = w + v with
weWandve WL, Sincey e VandweW =UNV CV we also have v € V and so v € VN W+, Since
ueUNUL andv € VNWL, we have u + v = 0 (as shown in the previous paragraph). Since u € W+ and
w € W we also have w « w =0. Since u «w=wu+v=0we have u - y =u « (w+v) =0. Since u » y = 0 for all
y € V we have u € V1, as required. This proves that UNWL C VN Z+. The proof that VNW+ Cc Utnz+
is similar.

Since UNWLt CVINZtand VWL CULNZL, and since

dim(UNWH) +dim(VAWL) =n—m —p=dim(V*+ N Z+) + dim(U* n 24),

it follows that dim(U N W) = dim(V+ N Z1) and dim(V N W) = dim(U+ N Z1), so in fact we see that
UnNnW+=v+tnz+tand VAW =0U+nZ+ Thus

oUt, vt = min{&(u,v)‘o £uelUtnzt, 04£vevin ZL} —0(U,V) = .
Conversely, if (U, V+) = Z then 0(U,V) = (U, V) =9(U+, VE) = 3.



4: Let U and V be subspaces of R™ with 0 < 0(U,V) < 5. Let W =U NV and Z = U+ NV so that we have

0 (U, V) = min {H(U, v)

0¢ueUmwﬂ;0¢ueVmwﬂ},md
o (U, VL) :min{e(x7y)’07éx ceUrnzt 0#yc VLHZL}.
Choose u € UNW+ and v € VN W with |u| = |v] = 1 such that §(u,v) = 0(U, V).

(a) Show that Projv(u) = Projv(u) = (u+v)v and ProjU(v) = Proju(v) = (u+v)u.

Solution: We already know that Proj (u) = “lv'lz”v = (u +v)v. We also remark that 0 < 0(u,v) < § (since if
0(u,v) > % then we would have 0(u, —v) = 7 — (u,v) < § contradicting the minimality of 6(u,v)) and hence
uev=cosf(u,v) >0.

Write u = z 4+ y with # € V and y € V* so that o = Projv(u). Since §(u,v) # § we have u+v # 0
sou ¢ V*+ hence u # y and so x # 0. Since W = U NV CV we have V+ C W+. Since v € W+ and
y € VE C W, we also have = u —y € W+, Thus we have 0 # z € V N W=. Suppose, for a contradiction,
that x = Projv(u) # Proj (u) = (u + v)v. Then by Trigonometric Ratios and Scaling, and using the fact that

Projv(u) is the unique point in V' nearest to u, we have

sinf(u,z) = |u—az| = |u— Projv(u)| < |u— (u+v)v| =sinf(u, (u+v)v) =sinb(u,v)
which implies that 6(u, x) < 6(u,v), contradicting the minimality of (u, v).
(b) Let z=(u » v)u —v and y=u — (u » v)v. Show that 0£x € UtNZ+, 0#£y € VN Z+ and 0(z, y) =0(u,v).
Solution: By Part (a), we have y = u — (u » v)v = u — Projv(u) = ProjVL(u). Let z = Projv(u) = (u » v)v.
Thenu = z+y withz € Vandy € V. Sinceu € Uand z € Vwehavey =u—2z € U+V = (U+NVH)L = 724
and so y € V- NZ%. Also note that since 0 # u € U N W+ it follows that u ¢ V (if we had u € V' then

we would have w € UNV = W hence u € W N W+ so that u = 0). Since u ¢ V we have u # z so that
y # 0. This completes the proof that 0 # y € VN Z+. A similar proof shows that 2 = —ProjUL (v) and that

0£xcUtnZt.
By Trigonometric Ratios and Scaling we have

sin6(u, v) = sin 6 (u, (u+ v)v) = |u— (u+v)v| = |y| , and
sinf(u,v) =sinf((u + v)u,v) = |v — (u - v)u| = |z,
and so
ey (wev)u—"2) -+ (u—(u-v)v) (wev) = (wew)? —(uev)+ (u-w)

S 0 s = =
cos 0(x,y) || |y] sin? 0(u,v) sin? 0(u,v)
~(uwev)—(u-v)®  cosO(u,v) —cos® O(u,v) cos 01, v)
 sin?0(u,v) sin? 0(u, v) B ’

and hence 0(z,y) = 0(u,v), as required.
(¢) Show that O(U+, VL) =0(U, V).

Solution: Since we can choose 0 # x € U N Z+ and 0 # y € V- N Z+ such that 8(z,y) = 0(u,v) = (U, V),
it follows from the definition of §(U~+, V+) that (UL, V1) < 0(z,y) = 0(u,v) = (U, V). By interchanging U
with UL and V with V4, we also have (U, V) = g(U++, VL) < o(U+, V4.



