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1. Place your name, signature and ID number in
the spaces provided at the top of this page. 3 / 5
2. This test contains 7 pages, including this cover 4 / )
page and a page at the end for rough work.

5 5)
3. No calculators are allowed. /
4. Answer all 6 questions; all questions will be 6 / i)
given equal value.

Total /30

5. Provide full explanations with all your solutions.




[5] 1: Given positive integers k, m and n with m < n, find the number of k-element subsets
A C{1,2,---,n} such that at least one element of A lies in {1,2,---,m}.

[5] 2: Let A={1,2,3,4,5,6} and let S = A% with weight given by w(a,b) = gcd(a,b). Find the
generating function ¢g(x).



1+ 2z

= T 97 — 3.2 Find a closed-form formula
—2x — 3z

[5] 3: Let S be a set with generating function ¢g ()
for S|



[5] 4: Let S be the set of binary strings which do not contain 0011 as a substring. Find the
generating function (with respect to length) for S, expressed as a rational function.



[5] 5: For each positive integer n, let ¢,, be the number of integer sequences (ag, a1, - - -, a,) with
ap = a, = 0 and |ai — ai_1| <2fori=1,2,---,n. Find a formula for ¢, expressed as a
sum, and in particular find c¢5. One way to solve this problem is to use the bijection

(a07a17“'7an) — (al_a0+2aa2_al+2a"'7an_an—l+2) :(b17b27"'7bn>-



[5] 6: For each positive integer n, let ¢, be the number of strings (zi,xs,---,x,), with each
x; € {1,2,3}, which do not contain either 12 or 21 as substrings. Find a recursion formula
for ¢,, and in particular, find ¢5. One way to solve this problem is to let a,, be the number
of such sequences which end with 1 (which is equal to the number of such sequences which
end with 2) and let b, be the number of such sequences which end with 3, then use
relationships between the numbers a; and b; to find the recursion formula for ¢,.
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