MATH 239 Intro to Combinatorics, Solutions to Assignment 2

: (a) By describing a method of counting the number of k-element subsets of {1,2,---,n}, give a combinatorial

proof that
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Solution: Let S be the set of all k-element subsets of {1,2,---,n}, let U = {4 € S|n € A} and let
V ={Ae€ S|n¢ A}. Note that |S| = |U|+|V|. We have a bijection from U to the set of all (k — 1)-element

subsets of {1,2,---,n — 1} given by ¢(4) = A\ {n} and so |U| = (Z:}) Also note that V is equal to the

set of all k-element subsets of {1,2,--,n—1} and so [V| = ("."). Thus |S| = [U| +|V]| = (Z:}) + (™).

(b) By counting the number of ways to choose sets A and B with A C B C {1,2,---,n} and |A| = m in two
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Solution: For each fixed k with m < k < n, the number of ways of choosing a k-element subset B of
{1,2,---,n} is equal to (Z), and having chosen B, the number of ways of choosing an m-element subset

A C B is equal to (:;) Thus the total number of ways to choose A and B is equal to
k/\m)/) "~
k=m

On the other hand, the number of ways to choose an m-element subset A C {1,2,---,n} is equal to (::1)7
and having chosen A, the number of ways to choose B with A C B C {1,2,---,n} is equal to 2"~™ (since
B\ A can be any of the 2"~™ subsets of {1,2,---,n}\ A). Thus the total number of ways to choose A and

B 1S alSO equal (O
2 ( " ) .
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Solution: By the Binomial Theorem, we have Z (Z) % = 1+H"=(3)".
k=0
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Solution: By the Binomial Theorem, we have

2n 2n\ , 2n\ 2n\ 4 2n\ , 2n L (4 1\ 2"
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Adding these gives

and
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3: (a) Let ¢(z) = % Find [2¥]¢(x) for k =0,1,---,5.
x
Solution: Note that this problem is equivalent to finding the 5 Taylor polynomial T5(z) for ¢(x), centered
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at 0. We have
(1+32)"3 =1+ 4(32) + (%)2!(%) (32)2 + %
L WDEE)EDER) 505
—1+4x+2x2—%x3+%x4—§x5+ ,

and so 1
— T (1432)/3

$(a) = 1 (1+32)
:(1—x+$2—x3+x4—x5+~-~)(1+4x+2x2—%x3+gx4—§x5+---)

=1+ @-Nz+2-4+1)22+(—4-2+4-1)2%+ (3 +4+2-4+1)2!
22 -244-1)a5+.-

+(-3-3-3
=1+4+3z—2?— a8 +22% — Lad 4.

Thus the 50 Taylor polynomial is T5(z) = 1 + 3z — 2% — éxg’ + 274 — Hgb

(b) Find a closed form formula for the function ¢(z) = 20 3+(;1)" x"
Solution: Notice that this is the sum of two geometric series. We have
3t (D" N8 NS (g 2 ;. _ B0+ +(0-2) 2+a
* —;2117 +nZ::02(I) _1—x+1+x 1— 22 Cl—a2
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4: (a) Let S be the set of binary sequences of length 5, where the weight w(e,es,--,e5) is the number of
occurrences of the substring 01 in the sequence (e1,es, -, e5). Find the generating series ¢g(z).

Solution: We list all 32 binary sequences a = ajazasaqas, and for each sequence a, we count the number of
occurrences of the substring 01.

a w(a) a w(a)
00000 0 10000 1
00001 1 10001 1
00010 1 10010 1
00011 1 10011 0
00100 1 10100 1
00101 2 10101 1
00110 1 10110 2
00111 1 10111 1
01000 1 11000 1
01001 2 11001 1
01010 2 11010 1
01011 2 11011 0
01100 1 11100 0
01101 2 11101 0
01110 1 11110 1
01111 1 11111 0

We see that there are 6 sequences a with w(a) = 0, there are 20 sequences a with w(a) = 20 and there are
6 sequences a with w(a) = 2, and so the generating function for S is ¢g(z) = 6 + 20z + 622

(b) Let S be the set of all subsets of {1,2,3,4,5}, where the weight w(A) is the number of consecutive
integers in the subset A. Find the generating series ¢g(x).

Solution: We list all 32 subsets of {1,2,3,4,5}, and for each subset A we count the number of consecutive

elements in A. In the list below, we omit brackets and commas, writing the set {a1, a2, -, ar} as ajas - - - ai.
A w(A) A w(4)
0 0 123 2
1 0 124 1
2 0 125 1
3 0 134 1
4 0 135 0
5 0 145 1
12 1 234 2
13 0 235 1
14 0 245 1
15 0 345 2
23 1 1234 3
24 0 1235 2
25 0 1245 2
34 1 1345 2
35 0 2345 3
45 1 12345 4

We see that there are 13 sets A with w(A) = 0, 10 with w(A) =1, 6 with w(A4) = 2, 2 with w(A) =3 and 1
with w(A) = 4, and so the generating series is ¢g(x) = 13 + 10x + 622 + 22° + 2.



5: (a) Use generating series to find the number of sequences (a1, as,as,aq), with a; € {0,1,3} for all ¢, such
that a1 +as + a3z + a4 = n.

Solution: Let S be the set of sequences (ai,as,as,aq) with each a; € {0,1,3}, with weight function
w(ay, - +,a4) =aj + -+ + ag. Then we have

br01,33(z) =1+ 2+ z?
ps(z) = (1+z+2°)" = ((1+z+02° + x3)2)2
= (142 + 12° + 22° + 22* + 02° + 12)°
=1+4x + 622 + 82° + 13z* + 122° 4+ 1025 + 1227 + 62° + 42° + 4210 + 02! + 1212

The n'" coefficient of ¢5(x) is the required number of sequences.

(b) Use generating series to find the number of ways to select n letters from {A, B, C, D}, with repetition
allowed and order unimportant, such that A and B can each be chosen at most once and C' and D can be
chosen any number of times.

Solution: Let a1, as, az and a4 be the number of times we select the letters A, B, C and D respectively. Let S
be the set of 4-tuples (a1, az, as, aq) with a1,as € {0,1} and {a3,a4 € N ={0,1,2, -}, with weight function
w(ay,---,a4) = a1 + - + as. We must find |S,|. We have ¢(o13(z) =1+ and ¢n(z) =1+ + 2% +---
and so
¢ps(x) = (1—|—x)2(1—|—x+x2+x3+--~)2
=(1+2z+2°) (1422 +32" +42° + )
=1+dz+(B+2-2+ 12> +(4+2-3+2)2° +- +((n+1)+2-n+(n—-1))a"+
=1+4a+82% +122% + - 4 (4n)z" + - - - .

Thus |S,| = [#"]¢s(x) = 4n.



