MATH 218 Differential Equations, Solutions to Assignment 7

: Find the 5*® Taylor polynomial centered at 0 for the solution to the IVP (1 — z)y” — 2y = 4 with y(0) =1
and y'(0) = 3.
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Solution: We try a solution of the form y = 3 a,z". Theny’ = > nay,z" tandy” = . n(n—1)a,z" 2
n=0 n=1 n=2

Put these in the DE to get
0=(01-2a)y" —2y—4
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= (2a3 — 2a¢ — 4)2° + Z (m+2)(m + Damsz — m(m + Dapi1 — 2am)z™.
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To get y(0) = 1 we need agp = 1 and to get 3'(0) = 3 we need a; = 3. The recursion formula then gives
as = ag +2 _ 3’ as = 1~2a23;r2a2 _ % _ 2, ay = 2-3a§4+2a2 _ 121—56 — %7 and as = 3-40;14';2113 _ 182-(‘,)-4 — %

Thus the 5" Taylor polynomial is T5(z) = 1 4 3z + 322 + 22° + 22" + {125

The coefficients must all vanish so we have ay = ag+2 and for m > 1 we have a,,12 =

: Find the 5*® Taylor polynomial centered at 0 for the solution to the IVP y" + 2y’ +e%y = sin 2 with y(0) = 2
and y'(0) = 1.

Solution: We try y = ap+a1z+asx’®+asz3+asz*+asz®+- - -. Theny’ = a1+2asx+3asx>+4a,23+5a52*+- - -,
y" = 2ay + 6azx + 12a4x% + 20as2> + - - -, and

ety = (1—|—x+%xQ—i—%x?’—l—---)(ao+a1x+a2x2+a3x3+---)
= (a0 + (a1 + ao)z + (a2 + a1 + ag)z® + (az + az + $a1 + $ag)a® +--).
Put these in the DE to get
(2a2 + 6asx + 12a4x2 + 20a5x3 + - ) + 2(@1 + 2a0x + 3a3m2 + 4a4333 + - )
+ (a0 + (a1 + ao)z + (a2 + a1 + za0)2® + (a3 + az + 3a1 + gag)z® +---)
= (.Z‘—%xg—l--”).

Equate coefficients to get 2as+2a; +ag = 0 (1), 6az+4as+a1+ag =1 (2), 12a4+6a3+as+a; +%a0 =0(3)
and 20as + 8as + as + az + 3a1 + gao = —¢ (4). To get y(0) = 2 we need ag = 2 and to get y'(0) =1

we need a; = 1. Put these in the recursion formulas (1)-(4) to get ap = =24=9% = =222 — 3 ¢4 =
1 1 1 1

l—daz—ay—aq _ 148—1-2 _ _ —6as—ax—ai—4a0 _ —642-1-1 _ _ 1 _ —g-8aa—as—as—ja1—gao _

- 6 - 13 ay = 12 - 12 = 2 and as = 50 =

6
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% = % Thus the 5*® Taylor polynomial is T5(x) = 2 + x — 222 + 23 — %x‘l + %m5.



3: Use the Power Series Method to solve the DE y” + (x — 1)y’ + y = 0. Find two linearly independent power
series solutions, one satisfying the initial conditions y(0) = 1, 3’(0) = 0, and the other satisfying y(0) = 0,
y'(0) = 1. For each solution, state the recurrence relation for the coefficients, and find the 5" Taylor
polynomial centered at 0.
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Solution: We try y = > a,2™. Then 3y’ = > na,z" ! and ¥y’ = > n(n — 1)a,z" 2. Put these in the DE
n=0 n=1 n=2

to get
O0=y"+(@-1y +y
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= (2a3 — a1 + ap)z® + Z ((m+2)(m + Damsz — (M4 Damsr + (m+ 1)ay)z™ .

m=1
. . a1 — ap m-+ 1Dame1 —(m+1)a A1 — @
All coefficients vanish, so ag = and @40 = ( )t ( ) = mt ™ form > 1. If
2 (m+2)(m+1) m+ 2
=1 and a; = 0 then th sion formulas give ay = 951 = —L a3 = =270 = _1 g, — Z6+5 _ 1
ap = 1 an 1 all = en the recursion formulas give az = 5= = —5, a3 = 45— = —5, u = —2 = 55
and a5 = ﬁgg = 55, so the 5" Taylor polynomial is
_ 1,2 1,3, 1.4, 1.5
Ts(y1) =1 —52° — §2° + 52% + 552° .
_ _ : : _ 10 _1 2l 1, Z5-s o 1
If ag = 0 and a; = 1 then the recursion formulas give ay = 5 = 5,03 = 25— = —5, a4 = —4% = —%
_l+l
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and a5 = =0 and so the 5" Taylor polynomial for the solution ys, is

- 1,2 1.3 1.4
Ts5(y2) = v + 52° — go° — ga*.



4: Use Frobenius’ Method to solve the DE 4xy” + 2y’ = y. Find two linearly independent series solutions. For
each solution, solve the recurrence relation to obtain an explicit formula for the n' coefficient, then find a
closed form formula for the solution.
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Solution: We try y = > a,2™™ soy' = Y. (n+r)a,z" ™ Land ¢y’ = Y. (n+r)(n+r—1)a" "2 Put
=0 n=0 n=0

these in the DE to get -
0=day’ +2¢y —vy
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All coefficient t ish, h 2r—1)=0and a1 = for > 0. Wh
coefficients must vanish, so we have r(2r—1) and G, 41 T FDEm Lo T D) or > en
a a
=0, th ion f lab ] = U = U , 80 if ag = 1 th
r , the recursion formula becomes a,,+1 ST DEm ) - @mi)@En L) so if ag en we
get a1 = 1%’ as = 1.;3_4, az = 1.23?4.5_6, and in general a,, = (2;)!. In this case the solution is

y1 = 2° <Z (;En)'> = cosh/T.

n=0
When r = L the recursion formula becomes a = m dm soifag=1
2 T m+ 3) 2m+2)  (2m+2)2m+3) 0
then we get a1 = 2—{%, as = T145 and in general a, = m In this case the solution is

> " sinh /x .
y:/<z<2n+1>l>:f s

The general solution is y = asinh \/x + bcosh /.



5: Use Frobenius’ Method to solve the DE 3z%y” + x(x — 1)y’ + y = 0. Find two linearly independent series
solutions. For each solution, solve the recurrence relation to obtain an explicit formula for the n*® coefficient.
Find a closed form formula for one of the two solutions.
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Solution: We try y = Y anz" " soy' = > (n+r)a,z"™ P and vy’ = > (n+r)(n+7r—1)a,z" 2. Put
n=0 n=0 n=0
these in the DE to get
0=32%"4+z(x—-1)y +y
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3n+r)(n+r—1Daa"™ + Z +r)apx™ T — Z(n +1r)a,x™ " + Z apx™t"
n=0 n=0 n=0
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(3r(r—1) —r+1)aez’ + Z (Bm+r)(m+r—1)—(m+71)+1)am + (m+r— l)aml)xm> .
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All coefficients must vanish, so we have 3r(r — 1) —r + 1 = 0, that is 37> — 4r + 1 = 0 or equivalently

—(m+7r—1)am,—1

3m+r)(m+r—1)—(m+r)+1

(3r—1)(r—1)=0sor=1orr =1, and we have a,, =

3> When r =1

the recursion formula becomes a,, = 3 (m__‘_ﬂi;(;ﬂ;)l_ —= ;:LT; If we take ag = 1 then we have a; = —%,
as = 5%3, asz = ——5.8¥11, and in general a, = 5811(77% In this case we obtain the solution
.1 = (=1)"an _ 1,2 1.3 1.4

hr== (1—1_;5.8.11 ..... (3n+2) =T — 507+ 5507 — 5t

When r = % the recursion formula becomes
_ —(m—3) am— —(3m = 2)am_1 G
" 3(m+%)(m—§)—m+% Bm+1)(3m —2) —3m+2 3m

If we set ag = 1 then we obtain ay = —%, az = 3%, a3 = — 3+, and in general a, = 3.6_(9*.}_)423”) = (3717); In

this case we obtain the solution




