MATH 218 Differential Equations, Solutions to Assignment 5

: Solve the following IVPs.

(a) ¥’ +3y" +2y =0 with y(0) = 1, y'(0) = 0

Solution: The characteristic equation is 72 + 3r +2 = 0. We solve this to get r = —1, —2 so the general
solution to the DE is y = Ae™* + Be~ 2%, and then we have y' = —Ae™® — 2Be~2*. To get y(0) = 1 we need
A+ B =1 (1), and to get y'(0) = 0 we need —A — 2B = 0 (2). Solve these two equations to get A = 2,
B = —1, so the solution to the IVP is y = 2e ™% — e~ 27,

(b) ¥ + 4y’ + 5y = 0 with y(0) = 3, ¥’ (0) = 1
Solution: The characteristic equation is 72 +4r +5 = 0. Solve this to get 7 = —2 £, so the general solution
isy = Ae2* sinx 4+ Be 2% cos x, and we have ' = —24e 2 sinxz+ Ae 2% cosx — 2Be 2% cosx — Be ?® sin .

To get y(0) = 3 we need B = 3, and to get ¢’ (0) =1 we need A —2B =10 A = 7. Thus the solution to the
IVP is y = Te ?* sinz + 3¢~ 2% cos .

(c) 4y" — 4y’ +y =0 with y(1) =1, y'(1) = 2

Solution: The characteristic equation is 4r% — 4r + 1 = 0, that is (2r — 1) = 0, so r = % and the general
solution to the DE is y = Ae®/? + Bxe®/?, and then y' = 1A4e"/? + Be®/? + L Bze™/?. To get y(1) = 1 we
need Ae'/? + Be'/? =1 (1), and to get y'(1) = 2 we need 1Ae'/2 + 3Bel/2 = 2 (2). Multiply equation
(1) by 2 and subtract equation (2) to get Ae’/? = —1 so A = —1e7!/2, and then multiply equation
(2) by 2 and subtract equation (1) to get 2Be'/? = 3 so B = %6_1/2. Thus the solution to the IVP is
y =

_%671/2630/2 + 3671/21.6:1:/2 _ %(3% _ 1)6(:1:71)/2.

: Solve the following DEs.
(a) " — 2y’ + 5y = 102 — 3z

Solution: The characteristic equation is 72 — 2r + 5 = 0. Solve this to get 7 = 1 4 2i so the general solution
to the associated homogeneous DE is y = Ae® sin 2z + Be® cos 2x. To find a particular solution to the given
(non-homogeneous) DE, we try y = y, = az® + bz + c. Then y' = 2az + b and y” = 2a. Put these in the DE
to get
1022 =3z =y — 2y + by
= 2a — dax — 2b + 5ax? + 5bx + B
= 5ax? + (5b — 4a)x + (2a — 2b + 5¢) .

Equating coefficients gives 5a = 10, 50 — 4a = —3 and 2a — 2b 4 5¢ = 0. Solve these three equations to get
a=2,b=1and c= —%, so we obtain the particular solution y, = 222 +z — % The general solution to the
given DE is y = Ae” sin 2z + Be” cos 2z + 2% + z — 2.

(b) y"" + 2y — 2y = 3we?*
Solution: The characteristic equation is 72 + 2r — 2 = 0. Solve this to get r = —1 £ /3, so the general
solution to the associated homogeneous DE is y = Ae(=1+V3)z 4 Be(=1-V3)e Ty find a particular solution

to the given DE, we try y = y, = (az + b)e?**. Then y’ = (2ax + a + 2b)e*® and y" = (4ax + 4a + 4b)e>®.
Put these into the DE to get

3xe®® =y 4+ 2y — 2
= (4ax + 4a + 4b)e*™ + 2(2ax + a + 2b)e** — 2(ax + b)e*”
= 6aze® + (6a + 6Gb)e*" .
Divide both sides by €2* to get 3z = 6ax + (6a + 6b). Equating coefficients gives 6a = 3 and 6a + 6b = 0.

Solving these two equations gives a = % and b = f%, so we obtain the particular solution y, = (%x - %) e,

Thus the general solution to the given DE is y = Ae(-1+V3)2 4 Be—(1+V3)e 4 iz — 1),



3: Solve the following DEs.
(2) 2y +y —y+z+e =0

Solution: The characteristic equation is 2r2 + r — 1 = 0. Solve this to get r = %, —1, and so the general
solution to the associated homogeneous DE is y = Ae®/2 + B~*. To find a particular solution to the DE
2y +y —y=—x, we try y = ax +b. Then ¢y = a and ¢y’ = 0. We put these in the DE to get

—r=2y"+y —y=a—ar—b=—axr+ (a—"b).

Equating coefficients gives —a = —1 and a — b =0, so we get a = 1 and b = 1, and we obtain the particular
solution y = x + 1. To find a particular solution to the DE 2y” + ¢y —y = —e™%, we try y = axze™®. Then
vy =ae™® —azxe ® and y’ = —2ae™* + axe”*. Put these in the DE to get

—e P =2 +y —y=—4dae " +2axe " +ae " —axe "

—axe ¥ = —3ae” .

Divide both sides by e™ to get —1 = —3a so a = % and we obtain the particular solution y = %me“”.
A particular solution to the given DE is obtained by adding together these two particular solutions to get

Yp=T+1+ %xe’z. The general solution to the given DE is y = Ae®/2 + Be™* + 2z + 1+ %xe’z.

(b) y"" — 6y’ + 10y = e3*sinx

Solution: The characteristic equation is 72 — 6r + 10 = 0. Solve this to get 7 = 3 4 4, so two linearly
independent solutions to the associated homogeneous DE are y; = €3 sinz and y» = €3® cosz. Note that
y1' = 33 sinz + 3 cosz = 3y; + yo, and yo' = 3e3* cosx — €3 sinz = —y; + 3yp. To find a particular

solution to the given DE, we try y = y, = Azy; + Bzyz. Then v = Ays + Azyr’ + Byz + Baye' and
y" = 2Ay1" + Azyr” 4+ 2Bys’ + Bxys”. Put these in the DE to get

Yy = e sinz =y — 6y’ + 10y

= 2Ay," + Axy,” + 2Bys’ + By, — 6Ay, — 6Axy,’ — 6By — 6Bxys’ + 10Axy; + 10Bxy,
=2Ay" + 2Byy" — 6Ay; — 6Bys + Ax(y1” — 631" + 10y) 4+ Ba(y2" — 62" + 10y2)

= 2Ay," + 2By, — 6Ay; — 6Bys

=2A(3y1 +y2) +2B(—y1 + 3y2) — 6Ay; — 6By

= —2By; + 2Ays,
where we used the fact that y; and yo are solutions to the associated homogeneous DE, and we used the
earlier-mentioned identities y1” = 3y1+y2 and yo' = —y1+3y2. Since y; and y, are independent, we can equate
coefficients to get —2B =1 and 24 =0, that is A=0and B = —%, and so we obtain the particular solution

Yp = —%3363” cosz. Thus the general solution to the given DE is y = Ae3*sinx + Be3* cosx — %me?’l COS .



4: Solve the following IVPs.
(a) 4y" —y =z with y(0) = 2, y'(0) =1

Solution: The characteristic equation is 47> — 1 = 0. Solve this to get r = :I:%, so the general equation to
the associated homogeneous DE is y = Ae®/? + Be~*/2. To find a particular solution to the given DE, we
try y = yp = ax +b. Then ¢’ = a and y” = 0. Put these in the DE to get = 4y” —y = —ax — b. Equating
coefficients gives a = —1 and b = 0, so we obtain the particular solution y, = —z. The general solution to
the given DE is y = Ae®/? + Be™®/2 — z, and then ' = $Ae®/? — LBe=®/2 — 1. To get y(0) = 2 we need
A+ B =2 (1), and to get 4/(0) = 1 we need 34 — 3B — 1 =1, that is A — B = 4 (2). Solving these two

equations gives A = 3 and B = —1, so the solution to the given IVP is y = 3e*/2 — e=%/2 — g,
(b) ¥ — 6y’ + 9y = €** with y(0) =1, 3'(0) =0

Solution: The characteristic equation is 72 — 6r +9 = 0. The only solution is » = 3 so the general solution
to the associated homogeneous DE is y = Ae3* 4+ Bze3®. To find a particular solution to the given DE, we
try y = y, = az®e3*. We then have y' = a(2z + 32?)e3” and y” = a(2 + 12z + 922)e3®. Put these in the DE
to get

3 =y — 6y’ 4+ 9y = a(2 + 12z + 922)e3” — 6a(2x + 322)e3” + 9ax?e3” = 2ae3” .

Divide by €3* to get 1 = 2a, so a = % and we obtain the particular solution y, = %xQeSI. The general
solution to the given DE is y = Ae3® + Bxe3® + %x26317 and then 3 = 3A4e3* 4 Be3® + 3Bze3” 4 xe3® + %63””.
To get y(0) =1 we need A =1, and to get 3'(0) = 0 we need 34 + B = 0 so B = —3. Thus the solution to

the given IVP is y = €3% — 3we3® + %x2e3x.

5: Solve the following third-order DEs.
(a) y"" +2y" — 5y —6y =0
Solution: The characteristic polynomial is 73 + 2r% —5r — 6 = (r — 2)(r> + 4r + 3) = (r — 2)(r + 1)(r + 3),
and so the general solution to the DE is y = Ae?® + Be % + Ce 3%,
(b) ¥ — 3y’ + 2y =2sinx

Solution: The characteristic polynomial is 7% — 3r +2 = (r — 1)(r? + r — 2) = (r — 1)?(r + 2), and so the
general solution to the associated homogeneous DE is y = Ae® + Bze® +Ce~2%. To find a particular solution
to the given DE, we try y = y, = asinz + bcosz. We then have y' = acosz —bsinz, y’ = —asinz —bcosx
and y"”' = —acosx + bsinx. Put these in the DE to get

2sinx = 4" — 3y’ + 2y
= —acosx + bsinx — 3acosz + 3bsinx + 2asinx + 2bcos x
= (2a+ 4b)sinz + (—4a + 2b) cosx .
Since sin x and cos x are linearly independent, we can equate coefficients to get 2a+4b = 2 and —4a+2b = 0.
Solving these two equations gives a = % and b = %, and so we have obtained the particular solution
Yp = %sinx + %cos 2. The general solution to the given DE is y = Ae® 4+ Bxe® + Ce 2% + %sinx + %cos x.



