MATH 218 Differential Equations, Solutions to Assignment 2

1: Solve each of the following DEs.

(a) 2y’ +y = V.
Solution: This DE is linear since we can write it in the form 3" + %y =2~

14
)\:ef* "= ™" = 7 and so the solution is y = L [w-27/2de = L [21/2dr =L (2a3/24¢) = %\/54—%

(b) Voy =1+y°
dy —1/2

Solution: This DE is separable. We can write it as 152 =x
Y

/2 An integrating factor is

dx and then integrate both sides to get
tarrl Y= 21‘1/2 +ec, that is Y= tan (2\/E+ C) .
(¢)y =z(y®>—1).

/

Solution: This DE is separable since (when y # £1) we can write it as 1= Integrate both sides,
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Taking a = 0 gives the solution y = 1, so the general solution is y = —1 or y = T ac® with a € R.
—ae



2: Solve each of the following IVPs.
(a) 2y = y? +y with y(1) = 1.

/

Yy
vty

Solution: This DE is separable since we can write it as

fractions for the integral on the left, to get
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y Inz+c
—_— = e =
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where @ = Inc. Put in y(1) = 1 to get 3, so we have il
y(2 — x) = z, so the solution to the IVP is y = 5 Y forz <2
—x

(b) zy' + 2y = Inz with y(1) = 0.
Solution: This DE is linear since we can write it as 3’ + %y =
)\ = ef%dx _ 2Inz

1
= —. Integrate both sides, using partial
x

ax,

=2 50 2y = z(y + 1) = xy + «x, that is

2

% Inz. An integrating factor is given by

1
=e = 22 and so the solution is y = — /33 Inx dz. We integrate by parts using u = Inx
x

2

and dv = x dx so that du = %dw and v = %332 to get

1
y:ﬁ/xlnxdac
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=5 (éxﬂnx/%xdm)
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1
Put in y(1) = 0 to get 0 = ¢ — %, so we have ¢ = 1 and the solution to the IVP is y = i(—z +2Inz — 1)
x

for z > 0.
(c) ¥ + xy = 23 with y(0) = 1.

z dz 1.2
Solution: This DE is linear. An integrating factor is A = ef =e?" . The solution to the DE is

_1g? 1,2
y=e ° z3e? dx.

2
x
, dv = ze

N

Integrate by parts using u = 22, du = 2z dz, v=-e
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to get

1,.2 1,.2 1.2 1,.2 1,..2 1,.2
—5T ST ST —5T ST —5T
y=e ° (x262 —/23062 dx) =e ?’ (ane — 2¢e? —|—c> =z —24ce * .

To get y(0) = 1 we need —2 + ¢ =1 so ¢ = 3. Thus the solution to the IVP is

1,2
y=a2>—-2+4+3e 2 forall x.



3: Solve each of the following IVPs.

2
(a) ¢y = 5—1— 1 with y(1) = —2.

Solution: This DE is separable since we can write it as (y — 1)y’ = (z + 2). Integrate both sides to get
%y2—y: %x2+2x+c
y? — 2y = 2?4+ 42+ 2¢
(y—1)2 -1 =244z +2c
y=—1£Va22 + 4z +2c+ 1.

To get y(1) = —2 we need 1 + /6 + 2c = —2 so we must use the - sign and we must take ¢ = 3. Thus the
solution to the IVP is

y=1l—vae?4+4de+4=1—/(z+2)2=1—-(z+2)=—(z+1) forz>-2.

(b) ¢ + ytanax = sin? z with y(0) = 1.

. . . . . . ftanmdz In(sec z)
Solution: This DE is linear. An integrating factor is A = e =e = secx = and the
cosx
solution to the DE is
sin? x 1—cos?z
Yy = CoST dr =cosx | ———— dx =cosz [ secx — cosz dx
cosx cosx
= cosx(ln ’ secx + tanx’ —sinz + c) .
To get y(0) = 1 we need ¢ = 1, so the solution to the IVP is
Y= cosx(ln | secx +tanw| —sinz + 1) for — 5 <x<3.
)y = Y with y(3)=1.
z+y?
Solution: We interchange the rolls of z and y, and solve this DE for z = z(y). We have
1 T+ y?
2'(y) = =—
y'(x) y
. - . o P . . . [-tdy -lny
This DE is linear since we can write it as ' — ;T =Y. An integrating factor is A = e =e =3

and the solution is
x:y/ldyzy(y—i-c) fory > 0.
To get y(3) =1 (that is to get x(1) = 3) we need 2 =1+ ¢ so ¢ = 2, and so the solution is
r=yly+2)=(y+1)*-1.
Solve this for y = y(x) to get y = —1 £ /= + 1. Note that to satisfy y(3) = 1 we need to use the + sign, so
y:—1+\/mforx>0.



4: A Bernoulli DE is a DE which can be written in the form 3’ + py = qy™ for some continuous functions p
and ¢ and some integer n. The substitution u = y'~" can be used to transform the above Bernoulli DE for
y = y(z) into the linear DE u' + p(1 — n)u = ¢(1 — n) for u = u(z).
(a) Solve the IVP ¢/ +y = zy?, with y(0) = 2.
Solution: Let u = y~2 so v’ = —2y 3¢/, and multiply both sides of the DE 3/ +y = xy> by —2y~3 to get
—2y~—3y’ —2y~2 = —2x, that is
v —2u=—2z.

—2z

This is a linear DE for v = u(x). An integrating factor is I = ef 2 , and the general solution is

u = e / —22 %% dz. Integrate by parts using v = z, du = dz, v = e~ 2* and dv = —2e~2* dz to get

u = 62m<$62m —/62zdx) = eQz(Iefzx—F%e*h—Fc) =x+ % +ce*®,

that is y_2:;v+%+0625”. To get y(0) = 2 we needi:%—l—csoc:—% and so we have
-2 11 11 —-1/2 2
yiP=z+53-1e =y=(z+35 - 1) =

Viz +2— e’
for those values of x for which 4z + 2 > €%,

(b) Solve the IVP zyy’ + y* = 1 with y(1) = 2.

Solution: This is a Bernoulli DE since we can write it as y’ + %y = %y‘l.
Multiply both sides of the DE by 2y to get 2y 3y’ + %yQ = %, that is

We let u = y2 so v/ = 2yy'.
P2, 2

2lnzx

24
This DE is linear. An integrating factor is A\ = ef TR = 22, and the solution to the DE is

u:x_2/2mdx:x_2(x2+c) = 1—1—%,
T
that is y* = 1,5, so
c

To get y(1) = 2 we need ++/1 + ¢ = 2, so we must use the + sign and take ¢ = 3. Thus

2
y\/1+3\/x+3forx>0.
x




5: A homogeneous DE is a DE which can be written in the form ¢y’ = F (%) for some continuous function F.
The substitution u = £ can be used to transform the above homogeneous DE for y = y(x) into the separable
DE zu' = F(u) — u for u = u(z).

1.2 + 3y2

(a) Solve the IVP 3/ = 52y

with y(1) = 2.

Solution: This DE is homogeneous since we can write it as ¢y = . Let u = £ so y = ru and

. This is

1+ 3u? 1+ 3u? 1+ u?
y' = u+ zu'. Then we can write the DE as u + zu’' = —;u , that is zu' = +u —u= tu
u
2u du dx

2u 2u
T = e Integrate both sides to get

In(1 +u?) =In|z| +c= 1+ u* = ax (where a = +e°) = u = +Vaz — 1
:>g::|:\/az—1:>y=:|:x\/a1:—1.
x
To get y(1) = 2, we need 2 = ++v/a — 1, so we need to use the + sign and we need a —1 =4 so a = 5. Thus
y=xvbxr —1 for x > %

separable, as we can write it as

y2 + 2zy

(b) Solve the IVP ¢/ = o with y(1) = 1.

Solution: This DE is homogeneous since we can write it as iy’ = (%)2 +2(%). Make the substitution u = ¥
soy = xu and y = u + 2/, then the DE becomes u + zu’ = u? + u, that is zu’ = u? 4+ 2u. This new DE is

separable since we can write it as I = % Integrate both sides (with respect to x) to get

/ du  [de
w4u T

_1
u2+u u

u
In =lnzr+a
u—+1
u
=b
u+1 T

where b = e®. To get y(1) =1, weputinz =1landy =1sou =% =1 to get % = b, thus the solution is
given by
u x x Y x x
=-=uu=wt+r= 2—-zJu=zx = u= — = —— = y=
u+1 2 T
for0 << 2.




