MATH 218 Differential Equations, Solutions to Assignment 11

/
: (a) Solve the system <gyc,> = (1 2) (;) and draw the phase diagram.

1 0

Solution: Let A = (} (2)> Then [A—rl| = ‘1_T —27’ =r?—r—2=(r+1)(r—2).

2 2 1 . . 1
When r = —1 we have A — r[ 11 0 and so an eigenvector is u = (_1 )
When r = 2 we have A —rl = < ) < > S0 an eigenvector is v = (%)
The solution to the system is

T . ¢ 1 2 2
(y) =ae <_1> + be (1> .
/
To sketch the phase portrait, note that the isoclines are given by m = y_/ = %, that is ma + 2my = =z,
x x+ 2y

. Some isoclines are shown in

_ 1—
"™ &, This is the line through (0,0) with slope

yellow, the slope field is shown in green , and some solution curves are shown in blue.

or equivalently y =




!
(b) Solve the system (5,) = (_12 f) (g) and draw the phase diagram.

) 1 2 1—r 2
Solution: LetA-(_2 1).Then |A—?"I|—' 9 1_g

The eigenvalues are r = 1 + 2i.

, -2 2 - 1 . . 1
When r =1+ 2i we have A —r] = <_2 _21.) ~ ( 0 0) so an eigenvector is u = (z)

=72 -2r+5=(r—1)2+4.

A complex solution is

Z\ _ (20t 1 _ ot .. 1 _ ot cos 2t + ¢sin 2t
(w) e <z> e(coth—I—zstt)(i e 2t 4 icos2t ) -

Two independent real solutions are obtained from the real and imaginary parts of the above complex solution.

The general solution is
r\ [ cos2t t [ sin2t
(y) —ae <—sin2t> +be <cos?t> ’

) 2
The isoclines are given by m = LA m——i—y’ that is mx 4+ 2my = —2x + y, or equivalently y = +m x.
x’ T+ 2y 1—-2m
2
This is the line through (0,0) of slope 1 +2m . Some isoclines are shown in yellow, the slope field is shown
—2m

in green, and some solution curves are shown in blue.




/ J—
2: (a) Find the solution to the system (Zj,) = (; _;) (5) with (558;) = (?)

. (1 =2 B . 1—r —2 9 . 9
Solution: LetA-(2 _3>.Then |A rI‘— 9 _3_r>‘—r +2r+1=(r+1)=
2 =2 1 -1 . . 1
When r = —1 we have A —rl = 9 _2>~<0 0)soanelgenvectorlsu—<1>.
1 2 =2 1 2
Note also that when v = 0 ) we have (A —rl)v = (2 _2> (O) = (2) = 2u.

Thus the general solution to the system is

() (1) () (2)

To get £(0) = 2 we need 2 = a+ b and to get y(0) = 1 we need 1 = a, so we must take ¢ =1 and b =1, and

we obtain the solution
T)=et 2 +te”! 2
y /) 1 2
. . 2\ (1 -2 x . z(0)\ (1
(b) Find the solution to the system <y') = (4 5 ) (y) with <y(0)> = <2>

fon: _ (1 -2 l=r =2
Solutlon.LetA(4 5).Then|Arl|' 4 5_p

The eigenvalues are r = 3 £ 2.

, —2-2i =2 2 1—1i . . 1—14
Whenr3+21wehaveA—rI< 4 2_2i>~<0 0 )soanelgenvectorlsu<_2 >

’r26r+13(7’3)2+4,

A complex solution is

(z) _ (320 (1 —z) — M ((cos 2t + isin 21) (1_—22> _ ((cos2t+sm2t)+z(sm2t—c032t)) .

w —2 —2cos2t — 2¢sin 2t

Two independent real solutions are given by the real and imaginary parts of this complex solution, so the
general solution to the system is

T\ g (sin2t+ cos2t 3¢ ( sin2t — cos 2t
(y)ae < —2cos 2t )+be ( —2sin 2t ’
To get 2(0) = 1 we need 1 = a — b and to get y(0) = 2 we need 2 = —2q, so we must have a = —1 and
b = —2, and so the solution is

T\ _ st sin2t +cos2t | 963t sin2t —cos2t\ 3t cos 2t — 3sin 2t
y) —2cos 2t —2sin 2t a 4sin2t + 2cos2t ) °



. s N _ (1 2)\(x 6t + 1
3: (a) Solve the system (y'>_<—1 4) (y)+( o )

Solution: First we solve the associated homogeneous system. Let A = <_11 Z)

—r 2

Then |[A—rl| = ’ 1_1 iy = r? —5r +6 = (r — 2)(r — 3) so the eigenvalues are r = 2, 3.

When r = 2 we have A —rl = (:1 ;) ~ ((1) _02) So an eigenvector is u = (?)

—_

-2 2 1 . . 1
Whenr:?)wehaveA—rI:(l 1>~(0 O)bO&nGlanVGCtOI‘ISV—(l).

Thus the general solution to the homogeneous system is

()= () (5)

We shall find a particular solution to the given non-homogeneous system using variation of parameters.

T P 2e2t e3t
We try (yp> =X (q) where X = ( 2t o3t ) Putting this in the non-homogeneous system gives
p

P\ [2e% e ARSI s e e 6t + 1
¢ ) o2t o3t et =e€ o2t 92t et
st [ (64 1)e3t — et (6t 4+ 1)e 2t — et
—e . = .
— (6t + 1)e? + 2¢3 —(6t + 1)e 3t + 22

We integrate (using integration by parts) to obtain

p= /(6t +1)e? —etdt=—2(6t+1)e 2 —2e 2 4 et = —(3t+2)e * +e7!, and

q= /—(6t +1)e ? +2e7Hdt =16t +1)e 3+ 23 —e 7t = (2t + 1)e 3 — e,

Thus we obtain the particular solution

(x,,) _ (2e2t e3t> (—(3t+2)e‘2t+6_t) _ (—2(3t+2)+2et+(2t+1)—et> _ (—4t—3+et) _

Yp e?t 3t (2t +1)e 3t — =2 —(Bt+2)+e+ (2t +1)— € —t—1

The general solution to the given system is

X _ 2t 2 3t 1 —4t_3+6t
(y)ae <1)+be (1>+< PR .



' 3 —4 T 1
(b) Solve the system (y’) = (5 _1> (y) + (563,5_4).

Solution: First we solve the associated homogeneous system. Let A = (? _%)

Then |A—rl|z‘3gr —l_ir

. 2 — 41 —4 1-2¢ -2 . . 2
r—1+4zwehaveA—TI—< 5 —2—42’>N< 0 O)soanelgenvectorlsu—(1_%).

‘ =72 —2r+17 = (r — 1)2 + 16, so the eigenvalues are 7 = 1 £ 4i. When

A complex solution is

2\ _ (1440t 2 o .. 2 o 2cos 4t 4+ 1sin 4t
<w) - <12i> = ¢’ (cosdt +isin4t) (121' = ¢\ (2sin4t + cos4t) + i(sin 4t — 2 cos 4t)

so the general solution to the associated homogeneous system is

T\ _ et 2 cos 4t 1 bet 2sin 4t
y /) 2sin 4t + cos 4t sin4t — 2cos4t | -

We shall find a particular solution to the non-homogeneous system using the method of undetermined

coefficients. We try (%) = (C) + et (2) Put this into the system of DEs. The left side is

Yp d
B mp/ B 3p€3t
Le= (yp/) ; (3q63t
and the right side is

(3 -4\ [z 1 (3 =4\ [c+pedt 1
RS‘<5 —1) <yp)+<5e3t—4>_<5 —1) <d+qe3t T\ sett —4

B 3c + 3pe3t — 4d — 4qe®t + 1
o <5C+5p63t —d — qe3t 4+ 5e3t — 4)

In order to have LS = RS we need 3pe3! = 3c+3pe3t —4d —4qe®' +1 = 0, that is (3c—4d+1) +(—4q)e3 = 0,
and 3ge3! = 5¢ + 5pedt — d — ge3t + 5e3! — 4, that is (5c — d — 4) + (5bp — 4q + 5)e3t = 0. Since 1 and 3! are
linearly independent, the coefficients must all vanish, so we have 3c —4d+1=0,5¢c—d—4 =0, —4¢g=0
and 5p — 4q + 5 = 0. The first two of these equations give ¢ = 1 and d = 1 and the second two give p = —1
and ¢ = 0. Thus we obtain the particular solution

() =)+ (9)

The general solution to the given system is

T\ 2 cos4t " 2sin 4t 1 3¢ [ —1
(y>_a€ (2sin4t+cos4t>+be <Sin4t—2cos4t tl1)te 0 /-



x’ 2 -2 1 x z(0) 1

4: Find the solution to the system [ ¢ | =1 -1 1 y | with | y(0) | = | 2
2! 2 —4 3 z z(0) 1
2 =21
Solution: Let A= 1 —1 1 |. Then
2 —4 3
2—r -2 1
A-rI|=| 1 —1-r 1
2 —4 3—r

=—(r—-2)(r-3)(r+1)—4—4—-4(r—2)—2(r—3)+2(r+1)
=—(r=2)(r=3)(r+1)—4r+8=—(r—-2)((r—=3)(r+1)+4)
=—(r—2)(r*=2r+1)=—(r—2)(r —1)2.

When r = 2 we have

0 -2 1 1 -3 1 1 -3 1 10 —3
A-rl={1 -3 1|~[0 -2 1 |~|0 1 —5]~f0 1 -1
2 -4 1 0o 2 -1 0 -1 00 O
1
so an eigenvector isu = [ 1 |. When r = 1 we have
2
1 -2 1 1 -2 1
A—-rlI=(1 -2 1| ~10 0 O
2 -4 2 0 0 O
1 2
so we have the two independent eigenvectors v = 0 and w = | 1 |. Thus the general solution to the
-1 0
system is
T 1 1 2
y | =ae® [ 1] +bef | 0 | +cet |1
z 2 -1 0

To get x(0) = 1 we need a + b+ 2c =1, to get y(0) = 2 we need a+ 0b+ ¢ = 2, and to get z(0) = 1 we need
2a — b+ 0c = 1. We solve these three equations:

1 1 271 11 2] 1 1 0 1] 2 1 0 0f-2
1 0o 1{2|~10 1 1|-1])~f0 1 1|-1}~]0 1 0|5
2 -1 0|1 0 3 4|1 0 0 1] 4 00 1| 4
Thus a = —2, b = —5 and ¢ = 4, so the solution is
x 1 1 2 1 3
y | =21 ] -5 0 | +4e |1 2% [ 1| +ef | 4
z 2 -1 0 2 5



x 1 1 -2 T -1
5: Solve the system | ¢/ | = -2 -2 2 y | +e 2| 2
Z 3 2 =3 z 2
1 1 -2
Solution: Let A= | —2 -2 2 |. Then
3 2 =3
1—r 1 -2
A—rl|=| -2 —-2-r 2
3 2 -3 -

=—(r—-1DFr+2)(r+3)+6+8+4(r—1)—2(r+3)—6(r+2)
=—(r=1Dr+2)(r+3)—4r—-8=—(r+2)((r—1)(r+3)+4)
=—(r+2)(rPP+2r+1)=—(r+2)(r+1).

When r = —2 we have

3 1 =2 1 1 0 1 1 0 1 0 -1
A—rl=1-2 0 2 ~|1 -2 0 2 ~10 2 2|~(0 1 1
3 2 -1 3 2 -1 01 1 00 O
1
so an eigenvector isu= | —1 |. When r = —1 we have
1
2 1 -2 1 1 0 1 10 1 0 -2
A-rl=1] -2 -1 2 ~1 -2 -1 2 ~10 1 2]~10 1 2
3 2 =2 3 2 =2 01 2 0 0 O
2
so one eigenvector is v = | —2 |. We look for a vector w such that (4 —rI)w = v:
1
2 1 -2 2 1 1 0| -1 0]—-1 1 0 -2| 3

—

[N}
|

S

1 1
-2 -1 2 |-2|~1-2 -1 2 |-2|~[0 1 2|-4]~1]0
3 2 - 0 1

[\
|
W~
(@)
(aw]
(@)
(aw]

211
3
and we obtain w = | —4 |. Thus the general solution to the associated homogeneous system is
0
x 1 2 3 2
y | =ae [ =1 | +bet| =2 | +cet | -4 | +cte’t | =2
z 1 1 0 1



To find a particular solution to the given non-homogeneous system, we use the method of undetermined
coefficients. We try x = e~2'p + te~2'q, where x = (x,n Yp, zp)T and p and q are vectors in R?. We put x
into the non-homogeneous system of DEs. The left side is

LS =x' = -2 %p +e?q—2te ?q=e"2(-2p + q) + te *(—2q)

and, writing b = ( -1,2, 2)T, the right side is
RS =Ax+e ?b = A(e*%p + te*%q) +e b =e"%(Ap +b) +te *Aq.

To get LS = RS we need —2p + q = Ap + b and —2q = Aq. Note that —2q = Aq <= (A+2[)q=0
so q must be an eigenvector of r = —2, and so we must have q = ku for some k£ € R. Also, note that
—2p+q=Ap+b < (A+2I)p =q — b, so we solve this to find p:

3 1 =2 k+1 1 1 0 -1 1 1 0 -1
-2 0 2 |-k-2]|~-20 2 |-k-2]~]10 2 2|—-k—4
3 2 —-1| k-2 3 2 1| k-2 0 1 1|—-k-1
1 1 0 -1 1 0 -1 k
~10 1 1|-k—-1]~(0 1 1 |-k—-1
0 2 2|—-k—-4 00 O k—2
2 k 2
To get a solution, we must take £k = 2 and we have q = ku = 2|,andp=| -k—-1] =1| -3
2 k—2 0
Thus we obtain the particular solution
Tp 2 2
Yp | = e 2| =3 | +te? | -2
Zp 0 2
The general solution to the given (non-hommogeneous) system is
x 1 2 2 2
y | =ae ™| =1 | +be P | -2 | +ce? —4 +cte! +e 2| =3 | +te | -2
z 1 1 0 2



