MATH 218 Differential Equations, Solutions to Assignment 10

!
: Consider the system <z/> - <x3fy)

(a) Sketch the isoclines m = 0,+3, +1 + 2 and sketch the slope field for this system.

"oz x

Solution: The isoclines are given by m = y _z+ y, that is mzy = =+ y or equivalently y = ——. This
x’ Ty mx — 1

is the hyperbola through the point (0,0) with vertical asymptote along x = % and horizontal asymptote

along y = % The isoclines m = 0, i; +1, i%, 42 are shown in yellow, and the slope field is shown in green.

(b) Use Euler’s method with step size At = % to approximate the point (x(?),y(Q)), where (x(t),y(t)) is
the solution to the above system with (2(0),y(0)) = (—1,1).

Solution: We let tg = 0, zg = —1, yo = 1, then set tp11 =ty + At, X1 = 2k + (Tpyr) At and yr41 = yr =
(zx + yr)At. The first few values of tg, xk, Yk, Tryr and (xx + yx) are shown in the table below.

k te T  yr  TeYr Tk T Uk
0 0 -1 1 -1 0
N T
R R
53 -2 0 o -9
4 2 -% -2

Thus we have (2(2),y(2)) & (z4,y4) = (33, —27).
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2: Consider the system (;5,) = < 5 )
T
(a) Sketch the phase diagram for this system.
: dy 2y . . : Loy 2 :
Solution: We have i This DE is separable since we can write it as =— = —. Integrate both sides to
T y
get In|y| = 2In|x| + a, or equivalently, y = bz?. This tells us that the solution curves lie on the parabolas
y = bx?, (so we can sketch the phase diagram without sketching the slope field). Also note that in the
upper-half plane (where y > 0) we have ' > 0 so (x(t),y(t)) is moving from left to right, while in the
lower-half plane it is moving from right to left. Arrows to indicate the direction of motion should be added

to the following picture.

(b) Solve the system by eliminating y and y’ from 2’ to get a second order DE for z = z(¢).

1 2
Solution: We have two DEs, 2’ = — (1) and ' = — (2). Differentiate equation (1), then use equations (1)
Yy x
1 2
and (2) to get 2" = —— -y = —(2")?- =, that is z 2 = 2(2')2. Since this second order DE does not involve
Yy x

the variable ¢, we let 2’ = u and 2" = v, and the DE becomes zuw’ + 2u? = 0, that is v’ + % u = 0. This is

2lnx
€

2 1 a
linear. An integrating factor is A = ef s dw = 22 and the solution is u = — / 0dz = —. Replace
x x

u by 2’ again, and we have the DE 2’ = %, that is 22 2’ = a. Integrate both sides to get 2 = at + b, that
x

2/

is z = (3at + 3b)'/3. Rewrite this as = = (pt + q)l/g. Note that @’ = 2(pt +q) ®. From equation (1) we

)2/3. Thus the solution to the system is

1/3
<x> B ( (pt +q) / )
=1, 2/3 | -
(c) In particular, find the solution to the system with (z(0),y(0)) = (2,1).

)1/3 andy:%:%(thrq

T

havey:i:%(ptqu

x/

Solution: Put ¢t = 0, x = 2 and y = 1 into our solutions x = (pt +q )2/3 to get

2=¢"/3and 1= %q2/3, so we must have ¢ = 8 and p = 12. Thus the solution is

()= (1neo)
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3: Consider the system = .
' <y> (%(92—332))

(a) Sketch the phase diagram for this system.

d / 2 _ 1.2 d
Solution: We have Y_Yv_Y . This DE is homogeneous since we can write it as 8 _ % (3 — i)
de ' 2y dzx roy
We make the substitution « = £ and the DE becomes u + zu/ = 3 (u — 1), that is 2v’ = —% (u+ 1). This
2uu/ 1
is separable since we can rewrite it as P Et Integrate both sides to get In(u? + 1) = —In|z| + b, or
u x
equivalently u? 4+ 1 = 2. Replace u by ¥ again, and we get z—z +1= %, that is 22 — ax + 3% = 0. Complete

the square to write this as (gc — %)2 +? = (%)2 This is the circle centered at (%,0) of radius §. The
solution curves all lie on these circles. Also, since #’ = zy, we see that (z(t),y(t)) moves from left to right in
the 1% and 3'¢ quadrants, and it moves from right to left in the 2"% and 4*" quadrants. Arrows to indicate
the direction of motion should be added to the following phase diagram. (There are also two solution curves

that follow the positive and negative y-axis).

i

(b) Find the solution (z(t),y(t)) to the above system with (z(—1),y(—1)) = (1,1) by first finding the
function f(x) such that the solution curve lies on the graph y = f(x).

Solution: From part (a) we know the solution follows one of the circles 2? — az + y?> = 0. Put in ¢t = 0,

r=1landy=1toget 1l —a+1=0s0a=2,so the solution curve lies on the circle 2 — 2z + 32 = 0, that

is y = v2x — a2 (we use the positive square root since y(—1) = 1 > 0). Put this into the DE 2’ = zy to
!/

get ' = zv/2x — x2. This is separable since we can write it as = 1. Integrate both sides (with

x
v 2x — 22

respect to t) to get dt =t + c¢. To solve the integral on the left, make the substitution

=
V2 — 22
sinf =x — 1, cos = /2x — 22, cos 6 db to get

dz cos 6 do do 1—sinf 0
/m_/(l—i—sinﬂ)cos@_/ / dﬁ—/bec —secftané db

1+sing cos? 0
-1 1 -2 2 —
— tanf — sec = — — S =— T
Vor —x2 V2 —22  V2x— 2 T
9 _
Thus the solution to the DE is given by — ST t+c Putint=—-1landz=1toget —1=—-1+4+cso
x

2—zx 2—z
¢ = 0, and the solution is given by —y/ —— =t. Square both sides to get —— = 2, s0 2 — x = xt?, that
T T

! -4t 241 —2t
isx = % Finally, use the DE 2/ = zy to get y = x; = GESIE . ;— =2 T Thus the solution is
2 —2t
t) = dy(t) = ——.
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4: Use the method of reduction of order to solve the system <z,> = (

1+ 1Y . .
( +1t > is one solution.

t

1 1
Solution: We try (x2> = (1 x1> (u) = ( <1 +1t)> (u) = <u+ 11+ t)v). We put this into
Y2 0 w»n v -3 v -V
+

the DE. The left side is

and the right side is

= o=

wtr (L)) _( —dv
f%v %qut%v

To get LS = RS we need v’ + (1+ 1)v/ =0 (1) and —1 v’ = } u (2). Equation (2) gives v’ = —u, and we

(141
put this into equation (1) to get v’ — (1 + %) u = 0. This is linear. An integrating factor is A = ef (1+3)de _
—t—Int 1
e

= and the solution is u = te* [ 0dt = ate’. We choose a = 1 so that u = tet. Since v/ = —u we
e

have v/ = —tef so v = /—tet dt. Integrate by parts to get v = /—tet dt = —te' + /et dt = —tet + e + 0.

We choose b = 0 so that v = (1 — t)e!. Thus we obtain a second solution to the system

() = (877 = (b0 = (0 2e )

and the general solution to the system is

()=a(0)re ()= () v (1))
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5: Use reduction of order and variation of parameters to solve (;,) = (

z 4
i h
) (y) + <3ﬁ> given that
h
Solution: First we use reduction of order to find a second independent solution to the homogeneous system.

We try
o) =G ()= () = ()
Y2 0 wn v y1v —v '

We put this into the associated homogeneous DE. The left side is

/ /1 1.7
LS:<x2,>:(u t2v/+tv>
Y2 —-v
RS — 0 % T3\ _ 0 % u+%v _ ft%v .
1T 3 Yo 1 4 —v U

To get LS = RS we need v/ + +v' =0 (1) and —v' = u (2). From (2) we have v’ = —u. We put this in (1)

—Lat —Int
=e

1
(ml) = ( t1> is one solution to the associated homogeneous system.

and the right side is

o~
~

to get u' — %u = 0. This is linear. An integrating factor is A = ef

1
u:t/Odt:at. Then we have v/ = —u = —at sov:/—atdt:—gatQ—i-b. ‘We choose a =2 and b =0

= 1 and the solution is

so that u = 2t and v = —t2. Thus we obtain the second solution
T2\ u—l—%u (2=t [t
ya ) —v a 12 A\
Now that we have two independent solutions to the associated homogeneous system, we use variation of

parameters to find a particular solution to the given non-homogeneous system. We try (217 ) =X (Z)
p

1
where X = (ml 3:2) = < i ! ) Putting this into the given system gives

Y1 Y2 -1 ¢
Wy AN_ (1 ¢ a1 —t 4\ 1[4 -31V1
o' ) 3vt) -1 ¢ 3vi) T2 \1 1) \3vE) T\ 4+5 )
Since u' = 2t — 3 1/2 we have u = [ 2t — 2 t1/2dt =2 — t3/2 (plus a constant which we choose to be zero),

and since v’ = 2t7! + 3¢73/2 we have v = 2Int — 3t~/ (plus a constant). Thus we obtain the particular
solution

g\ (1 e\ [(u\ (1 ¢ 232\ [ t—t"2 4 2tlnt - 3t1/?
yp )\ =1 t2)\v)  \ -1 )\ 2mnt—3t"12) " \ 2 +3/2 4 2% Int — 3¢3/% ) -

The general solution to the given (non-homogeneous) system is

1 _A41/2
T\ _ T To Tp) _ n t t+2tInt — 4¢
(y> A<1/1>+B(92>+<yp> A(—l)+B<t2>+<—t2+2t21nt—2t3/2 '



