MATH 148 Calculus 2, Solutions to the Exercises for Chapter 7

: (a) Define f, : [0,00) = R by f,(z) = nze™"®. Find the pointwise limit f(x) = li_>m fn(x) and determine
n—oo
whether f, — f uniformly on [0, 00).

Solution: Note that f,(0) = 0 hence lim f,(0) = 0. When = > 0, we have lim f,(z) = lim " by
n—oo n— oo

n—oo en?t
I’Hopitals’ Rule, indeed

d
nx rT . ge(rx) i x . 1
lim — = lim — = lim - = lim — = lim .
n—oo eNv r—oo e’'? r—00 T(erx) r—oo re’’ r—oo '’
T

=0

since €™ — 0o as r — co. Thus the pointwise limit is f(z) = lim nze ™™ = 0 for all € [0,00). In other
n—roo
words we have f,, — 0 pointwise on [0, c0).

Note that fn(%) = % for all n € Z*, and so the convergence is not uniform. To be very explicit, f,, — 0
uniformly on [0,00) means that Ve >0 I3m e Z* Vn e Z* Yz € [0,00) (n>m = |fn(x) — 0] <€), so the
convergence is not uniform when 3¢ >0VmeZ™ Ine€Z™ Iz €[0,00) (n >m and }fn — 0| > e) To prove
this, We choose €= % we let m € ZT, we choose n = m, and we choose x = l and then we have n > m and

) 0] = ()= Lz
(b) Define f, : [0,00) = R by fn(z) =
whether f, — f uniformly on [0, c0).

T5r77- Find the pointwise limit f(z) = nh_}n;o fn(z) and determine

Solution: Note that lim f,(0) = hm 0 =0, and when z > 0 we have lim f,(z) = lim
n—00 n—00 n— 00

17— = 0 for all # € [0, 00). In other words,

TEaZ = = 0 since

1+nz? — oo as n — oo. Thus the pomtvvlse limit is f(x) = hm 1+

we have f,, — 0 pointwise on [0, c0).

Let n € Z*. Note that f,(z) = H—L? > 0 for all x € [0,00) and we have f,'(z) = %
(1+n;"2)2 so that f,,'(z) > Owhen 0 <z < L and fn'(x) < 0 when z > ﬁ By the First Derivative Test, fn( )
attains its maximum value at x = ﬁ and the maximum value is fn(ﬁ) = ﬁ Since ‘ fnlz ‘ = fulz) < 3 \F

for all z € [0,00) and 2\% — 0 as n — o0, it follows that f,, — 0 uniformly on [0, 00). To be very exphclt let
€ > 0, choose m € Z™ so that \/» <e¢€ let n € ZT and let = € [0,00). Suppose that n > m. Then we have

|[fu(z) = 0] = fal@) < 5% < 57 <

(c) Define fy : [0,00] = R by fu(x) = Z. Show that (f,) converges uniformly on [0, 7] for every r > 0 but

that (f,) does not converge uniformly on [0, c0).

Solution: The pointwise limit is f(x) = lim f,(z) = hm Zh = 1, so we have f,, — 1 pointwise on [0, c0).
n—oo — 00
Note that f,'(z) = (w+(fﬂz;ff2+n) = (mle)z >0 for all z € [0,00) so that f,(z) is strictly increasing on

[0,00) with f,,(0) =} and lim f,(z) = lim ZHh = 1. Because lim f,(z) = 1 it follows that (f,) does not
T—00 T—00 Tr—r00

converge uniformly on [0,00) to the constant function i. To be explicit, choose € = 2, let m € Z*, choose
n > m, and choose z € [0, 00) large enough so that | f,(z) — 1| < 1. Then we have fn(z) > 1— = 2 so that
|fn |>§_l_7_6-

On the other hand, we claim that for every » > 0 we have f, — i uniformly on [0,7]. Let » > 0. Note
that f,(0) = 1 and for 0 < z < r we have

Ful2) 1 r+n ‘ 3z 3 < 3 0 R
n Ul T = = S as n Q.
4 z+4n 4l 4(z +4n) 44 16n = 44 16n
It follows that fn Z umformly on [0,7], as claimed. Indeed, to be explicit, let € > 0, choose m € ZT large
enough that " 16m < €, let x € [0,7] and let n € ZT with n > m. Then |fn 4| < y 3 < ’ 3 < e
+ i =y, om

T T T



1 1
2: (a) Find / 1i_>m nz(l —2*)" dr and lim na(l — )" da.
0 n o0

n— oo 0
Solution: Let z € [0,1]. If 2 = 0 or z = 1 then nz(1—22)" = 0 for alln and so lim na(1—2%)" = 0. Ifz € (0,1)
n—oo
then 0 < (1 —2?) < 1, so the series 3. nz(1—22)" converges by the Ratio Test and so lim nz(1—2%)" = 0 by
n—oo
1 1
the Divergence Test. Thus / lim nz(l—2%)"dr = / 0dz = 0. On the other hand, using the substitution
0 0

n—oo

u=1—2%so du = —2x dz we have

1 0 o an+170
/ nm(l—xz)”da::/ —inu?du = [ nu ] S ,
0 1 2n+1)];  2(n+1)

1

and so we have lim nz(l—2*)"de = 3.
n—oo 0

4 1 A .
(b) Find lim M dr and lim M

1 n—oo X n—oQ 1 X

dx.

—1
Solution: Let & € [1,4]. Then Lim ") _ ™ i so

n— o0 x 2x

4 -1 4
t 4
/ lim an7(7117)&6:/ T iz = [glnx] =7ln2.
1 n—oo x 1 21‘ 1

tan—1
We claim that M — 21 uniformly on [1,4]. Indeed, given ¢ > 0 we can choose N so that
x x

x2N=>|tan x—f|<eforallx>N Then for n > N and z > 1 we have

tan— ! tan~!(nz
tant(nz) w| _|tanTl(nx)—F| e

T 2z x T

tan~!(nz 4 tan~!(nz
Since the convergence is uniform, lim # dx = / lim # dr =mln2.
1

n—oo 1 X n— oo T

cos(2"x)
1+ n?

cos(2"x

converges uniformly on R and find / Z o n2) dx.

(c) Show that Z

n=0

cos(2"x 1 1
1—(|—n2) = 112 < 2 and Y - converges, so Z

uniformly by the Weirstrass M-Test. Since the convergence is uniform,

/ ZCOS2 x) Z/ 4 cos(2mx) x_i isin@”x) ﬂ/4_ﬁ+1+0_~_0+ -
1+n? 1402 _n:O 2" 1+n2 |, 2 4 B

cos(2"x)

1+n?

Solution: For all z € R we have converges

s
+

=

(d) Show that g sin (%) converges uniformly on any closed interval [a, b].
n
n=1

Solution: Note that |sinz| < || for all 2 € R and so [sin ()] < m for all z. Let [a, b] be any closed interval

and let M = max(Jal,|b]). Then for x € [a,b] we have |z| < M and so [sin (&)] < % < 2. Since Y 2%
converges, » . sin (%) converges uniformly on [a, b] by the Weirstrass M-Test.



3: Determine which of the following statements are true for all sequences of functions (f,) and (g,) and all
ECR.

(a) If (f,) and (gy,) converge uniformly on E then (f,g,) converge uniformly on E.

Solution: This is FALSE. Let E = R, let f(z) = g(z) = « and let f,(z) = gn(z) = x + 1. Then we have

fal@)? =22+ 2 + L 50 nlirr;o fu(2)* = 2% = f(x)? for all x € R, but the convergence is not uniform, since

given any positive integer n, when z > n we have |f,(z)? — f(2)?| = 22 + 5 > 2.

(b) Show that if (f,,) and (g,,) converge uniformly on E and f and g are bounded on E then (f,g,) converges
uniformly on F.

Solution: This is TRUE. Suppose that (f,,) and (g,) converge uniformly on E and f and g are bounded on
E, say |f(z)| < M and |g(x)] < M for all x € E. Choose Ny so that n > Ny = |f,(x) — f(x)] < 1. Note
that for n > Ny we have |f,(z)| < |fo(x) — f(2)] + |f(z)| < M + 1. Now choose N > N; so that when n > N
we have |fn(z) — f(2)] < 357 and |gn(2) — g(2)| < 5777y for all 2. Then when n > N we have

[fn(@)gn(z) = f(2)g(2)] < |fu(2)gn (@) = fu(2)g(2)| + | fr(2)9(z) = f(2)g(2)]
= [fa(@)llgn(z) = g(2)| + | fu(2) = f(2)]]g(2)]

Thus f,gn, — fg¢ uniformly on E.

(c) If (f) converges uniformly on (a,bd) and pointwise on [a, b] then (f,,) converges uniformly on [a, b].

Solution: This is TRUE. Indeed, suppose that (f,) converges uniformly in (a,b) and that (f,(a)) and (f,(b))
both converge. Then given € > 0 we can choose N so that when I,m > N we have |f;(x) — fm(z)| < € for all
z € (0,1), and | fi(a) — fm(a)| < € and |f1(b) = fi(b)] < €, and so we have |fi(z) — fim(z)| < € for all z € [a, b].

(d) If each f, is continuous on [a,b] and }_ f,, converges uniformly on [a,b] then M, converges, where
M, = max {| fn(z)||a < z < b}.

Solution: This is FALSE. For a counterexample, let

fola) = %Sin2(2"7rx) , if 2% <z< 2,}_1
" 0 , otherwise.

Then M,, = 1 so 3" M, diverges, and yet we claim that 3 f,, converges uniformly on [0, 1]. Indeed if we write
S(x) = Y. falx) and Si(x) = > fn(z) then for all x € [0, 1] we have
n=l

n=1

|Si(@) = S(@)| = Y fulz) < max{Mip1, Mija,--} = 5
n=I[+1

since for each z, at most one of the terms f,(x) is non-zero.



x
4: (a) Find the Taylor series centered at 0, and its interval of convergence, for f(x) =

2 —6x+8
Solution: We have
T T -1 2 L L
f(x) = = = + = 2 z 2 T °
22 —6x+8 (r—-2)(x—4) -2 x—-4 1-5 1-%
l o0 oo l o0
Since 1 _2 z = Z i (%)n = Z 75=@" when |Z| < 1, that is |z| < 2, and 1 _2 T = Z si-a™ when |z| < 4,
2 n=0 n=0 4 n=0
we have
o0 o0 o0
1 n 1 n 1 1 n
fla)=) ghwa" =) gma" =) §(g— )@
n=0 n=0 n=0
when |z| < 2.

(b) Find the Taylor series centered at 7, and its interval of convergence, for f(x) = sinx cos .

Solution: We provide two solutions. The first solution uses the known Taylor series for cosx. We have

f(z) =sinzcosz = Lsin2z = cos (22 — %) = 2 cos (2(z — I))

N~ (D" BT S G VA w28
=1 e — T = L (e
for all x € R.

The second solution uses the formula for the coefficients of the Taylor series. We have f(z) = %sin 2z,
f'(z) = cos2x, f"(x) = —2sin2z, f"(x) = —4cos2x, f"'(x) = 8sin2z and so on. Put in z = 7 to get
f(3) =1, (5)=0,f"(3)=-2, f"(3) =0, (%) = 8 and so on. In general, the odd-order derivatives
at 0 are all zero, that is f***1)(0) = 0, and the even-order derivatives are given by f(?™(0) = (—1)"2?"~1,

1 n22n—1
Thus the coefficients of the Taylor series are given by cap,+1 = 0 and ¢op, = (()2)|, so the Taylor series is
)
e -1 n22n71 " -1 n22n71 "
T(z) = ; (()Qn)'(x - %)2 . To find the interval of convergence, let a,, = (()Qn)' (z— %)2 . Then
Ant1 Az — 5[’
o |= GntD2n T 1) — 0 as n — 00, S0 Y ay, converges for all z € R.

(c) Let 0 < a < b. Note that Q N [a,b] is countable, say Q N [a,b] = {q1,42,q3,---}. Find the interval of
o0

convergence of the power series > g,z™.
n=1

Solution: Since 0 < a < g, < b, we have 0 < /a < /g, < /b for all n, and since li_>m Ya=1= lim Vb we

n—oo

have lim /g, = 1 by the Squeeze Theorem. Thus the radius of convergence is R = 1 / lim /g, = 1. When
n—00 n—0o0

x==1, lim ¢,x" does not exist and so Y g,2™ diverges. Thus the interval of convergence is I = (—1,1).
n—oo



In(1+x)

eQac

5: (a) Find the 4*" Taylor polynomial centered at 0 for f(z) =

Solution: We have
f(z) =e " In(1 4 z)
= (14 (=20) + F(-20)° + (=200 + H(=20)' + - ) (0 — Ja? + fo® — dat =)
:(1—2z+2x2—%x3+%x4f~o)(x—%x2+%x‘—ix4—~~~)
—oo (12)at s (142 (G H et
:x—gx2+gf0x3—1z3x4+~“
5 10,3 _ 13,4

so the Taylor polynomial of degree 4 is Ty(x) = © — 5:62 + g’ — ot

(b) Find the 7" Taylor polynomial centered at 0 for f(x) = sec(v/2z).

1 1 1
Solution: f(x) = = = . We
cos(v/2 ) 1—3(22%) + 55 (42*) — =55 (826) + - -- 1—a?+ ot — goal® + -

perform long division:

1+a%+ 22t 4 S1ab 4 ...

1—a?+ ga* — a®+ -+ ) 14022+ 02t + 026+ ---

_ 2414 1.6 .

1 T+ 5 sg% +
2_ 1,44 1.6 . .

x 5T +90:17 +
22— 2t 4 %xﬁ—i--“
5.4 _ 14,6 4 .

67 90 T
5.4 _ 5,6 4 .

67l st +

61,..6 4 ...
g0 +

so Tr(z) =14 2% + 32 + $Laf.
(c) Let f(z) = 23+ 2+ 1. Note that f is increasing with f(0) = 1, and let g(x) = f~!(x). Find the 6'" Taylor
polynomial centered at 1 for the inverse function g(z).
Solution: Say g(y) = ao +a1(y — 1) + az(y — 1)®> + az(y — 1)> + - --. Then
x=g(f(z) = g(z* + 2 +1) = a0 + a1 (z + 2°) + az(z + 2°)* + ag(x + 2°)° + - -
=ag+ ar(z +2°) + az(2® + 22" + 2°%) + ag (2® + 32" + )
+a4($4+4$6—|—---) +a5(x5+...) _|_a6(x6+...) N
= ag + a7 + axx® + (a3 + a1)x® + (ag + 2a2)x* + (a5 + 3a3)2® + (ag + 4ay + ag)x® + - -

Comparing coeflicients, we see that ag =0, a1 =1, a2 =0, a3 = —a1 = —1, a4y = —2a2 =0, a5 = —3a3 = 3
and ag = —4ay — as = 0, and so the 6'® Taylor polynomial is Ts(x) = (z — 1) — (x — 1)® + 3(z — 1)°.



6: (a) Let f(x) = (8 + 2°)%/3. Find f)(0), the 9" derivative of f at 0.

Solution: f(x) = (8 + %)% = 4(1 4 =)*/* = 4(1 22y 7(3)2(! :) (2 + OI6)IE)) (’i)(’%) (2)° +. ) 50

g = szt = oz and f9(0) = 9y = 25 = 140.

2

re® —sinx

(b) Evaluate the limit lim —————.

z—=0 r —tan” " x

2
re® —sinz r(l+a?+iat+ ) —(z— 3%+ Tad 4.
Solution: lim ————— = lim ( 2 1) ( 6 ) lim ? = %

=0 z —tan"tx 20 r—(r—gzz3+--) 2=0 23 .-

(c) Suppose that there exists a function y = f(z), whose Taylor series centered at 0 has a positive radius of
convergence, such that y” + ¢ — 3y = x4+ 1 with y(0) = 1 and ¢/(0) = 2. Find the Taylor polynomial of
degree 5 centred at 0 for f(x).

Solution: Let y = co +c1x + cox? + ez + cyx* + c52° 4+ - - . Then Yy = 1+ 2co + 3c3x? + degxd + Seszt 4 -
and y" = 2co + 6¢sx + 12¢422 + 20c52% + - - -. So we have

O=1y"+y -3y—a-1
= (c3 + 33w + 6¢42% + 10c52® + -+ -) + (1 + 2cox + 3ezx? + dega® + )
— (3co + 3c1w + 3cox® + 3czx + ) —x — 1
= (ca+c1 —3co— 1)+ (3¢ +2co — 3¢y — 1) + (6c4 + 3¢z — 3cz)x? + (10c5 + 4eg — 3e3)z + -+

Since y(0) =1 and ¥'(0) = 2 we have ¢y = 1 and ¢ = 2. Put these values in the above equation to get

0= (cy —2)+ (3c3 +2co — T)x + (6c4 + 3¢z — 3ca)x? + (10cs + 4eq — 3ez)a® 4 - -

For y to be a solution, all the coefficients must be zero, so we have
(ca—2)=0=c3=2
(Bcg+2c2—7)=0=3c3=T—2c0=3=c¢3=1
(6cs +3c3 —3c2) =0 =604 =3¢ —3c3 =3 = ¢4 = 3

(10c5 +4cq —3c3) =0 = 10c5 = 3c3 —4dcg = 1 = ¢c5 = &

TO .
Thus the Taylor polynomial of degree 5 centered at 0 is
Ts(x) =1+ 2z + 222 + 2% + Lot + Lab.



7: Estimate each of the following numbers so that the error is at most 1000

(a) Ve

Solution: e* =14z + %mz + %303 + %x"‘ + -+, so we have

=

Ve=et =1+1+ 45+

with error

ol

1 ~ 1 1 1 _ 1., 1 1 _ 916
31 T o5t T Sltstpatemn=1t5+5 % = o

5

E:5414!+5515!+ﬁ+“':ﬁ(1+%+f§e+ﬁ+'”>

_ 1 1 _ 1 25 _ _1
(1+52+54+56+ )—5441 T—L ~ 594 24 — 13200

<3

where we used the C.T. and the formula for the sum of a geometric series.

(b) In(4/5)

Solution: We provide two solutions. For the first solution, we use In(1 —z) = —z — %:ﬁ — %x3 — .. We have
4y _ 1y _ 1 1 1 1 ~_ 1 1 1 _ _1_ 1 _ 1 _ _ 167
mn(§)=In(l-5)=—5-sm sy g5~ =535 35 ="5 "5 35 = 750
with error
1
_ 1 1 1 1 _ 45T _ 1 5 _ _1_ _ _1
E_4-54+5-55 tegmt " <gmtimtimt = — 1 — 4.5% 4 — 42353 — 2000
5
where we used the C.T. and the formula for the sum of a geometric series.
For the second solution, we use In(1 4+ z) =z — %mg + lx?’ — %x‘l + ---. We have
4 _ 5 _ 1\ _ 1 1 ~ 1 L 43
In 3 __ln*—_ln(l'**) =(-ttsp—sptom— )= itm—1m = ie
with error £ < - 44 < 1000 by the A.S.T.

(C)/Ol\/mda:

Solution: Using the Binomial Series, we have
1/2
Va4 ad3dr =2 (1+ 1 )
3 (1 3\ 2 Ly(_Ly(—
:2<l+;(w>+ DY ()", QDD

4 2! 4 3!

Nl
N—
7N

‘ 8
w
~
w

+

—~
[N
S—
—~

|
ol
SN—
—~

|
NJw
S—
—

|
oot
SN—
7 N

‘ 8
w
N~
Iy

+

~_

_ 1 1 3 .9 135 12 , .
=2+ ;2% - 22,42x+223,43x wargr LT
and so
1
/ 3 9. I g 1.3 10 _ 135 13, ...
/ dtazide = { +317" — mer ? e ¢ e et }0
_ 11 13 135
=2+ 73~ sorzr T wmiasa0 — waraias T
~ 11 11 _ 923
=2+ 51~ gorzr = 2+ 16 — 118 = a8
. 13
with absolute error F S 52.31.43.10 — 5120 by the A.S.T.

-1)"*t11.3.5---(2n — 3
To be rigorous, we should justify our application of the A.S.T. When a,, = (1) (2n ) we
2n=l.nl. 47 (3n+1)

Ap+1

B om—1 ) 2 + 2 I .
T2 (nt1)-4-(3ntd) "2 (nt1)4 Bntd) 4 -Bnrd) 0

An+1
that {|a,|} is decreasing, and since lim |—F
n—oo QAnp

by the D.T. Thus we can indeed apply the A.S.T.

An+1
nt < 1 we know

have

Qp Qp

= 0 we know that »_ a,, converges by the R.T.so lim |a,|=0
n—oo



8: Find the exact value of each of the following sums.

ObY - le)

n=1
0 n o0 n+1 oo ( n
. x x . . n+ 1z
Solution: For all z we have e* = E R re¥ = E R Differentiate to get (x + 1) e” = E 1
n=0 n=0 n=0
o0 oo
(n+ )zt . . (n+1)%z" .
so (22 +12)e” = E — Differentiate again to get (x? + 3z + 1) e® = g T Putinz =1
n=0

1)2
n—|— 5e —1.

HM8

toget5ezzm:1+z(n+

z:: 2n+1
1
Solution: Let S = Zm=3,121+5,222+ 3 +---. For |x|<1wehavem:1+x2+x 428+

Integrate both sides to get % In (%f—ﬁ) =x+ % + ‘%5 + ””—77 + - --. Divide both sides by x and the differentiate to
x . ln <1+a:>
1—
- SPAE +i+§ Multiply by z to get —— —ﬁln(if—i)—%Jr%Jrng

get x2

2z

3

. _ 1 _ 1
Putlnx—ﬂtogetQ 7

5
ln(ﬂ+1) :%+5"§2+7'—f;3+~--:25. Thus
S —n(\@Jrl).

= (-1
(C>7;) 3n — 2
1 — (—1)na?n ! Todt
Solution: For |z| < 1 we have;:0 )t = 1‘*’153780”2_:0( 32111 :/O e By Abel’s Theorem
e ca t 1 to etz —" /1 d Thus
we can put in x = . Thu
P & 3l J, 1+8
oo n+1 ot ( 1)n+1 oo n 1 dt
-1 7 -1 -
A B2t -1
To get Bl it (tQ_t_):l—C,WeneedA(t27t+1)+B(2t2+t71)+C(t+1):1 Equate
coefficients to get the hree equations A+2B =0, —A+ B+ C =0and A— B+ C = 1. Solve these to get
A—1 B——f nd C' = .Thusweﬁndthat
— (—1)n*! Yot s tet-1)+14
Al Rt e eank

_1
b (A1) - dmE 1)+t ]

— 1 1 -1 1 1
—2+ 1n2+\ftan %_ﬁtan 73



9: (Dirichlet’s Tests for Convergence)

¢
(a) Let (an)n>1 and (bn)n>1 be sequences in R. Suppose there exists M > 0 such that | > an| < M for all
n=1
¢ € Z* and suppose that (b,),>1 is decreasing with b, — 0. Show that ) a,b, converges.
n=1
Solution: I may include a solution later.

o0
(b) Show that Y~ 1 sinna converges for all z € R.

n=1

Solution: I may include a solution later.
(c) Let 0 # A C R, and let fn,g, : A — R for all n € Z*. Suppose that there exists M > 0 such that

¢
> fn(x)‘ < M for all £ € Z* and all z € A, and suppose that (g,(z)) is decreasing for all x € A with
n=1

n>1
o0

gn — 0 uniformly in A. Prove that ) f,g, converges uniformly on A.
n=1

Solution: I may include a solution later.

&)
(d) Prove that > & cosna converges uniformly on every closed interval [a,b] C (0, 27).
n=1

Solution: I may include a solution later.



