MATH 148 Calculus 2, Solutions to the Exercises for Chapter 6

an/3

:(a) Let ag =6 and forn > 1let apyy; =142 . Determine whether {a,,} converges, and if so find the limit.

Solution: Suppose for now that {a,} does converge and say lim a, = . Then by taking the limit on both
n—oo

sides of the recursion formula a”t! =1+ 2%/3 we obtain | = 1+ 2!/3. By inspection [ = 3 and [ = 9 are two
solutions (to find these two solutions, sketch the graphs of y =z and y =1+ 2%/3 on the same grid). We can
prove that these are the only two solutions as follows. Let f(z) = 14 2%/3 — 2. Then f'(z) = mTz -2%/3 1, so
f(x) = 0 when IHTQ -2%/3 = 1, that is when z = a where a = 3log,(3/1n2), and note that we have f'(z) < 0
when © < a and f'(x) > 0 when z > a. Thus f is decreasing on (—o0, a] and increasing on [a,00), and so f
has at most two roots. Thus if {a,,} does converge, the limit must be I =3 or [ = 9.

We claim that 9 > a,, > a,+1 > 3 for all n > 1. We have a3 = 6 and a2 = 5, so the claim is true when
n = 1. Suppose it is true when n = k. Then we have 9 > ap > ax41 >3 =3>a,/3 > ap41/3>1 =8>
2an/3 > gatn+l/3 5 90— g > ] 4 29n/3 5 ] 4 20n41/3 > 3, that is 9 > ag41 > ag42 > 3, and so the claim is
true when n = k + 1. By induction, the claim is true for all n > 1. Thus {a,} is decreasing and is bounded
below by 3, so it converges by the MCT. As shown above, the limit must be 3 or 9. Since a; = 6 and {a,} is
decreasing, its limit must be 3.

. Determine whether {a, } converges, and if so find the limit.

(b) Let a; = % and for n > 1 let apy1 = E

n

Solution: Suppose for now that {a,} does converge, and say lim a,, = [. Taking the limit on both sides of
n—oo

the recursion formula a,+1 = 3 gives | =5 =5l-1?=6=1>-5l+6=0= (1-2)(1-3) =0,

and so we must have { =2 or [ = 3.n
7

We claim that a,, < a,41 < 2 for all n > 4. We have a; = 5, G2 = 4, a3 = 6, ag = —6 and a5 = %,
so the claim is true when n = 4. Suppose the claim is true when n = k. Then we have a < ax41 < 2 =
—ak > —apr1 > 2= 5—ap > 5 —ap1 > 3= 5o < g < g = 5 < 5o < 2, that is
ap+1 < Gpy2 < 2, so the claim is true when n = k£ + 1. By induction, the claim is true for all n > 4. Thus
{an }n>4 is increasing and is bounded above by 2, so {a,} converges and nh_{%o a, < 2 by the MCT. We showed

above that the limit must be 2 or 3, and so we must have lim a, = 2.
n—roo

(c) Let (zx)r>0 be a sequence in R with |z — 2x—1| < 5 for all k > 1. Show that (z;) converges in R.

Solution: Notice that for all £ > 2 we have k—lz < ﬁ = ﬁ — % It follows that for 1 < k < [ we have

|z — 31| = ’xk} = Thtl T Thtt — Tht2 + Tht2 = Th3 + -0 — L1 + Ti—1 — $z|
<ok — Trt1| + |Tot1 — Toro| + |Thao — Tops| + -+ |Tio1 — 2]
1 1 1 1 1
S (k:+1)2 +(k+2)2+(k+3)2 ++m+ﬁ

1 1 1 1 1
Swn T e T oes Tt oo T e
_1 1 1 1 1 1 1 1 1
T u R s R =T == S = S e
1 1.1
TEF T1>%
Let € > 0. Choose m € Z with m > % For k,I > m say with k <[, if k = [ then |z; — ;| = 0 and if k <!
then, as shown above, |z — x| < % < % < e. Thus (zy) is a Cauchy sequence, and so it converges by the

Cauchy Criterion.



2: Determine which of the following series converge.

Z2712—1-1

= 53 and we know that Z o 3/2 converges (since it is
n

converges by the C.T.

(b) Y _(~1)r2t/»
n=1

Solution: Let a, = (—1)"2'/". Then |a,,| = 2'/" — 29 = 1. Since |a,| = 0, we know that a,, -+ 0, and so
Z an, diverges by the D.T.

n=1
In™ " 1)! 1)+ (2n)! 1)2 1\"
Solution: Letan:nn .Thena+1:(n+ )+ 1) (n) = (n+1) S —>E<17
(2n)! an, (2n + 2)! nln®  (2n+2)(2n+1) n 4
S0 > ay, converges by the R.T.
Z (n sin™ l 1)
Solution: Let a,, = (n sin” (=) — ) and let b, % Then using I’Hopital’s Rule twice, we have
. ap . nsin 1(1)—1 . lain~lg—1 . sin"'z —x
lim — = lim —*—— = lim *———— = lim ———
n—00 Oy, n—00 ey z—0t X z—0+t x
1— 271/2_1 1— 2\—3/2 1— 3/2
N 0 Mttt S T Ul 0 B TN Ul ) MO
z—0t 32 z—0*t 6x z—0*t 6 6

Since > by, converges (its a p-series with p = 2), > a,, converges too by the L.C.T.



3: Find the sum of each of the following series, if the sum exists.

@ 3 S

6n—1
n=0

Solutlonz n+1+3n Z Z = T+ 6l—9+12=3.
3 2

s (43
Slzzn2—4zz<n—2_n+2>

so the sum is § = lim 5; =
=00

(C) i 67(n1n2)/2

n=-—1

n
Solution: Note that ¢~ "™?/2 — (%) n, so this is a geometric series, and we have

3 a2 5o (%y =- V2 _ \/;_1 =2(V2+1).

1
n=-—1 n=—1 V2

mn
Solution: Note that = — =
n

. -1 n3—1 n3+1 n—-1 n24+n+1 n+1 +1
sum 1S . L )
1 1 2(n+1 2(n—2%
SFZ((n_l_m) ( <>>>
n=2 (n+3)+3 (—3) +7
=(G-H+E-H++(H-H+(H-H))
(( 5 3 7 5
+2 2z -2 >+< z2— -2 >+
G +1 () +3 ()" +1 (G)+3
-1 -3 1+ 1 11
D -y T\
= (1+1 1)+2< s )
O R i
3
sothesumlsS_thl—l—Ff—Q 2 :1+%—1:%.

, so the [*" partial



4: Find the sum of each of the following series, if the sum exists.

> n
(a) Y !
o (n+1)!
Solution: Note that 1 — (nil), = (T(L:j)l;l = Gty and so
l Loy )
Si= 2 (n+1)! — > (m - (n+1)1>
n=0 n=0
11 11 11 1 1 1 1
=@ +r@-—w)+@ -z -+ ((H)r _T') + (ﬁ— (z+1)'>
_ 1 1 =1— 1
=0 Tl ((E=D)
- n : : 1
and so n;O T = llgglo S; = llinélo (1 — (l+1)!) =1.

mY 5
= 2n
Solution: More generally, let us find ZTLQT” where |r] < 1. Let S; = ZnQT" =+ 222 323 42!

n=1
Then 7S; = r2 + 2273 + ... + (1 — 1)%r! + 27'*! and so
(1=m)S=r+ 22 =12+ (P =22+ + (I = (1 - 1)*)r = 1Pt
=(r+3r? +5° + - 4 (20— Drt) = ZrHH =T — 2
l
where T = Y (2n—1)r" = r+3r2+5r° +- -+ (21— 1)r'. We have 1T} = r2+3r3++ -+ (20— 3)r! + (21— 1)r!+!
n=1

and so
A=—rTy=r+2r2+ 203+ 42 — (20 = 1)rH = = 42U, — (21 — 1)r! T

l [eS)
here U, = L= 2403 4+ 47k Since lim U, = "=
where U; Zr r+ro+r°+ +r 1ncel_1>né1O i Z:r

n=1

2r
i(Qn — " = hm T, = lim —r+ 20, - (20 = D = i 0 _ r(l+r)
= ~eo T oo T - -y

since lim (21 — 1)1 = 0, as you can verify using 'Hépital’s Rule, and

l— o0
) r(14r)
9 m ) Ty — Bt a—rz — 0 r(14r)
E n“r" = lim S; = lim = = 3
- l—o0 l—o0 1—7r 1—r (1—7’)
©n? 1.3
since lim 1?r!™! = 0. In particular, taking r = % gives g — =2 2 =6.
—00 2n l)
n=1 2
o0
E , where {a,} is the Fibonacci sequence.
n—>2 Ap— lan-l-l
Solution: Note that —— — —L — = Anfi—dn-1 _ Gn = L and so
An—_10Gn Qn Q1 Ap—1GnGnt1 An—1GnQnt1 Ap—1Gnt1
: 1 ! 1 1
Si=2 e = <an_1an - anan+1>
n=2 n=2
(1 2 11 1 1 1 1
- (a1a2 azas) + (a2a3 a3a4) + + (alf2al71 al—lal) + (al—lal alaz+1)
1 1 1
= — = 1 _— .
a1a2 a;aj41 a1ai4+1
oo
Thus Y. —L1— = lim §; = lim (1— L ):1
Apn—10n+1 l— o0 l— 00 ajap4+1

n=2



[>'s) 4
5: Given a sequence (an)n>k, we define the infinite product H a, to be lim P, where Py = H G, if the limit

{— 00
n=k n==k

exists. Evaluate each of the following infinite products.
O 1

@I (1- )
n=2

Solution: We have
l l l

r=IT0-3) = T1 (=) = TL =5 =4

n=2 n=2 n=2

,_.
Voo
ol
RS
N
fen
|
Nloy

L(=2)(n)  (n=D(n+1) _ ntl
(n—1)2 n? 2n

n =0

andsoH(l—%): limPl:ll_i,r&LJrl:
n=2

(b) ﬁ <1+2;>

n=0

. 1
Solution: Let P, = II <14gpk).'Then

= (1= 30) (14 30) (L ) o (L o) = o= (1= ) (1 ) = (1= 5t
— 1
Thus P, = 22? — T =2asn— o0
1-3 1-1
S nd—1
(C)gni"—kl
n 3
Solution: Let P, = ]:71 Then
k=2k +1

n

S k=D k+1) ek B2kl
! 1 II%—1P+%—1HJ

Jk—2 7) <Z J13 21 (PR k24 k41 )
e ) \3 7 T 22t (k-2 +1 | (1) (h—1)F1




6: (a) For n > 1, let a, = (*Z/S) (_%)n _ 2:5:8-(3n—1)

67 n!

o 14
(i) Find the smallest £€ZT such that when the sum S = Z(fl)"an is approximated by S = S, = Z(fl)"an,

n=1 n=1
the error is |Sf Sg| < 31—0
. 3n+2 1 oy e
Solution: Note that a,+1 = ay - m < 5ay so {a,} decreases with limit 0, and so we can apply the
n
A.S.T. The first few terms of {a,} are
_2_1 _ 25 _ 5 _ 258 _ 5 _ 25811 _ 55 _ 2:5811.14 _ 77
a1 =% =3 02 = 23 = 360 W= @31 = 810 M= Tgrg T Toadr 5 655' = 5832

while if we

By the A.S.T, if we approximate S by S 2 S3 then the error is |S — 5’3| < as = m < 16o0 =
approximate S by S 2 S, then the error is |S — Sa| > a3 —ag = 8% — 1944 1824 > To55 = 3710

30’

(ii) Find the smallest £ € Z* such that when the sum T = Z a, is approximated by T = T, = Z an, the
n=1
erroris T — 1y < 3—10.

. _17:20...(3n—1) 18:21-(3n) 3" Pnl/5l .
Solution: Note that for n > 5 we have a,, = as Sy < a5 gz a1sr = U5 Gr=mpre = 05 2,L =, and so if

we approximate T by T" = T, then, using the C.T, the error is
_ e 771
T—1T, _nzsan < as Z o8 =205 = 5515 < 3815 = 35 -
On the other hand, if we approximate T" by T' = T3 then the error is

o0
o _ 553477 _ 121 121 _ 1
T-T5= 24% > a4+ a5 = 535 = 3576 > 3630 — 30 -
n=

> ¢
1
()2’ let a,, = f(n) forn > 2, let S = ;am and let Sy = Za”'

(i) Find a value of £ € Z* such that if we approximate S by S = Sy then the error is at most 100

(b) Let f(z) =

Solution: Note that f(x) is positive, continuous and decreasing for > 1, so we can apply the I.T. If we
approximate S by S = S; then by the I.T. the error is

dx -1~ 1
ps-si= 5 o [Crwa= [T = [R] —a

n=Il+1

To get E < 145 we can choose I so that 7 > 155, that is Inl > 100, so we can take [ > €'% (a huge number).

(ii) Use a calculator to find a value of ¢ € Z* such that if we approximate S by
SNSer;(/ f(z)dx + f(x)dx)
¢ +1

Solution: By the I.T, if we make the above approximation then the error is

e[ e [ ) =3 (5 wen)

so to get £ < ﬁ we can choose [ so that i (ﬁ — ﬁ) < ﬁ. By trial and error with the help of a

then the error is at most 100

calculator, we find that % (m — W) = (0.0086 < 100 and so we can take [ = 10.



7: Determine, with proof, which of the following statements are true.
(a) If 3" a,, converges that 3" e diverges.
Solution: This is true, and we give a proof. Suppose that > a,, converges. Then nh—>Holo an, = 0 by the D.T, and
so lim e™ =¢® = 1. Since nh_)n;@ e™ £0, e diverges by the D.T.

n—oo

(b) If 3 a,, converges then > a,? converges.

Solution: This is false, and we provide a counterexample. Let a,, = (?/lﬁ)n. Then »_ a, converges by the A.S.T,
but 3 a,? =3 1 which diverges.
(¢) If 3" ay,, converges and > |b,| converges, then > a,b, converges.

Solution: This is true. Indeed, suppose that > a,, converges and that 3 |b,| converges. Since Y a,, converges,
we have a,, — 0 (by the Divergence Test) so we can choose N so that n > N = |a,,| < 1. Then for n > N we
have 0 < |anby| = |an||bn| < |bn|, and so, since Y |by| converges, > |a,by| also converges by the Comparison
Test. Since absolute convergence implies convergence, Y a,b, converges, too.

(d) If f(x) is positive and continuous and / f(z) dx converges then Z f(n) converges.

n=1
Solution: This is false, and we provide a counterexample. Let
o1 L7 .23
2r —1if = <x <1, e —Tif - <x <2, 8xr — 23 if — < x <3,
2 4 8
g1 (z) = 3—2xif1§x§; 92(x) = 9—4xif2§m§% g93(x) = 25—8xif3§az§%,
0 otherwise, 0 otherwise, 0 otherwise,

and in general, for k£ > 1 let 1
Qkx—k2k+1ifk—2—§x§k,

gr(x) = k2k+1—2kx1fk<as<k+2 :

0 otherwise.

o0 oo oo 1
Then /0 z)dr = 1, / =1, /0 g3(z)dz = %, and in general /0 gr(z)dr = i+ Now let
g(z) = gi(x) when z € [k — 55,k 2%] and let g(z) = 0 otherwise. The graph of g(x) is shown below.
oo o0
Then g(x) is nonnegative and continuous, and / g(x) dx converges, indeed / g(z)de = %—i— i + % +---=1
1 0

On the other hand we have g(n) = 1 for all integers n > 1, so Zg(n) = oo. For a strictly positive
n=1

counterexample, let f(z) = g(x) + e~ 2.



(¢) If lim ¢= =1 then () a, converges <= > b, converges).
n—oo ’n

Solution: This is false. For a counterexample, let as, = ﬁ and agpy1 = —ﬁ for all n > 1, so we have
_ 1 11 1 _ 1 _ (1 1 _ _ 1
{a,} = {17 -1, N LY TRy Tty o }7 and let by, = (1 + ﬁ) Qon = (ﬁ + 5) and boy+1 = Gopg1 = ~ T
a a
Note that > a, converges by the A.S.T. Also, we have 220t 1 for all p and —22 = — — lLasn — oo,
2n+1 ban 14 T
a o0
and so b—n — 1 as n — oco. But Y. b, diverges, since, writing S; for the I** partial sum of > b,, we have
n n=1
l l l
Soy1 = (azn +aznt1) = 3 ((ﬁ*%) *ﬁ) = ; —wooasl— oo
n=1 n=1 n=1
(f) If >~ an converges then > 4=~ converges.
S _1
Solution: This is false, and we provide a counterexample. Note that I ;’% = #ﬂ and ﬁ = %11, and
that ﬁﬂ — ﬁ = mgfl. Thus for a counterexample, we can let
-t 11 11 11 1 1 11 1 1 1
an*ga 29923 29927 92735 3> v 37 3740 4> v 40 40
where for each m the pair %, —% is repeated m? ; 1 times so that #ﬂ - ﬁ + -+ ﬁ - %1 = —2.
Note that > a,, converges by the A.S.T, but Z 2= _—x

1+a,



8: Let (an)n>1 be a sequence with a,, > 0 for all n > 1, and let S,, = > ak.
k=1

(a) Show that if {a,}n>1 is decreasing and > a, converges, then lim na, = 0.
- n>1 n— 00

Solution: Suppose that {ay},>1 is decreasing and Z a, converges. Let € > 0. By the Cauchy Criterion for
n>1
convergence we can choose N > 1 so that

m
m>1>N=— Z an < 5.
n=Il+1

Fix I > N. Since a,, — 0 (by the Divergence Test) we can choose M > so that

m>M= amn < 5.

Since {a,} is decreasing so that a,, < a,, for all n < m, for m > M we have

m m
mam:lam—|—Zamglam+2an<§+§:e.
n=I[l+1 n=Il+1

Thus lim ma,, = 0.
m— 00

(b) Show that if a; > 0 and Y a, diverges, then > 2* also diverges.

n>1 n>1 Sn
1
Solution: Let T; = 21 g—: Let [y = 1. Note that T;, =T = % = Z—l =1> % Suppose, inductively, that
n—
00 It
we have found [ so that 1;, > % Since > a, = oo, we can choose l;41 so that > a, >S5, that is
n=lp+1 n=lr+1

St,e1 — St > Si,.- Then, since {S,} is increasing so that S,, < Sj,,, for all n <41, we have

lpt1 lk41
an an Stesr — S,
Ty, =Ty + E 5 2T+ E =T+ —¢—
n=lIl;+1 n n=lp+1 lk+1 b+l

-5
I R TS



9: Let (an)n>1 be a sequence of real numbers. When f : ZT — Z% is a bijective map and we write nj, = f(k),
the sequence (an, )r>1 is called a rearrangement of the sequence (ay,),>1. Prove each of the following.

o0 o0 o0
(a) If > ay converges absolutely, then ) a,, = > a, for every rearrangement (an, )r>1-
n=1 k=1 n=1

Solution: I may include a solution later.

o0 o0
(b) If 3" a, converges conditionally then for every r € R there is a rearrangement (a,, )r>1 such that > a,, = r.
n=1 k=1

Solution: I may include a solution later.

(oo} [ee] [ee]
(¢) If > a, diverges with Y a, # —oo then there is a rearrangement (ay,, )r>1 such that > a,, = co.
n=1 n=1 k=1
Solution: We sketch a proof. Suppose that Y a, diverges and that 3 a, # —oco. Let p, be the n*® non-
negative term in {a,} and let g, be the n*" negative term in {a,}. Since each p, is non-negative, either
> pp converges or > p, = oo. Since each ¢, is negative, either Y ¢, converges or > g, = —oco. Note that
it is not possible for Y p, to converge, since if Y p,, converges and Y ¢, converges then > a,, also converges
(absolutely), and if > p,, converges and > ¢, = —oo then > a, = —oo. Thus we must have }_ p,, = .
oo o0
Let P, and Q; denote the I'" partial sums for > pnand > q,. Let k1 be the smallest positive integer
n=1 n=1
such that Py, > 14 |Q1] =1 — Q;. Having chosen k1, -, k,_1, let k,, be the smallest integer with k,, > k,,_1
such that P, > n — Q,, (each k, exists since Y p, = 00). Let {b,} be the rearrangement of {a,} given by

{bn} = {plv"'apk17Q1apk1+17"' apk27q2apk2+17"'7pk?37q3a"'}
Verify that > b, = co.



