
MATH 148 Calculus 2, Exercises for Chapter 6

1: (a) Let a1 = 6 and for n ≥ 1 let an+1 = 1 + 2
an/3. Determine whether (an) converges, and if so find the limit.

(b) Let a1 = 7
2 and for n ≥ 1 let an+1 =

6

5− an
. Determine whether (an) converges, and if so find the limit.

(c) Let (xk)k≥0 be a sequence in R with
∣∣xk − xk−1

∣∣ ≤ 1
k2 for all k ≥ 1. Show that (xk) converges in R.

2: Determine which of the following series converge.

(a)

∞∑
n=0

√
n

2n2 + 1
(b)

∞∑
n=1

(−1)n 21/n (c)

∞∑
n=1

n!nn

(2n)!
(d)

∞∑
n=1

(
n sin−1

(
1
n

)
− 1
)

.

3: Find the sum of each of the following series, if the sum exists.

(a)

∞∑
n=0

(−2)n+1 + 3n

6n−1
(b)

∞∑
n=3

2

n2 − 4
(c)

∞∑
n=−1

e
−(n ln 2)/2

(d)

∞∑
n=2

6n2

n6 − 1

4: Find the sum of each of the following series, if the sum exists.

(a)

∞∑
n=0

n

(n + 1)!
(b)

∞∑
n=1

n2

2n
(c)

∞∑
n=2

1

an−1an+1
, where {an} is the Fibonacci sequence.

5: Given a sequence (an)n≥k, we define the infinite product

∞∏
n=k

an to be lim
`→∞

P` where P` =
∏̀
n=k

an, if the limit

exists. Evaluate each of the following infinite products.

(a)

∞∏
n=2

(
1− 1

n2

)
(b)

∞∏
n=0

(
1 +

1

22n

)
(c)

∞∏
n=2

n3 − 1

n3 + 1

6: (a) For n ≥ 1, let an =
(
−2/3
n

) (
− 1

2

)n
= 2·5·8·····(3n−1)

6n n! .

(i) Find the smallest `∈Z+ such that when the sum S =

∞∑
n=1

(−1)nan is approximated by S ∼= S` =
∑̀
n=1

(−1)nan,

the error is
∣∣S − S`

∣∣ ≤ 1
30 .

(ii) Find the smallest `∈Z+ such that when the sum T =

∞∑
n=1

an is approximated by T ∼= T` =
∑̀
n=1

an, the

error is T − T` ≤ 1
30 .

(b) Let f(x) =
1

x(lnx)2
, let an = f(n) for n ≥ 2, let S =

∞∑
n=2

an, and let S` =

l∑
n=2

an.

(i) Find a value of ` ∈ Z+ such that if we approximate S by S ∼= S` then the error is at most 1
100 .

(ii) Use a calculator to find a value of ` ∈ Z+ such that if we approximate S by

S ∼= S` + 1
2

(∫ ∞
`

f(x) dx +

∫ ∞
`+1

f(x) dx

)
then the error is at most 1

100 .

7: Determine, with proof, which of the following statements are true.

(a) If
∑

an converges that
∑

e
an

diverges.

(b) If
∑

an converges then
∑

an
2 converges.

(c) If
∑

an converges and
∑
|bn| converges, then

∑
anbn converges.

(d) If f(x) is positive and continuous and

∫ ∞
1

f(x) dx converges then
∞∑

n=1
f(n) converges.

(e) If lim
n→∞

an

bn
= 1 then

(∑
an converges ⇐⇒

∑
bn converges

)
.

(f) If
∑

an converges then
∑ an

1+an
converges.



8: Let (an)n≥1 be a sequence of real numbers with an ≥ 0 for all n ≥ 1, and let Sn =
∑̀
k=1

ak.

(a) Show that if (an)n≥1 is decreasing and
∑
n≥1

an converges, then lim
n→∞

nan = 0.

(b) Show that if a1 > 0 and
∑
n≥1

an diverges, then
∑
n≥1

an

Sn
also diverges.

9: Let (an)n≥1 be a sequence of real numbers. When f : Z+ → Z+ is a bijective map and we write nk = f(k),
the sequence (ank

)k≥1 is called a rearrangement of the sequence (an)n≥1. Prove each of the following.

(a) If
∞∑

n=1
an converges absolutely, then

∞∑
k=1

ank
=
∞∑

n=1
an for every rearrangement (ank

)k≥1.

(b) If
∞∑

n=1
an converges conditionally then for every r∈R there is a rearrangement (ank

)k≥1 such that
∞∑
k=1

ank
= r.

(c) If
∞∑

n=1
an diverges with

∞∑
n=1

an 6= −∞ then there is a rearrangement (ank
)k≥1 such that

∞∑
k=1

ank
=∞.


