MATH 148 Calculus 2, Solutions to the Exercises for Chapter 2

3
dx . .
: (a) Approximate / — using Simpson’s Approximatoion S4 and find a bound on the error.
LT

Solution: Let f(x) = 1/z. Then we have

3
[ E = 2 ar() 2@ 4473+ S6) = Ha F 4145+ 8 = 4 (2) = B

T

We have f(z) = w, fl(x) = m% f(x) = wg, " (x) = —w% and f"'(z) = i—é}, so for 1 < z < 3 we have
|f””( )| < 24. Thus the error is S, < 2:24 = L

18047 ~ 60
1
4d
(b) Find a value of n such that if we approximate / 7362 by M, the error is E,, < ﬁ.
0o 1+=x
1
Solution: Let f(x) = ——. When we approximate f(z)dz using M, the absolute error is
1+ 22 0
1(1—0)
Bl < Zogme K = gy vhere K= gma @)
Verify that
—8x 8(3z%2 —1) ” —96x(z? — 1)
f/(x) (1+$2)2 ’ fl/( )_m and f (l’):w
Since f"'(z) = %ﬂw, we have f"’(x) > 0 for z € (0,1) and so f”(z) is increasing in (0,1). Since
f(x) = s((lg’fii;)lg) we have f”(0) = —8 and (1) =2s0 K = Jmax | f”(x)| = 8. Thus the absolute error is
K 8 1

E, - °
B < 24n2 24n2  3n?

To get |E,| < 300 we can choose n so that 3n2 < 300, that is n2 > 100 so n > 10.

b
(c) Let f be differentiable on [a,b] with |f/(z)] < M for all z € [a,b]. Let I = / f and let L, be the Left

a
Endpoint Approximation for I on n equal-sized subintervals. Prove that

M(b— a)?

|I - Ln| S
2n

Solution: Fix n and let X = X,, = {J:O, Ty, ,acn} be the partition of [a, ] into n equal-sized intervals. Note
that, by the Mean Value Theorem, given ¢ € [xy_1,zx], we can choose s € [zx_1,t] so that f(t) — f(zr—1 =
f'(8)(t — xk—1), so we have |f(t) — f(zp_1)| < M(t - fl?k—1)- Thus

b n
I —L,| = / F@ydt =" flar-1)Agz| = f dtfz f(zk_l)dt
@ k=1 —=1Y%k—1 1/ Tr—1
= f() flar—1) dt <Z/ xkl}dt<z ) M(t — x_1) dt
—1Y/Tk-1 Tk—1 =17 Tk-1

e no]” =3 s ZM (e e

k=1 Te=1 k=1



2: Find each of the following indefinite integrals (antiderivatives).

dx
(a) /m, where x > 1
dz

1
Solution: Let u = Inx so du = — dx. Then / — = /u_3 du = —%u_z +c=——=+c
x z(Inz)3

(b) / = cos(2x) dx

Solution: Write I = /e_z cos(2x) dz. Integrate by parts using u = e™*, du = —e " dz, v = § sin(2z) and
dv = cos(2x) dz to get
I=3e "sin(2z) + 3 /e_z sin(2z) dx .

To find /e*"’” sin(2z) dz, integrate by parts again, this time using u = e™%, du = —e % dz, v = —% cos(2x)

and dv = sin(2z) dz to get

I=3e "sin(2x) + 3 (—%e‘z cos(2x) — %/e‘“c sin(2x) da:) = e "sin(2z) — ;e cos(2z) — ;1.
Add 17 to both sides to get 3 I = % e~"sin(2z) — 1 e~ cos(2z) + 2 ¢ and so we have
I'=2e"sin(2z) — e " cos(2x) +c.

(c) /sin(\/E) dx, where x > 0

Solution: Make the substitution ¢t = \/z or t? = z so 2tdt = dx, and then integrate by parts using u = 2t,
du = 2dt, v=—cost and dv = sint dt to get

/sinﬁdx:/Qt sint dt = —2t cost+/2¢ostdt:2sint72t cost + ¢ = 2siny/x — 2v/xcosVz + c.

1
(d)/1/1+$dm,wher60§x<l
-

Solution: We have

/ 1+xdm—/ 1+x 1+xdx_/ 1+z dx—/ dxr n T dx de
Vi1-—=x T Vi—zV1+z ) Vi—a2 ) V122 V1—22

dx rdr
i N
d
get xixz — /7%u71/2 du = —u'? + ¢ = —/1 — 22 + ¢, and so we have

1—=x
1
/\/ +xda:=sin71x— 1—22+c.
1—x

we can let u =1 — 22 so du = —2z dz to

We know that / =sin" 'z + c1, and to solve /




3: Find each of the following indefinite integrals (antiderivatives).

(a) /x2x/4—x2 dx
Solution: Let 2sinf = z so 2cosf = v4 — 22 and 2cos6df = dx. Then
/xQdez 16/Sin2900829d9:4/sin229d9:2/1—cos49d0:2(0—%sin49)+c
=20 — sin20cos 20 + ¢ = 20 — 2sin f cos H(cos® O — sin? ) + ¢

=2sin_1%—2giv42*m2(#—%) +e=2sin"" L — Lavi—22(2—2%) +c.

(b) / (zln m)2 dx

Solution: Let I = [ (zlnz)’*dx = [ 2*(Inz)®dz. Integrate by parts with u = (Inz)?, du = 2Ilnzdz, v = 1
and dv = 2%dx to get I = %x?’(ln r)? — %fﬂ Inz dz. Integrate by parts again with u = Inx, du = %dw,
v = %;v?’ and dv = 22 dzx to get

I=123(Inz)? - %[%x?’ Inz— % [2? dm} =123(lnz)? — 228 Inz + Za® +c.

(c) /cos4x dx

Solution: We have

/cos4a: dx:/%(1+cos2:1:)2d:1::/i(1+20032x+cos221:)dx:/%(1+2cos2x+%(1+cos4x))dz

_ 3,1 1 _ 3 1 1
f/1+50032x+§00s4xdxf1x+151n2x+§sm4z+c.

2t 323 — 2?2+ 1
@ [

dx
zt 4 223 + 22

dx

ot 4323 — 22 41 (% + 223 + 22) + (23 — 222 + 1) 3 — 222 +1
dr = | 1+

Solution: Let I = dr = _—
otton: Le / x4 4 223 + 22 v x4 + 223 + 22 x?(x +1)2

A B C D

:/1—1———1——4— + dz, where Ax(x +1)2 + B(x + 1)2 + C2%(z + 1) + D2? = 23 — 222 + 1.
x  x2?2 xz+1 (x+1)2

Equate coefficients to get the 4 equations B=1, A+2B=0,2A+B+C+ D =-2and A+ C = 1. Solve

these (easily) to get B=1, A=—-2,C =3 and D =-2, so

2 1 3 2 1 2
I=[]1—-—+4+— — de =z —21 ——+31 1|+ —— .
/ m+x2+x+1 @+ 1) =z n |zl ~t nl|z+ |+x+1+c



4: Find each of the following definite integrals.

4
(a) / |z? — 32 + 2| dx
0

Solution: Since 22 — 3z +2 = (x — 1)(x — 2), we have 2% — 3z +2 > 0 on [0,1], 2 — 3z +2 < 0 on [1,2], and
2?2 =3z +2 >0 on [2,4], and so

4 1 2 4
/ |z2—3m+2}d9::/:c2739:+2d:177/3:2739:+2d:17+/ 22— 3x+2dx
0 0 1 2

4
_ 3

8
w
I
8
no
+
[\
8

! 1.3 3,2 2
[pat - gar 4]
}o [3x 2£C+(E1 2

—342)—-(8-6+4)+(3-3+2)+ (¥ —-24+8) - (2 -6+14)

Il
—

+ [%x?’—%x2+2x}

~N Wl Wl

Il
=~

w|

In3
erdr
b
o[

Solution: Make the substitution u = e* so du = e* dx. Then

In3 3
z q d 3
/ ¢ d :/ L= [ ] =lma-m2=m2.
0 1+e” 1 14w 1

w/3 i3
(c)/ sin xdz
0

cos? x

Solution: Make the substitution © = cosx so du = —sinx dx. Then

7/3 03 /3 (1 — cos? /2 1 _ 2 1/2
/ stxdx:/ wsinxdaz:/ - 2u du:/ —L +1du
0 COS* X 0 COS* X 1 u 1

[ = h - -t

u

2
(d)/ ze % dy
0

Solution: Integrate by parts using u = z, du = dz, v = —2e */% and dv = e

2 2 2
/ ze /2 dy = [2936@‘/2 +/2e*ﬂ”/2 dz] - [72x67m/2 746%/2} Cdelgetya—g- 8
0 0 0 e

/2 dx to get



5: Find each of the following definite integrals.

(a) /1 “(na)? da

2Inz

Solution: Integrate by parts using u = (Inz)?, du = dx, v =z and dv = dx to get

T

/ (Inz)? de = [x(lnx)z—/ﬂnx dx} = [x(lnx)Q—Qxlnx—f—?x}i =(e—2+2)—2=e—2.
1

(b) /13 VT

xr+1

Solution: Make the substitution u = y/z so u? = z and 2udu = dz. Then

gﬁdx/‘/g2u2du/‘/§2 2
1 1

du

1 z+1 w2 +1 u?+1
V3
= [2u—2tantu] "= (2v3-%) - (2-3) =2v3-2-3.
w/2

(c)/ V1 —sinzdzx

0
Solution: Let w = 1 + sinz so du = cosx dx. Then we have

/2 /2 \/lfsm:z:\/lJrsm:c cosz dx 2

V1 —sinz dx = = w2 du = {2u1/2} =2 2.
/0 /0 V1+sinz \/1+sinx 1 V2=
() 27d7$

1 VTtV

Solution: Let u = ¥/z so u? = ¥z, u® = \/z, u® = z and 6 u® du = dz. Then

/27 /f 6u° du _/\/56u3du_/\/56((u+1)(u2—u+1)—1)d
\erf w2 ), u+1l ) u+1 “

6 V3
=/ 6u? —6u+6—7du:[2u3—3u2+6u—61n(u+1)}
1 u—+1 1

= (6V3—-9+6V3—6In(vV3+1)) —(2-3+6—61n2)
:12\/5—14+61n(\/§2+1)
=12V3 - 1446 In(v/3 —1).




6: Find each of the following definite integrals.

3 22dx
(&) /0 (z +1)3/2

Solution: Make the substitution ©u =z + 1 so £ = v — 1 and dz = du. Then

3 2 4 2 4 2 4
x* dx (u—1) u? —2u+1 1 _ _
= du = - T du= /2 _9q,~1/2 3/2 g
/0 (z +1)3/2 /1 ez /1 wr /1 ! v !

4
- [%u3/2—4u1/2—2u_1/2}1:(§—8—1)—(§—4—2):§.

/4
(b) / tan® z dx
0

Solution: Make the substitution u = secx so du = secx tanx dx. Then

/4 /4 2 _12 V2 2_12 V2 1
/ tan® z dm:/ Msecmtanx dac:/ udu:/ w—2u+ = du
0 0 1 u 1 u

secx

.
_ {%u4—u2+lnu}12:(1—2+ln\/§)—(%—1):%1n2—i.

/2
(c) / e** cosx dx
0

Solution: Let I = /62"’” cosz dx. Integrate by parts twice, first using u; = €*, du; = 2¢?* dx, v; = sinz and

dvi = cosx dx, and then using us = 2€%%, duy = 4e>* dx, v9 = — cosx and dvy = sinz dx to get

/e% cosz dr = ujvy — /Uldul =eXsing — /262I sinzdr = e**sinz — <u2v2 - /vg du2>

=e¥sing — <262wcosx+/462z cosxdaz) :ezm(sinx+2cosx) — 475 .

and so b1 = 62’”(sinx+2cosx) + ¢, that is I = 62’”(sinx+2cosx) + d. Thus

1
5

/2 /2
/ e*® cosx do = [%eh(sinerZcosz)} =1lem—2
0 0
1
(d) / z?sin"!x dx
0
Solution: Integrate by parts using u = sin~ 'z, du = ﬁdfmz, v = %x?’ and dv = 2% dz, and then make the
substitution w = 1 — 22 so dw = —2z dx to get
1,.3 1
ST —=(1 —w)dw
/x2 sin™'xdr = 1adsin e — [ E—dar=1a3sin" 'z - /6( )
V1—a? Vw

=lsin o+ [ L1212 duw=13sin" o+ Lwl/2 - Ly3/2 4 ¢
3 6 6 3 3 9

_ 1.3 —1 1 2\1/2 1 2\3/2

= 32’ sin a:—l—g(l—x)/ —§(l—x)/+c
and so

1 1
/0 22sin 'z do = [%xg sin~lz + (11— )2 (1 - m2)3/2}0 =



7: Find each of the following definite integrals.

V3 22dr
) am

Solution: Make the substitution 2sinf = x so 2cosf = v/4 — 22 and 2 cosf df = dx to get

V3 22dg /3 (2sin 0)22 cos 0 df T3
723/2 = 3 = tan 9d9
o (4—2?) 0 (2cos @) 0

w/3 /3
:/ sec29—1d9:{tan9—9} =v3—-3.
O O

1
b) / 22\/2 — 22 da

0
Solution: Make the substitution v/2sin8 = z so that v/2cos8 = v/2 — 22 and v2cos 0 df = dx to get

1 /4 w/4
/ xQ\/Q—xde:/ (\@sinﬁ)?w/icosG-\/icostQ:/ 4sin? 6 cos? 0 df
0 0 0

/4 /4 m/4
:/ sin229d9:/ %—%00540 d9:[ g—1 sm40} =3
0 0

V8 V1422
© [ YT
V3 x

Solution: We first make the substitution tan@ = = so secd = v/1 + 22 and sec? #df = dx and then later we
make the substitution u = secf so du = secftanddf. Note that u = secf = v/1+ 22, so when z = v/3 we
have u = 2 and when z = v/8 we have u = 3. We have

/\/g Vita? do = /mn1 V8sech - sec2fdf /tan1 VB gec?d sec § tan 0 df
V3 x  Jean-1 v3 tan 6 * Jian-1y3 sec2f—1
3,2 3 1 3 L 1
/qu—lu /2 +u2—1 “ _/2 +u—1 ur1 ™

3
~1
= [u+;1nz+1L—(3+;1n;)—(2+;1n§)—1+;1n§.

d)/5@d

Va2 -9

= dx. Let 3secd =z, 3tanf = v/x2 — 4, 3secHtanf df = dz. Then

5
Solution: Let I = /
3

“ secftan?f
1 :/ %dﬂ , where o = sec ™' 5/3 = cos ™' 3/5
9—o0 sec?0

:/“ sin29d9:/a sin29'c0259d6
g—o cosf 9—0 1 —sin“4d

4/5 2

u .

= / —— , where u = sinx

4/5 1 4/5 1 1
= —— —ldu= - Z__1d

/u:o 1— w2 “= / Ttu t1og 1

0
(1) - 1 =3

w\»—-



8: Find each of the following definite integrals, where n is a positive integer.

/6
(a) /_W/6 sin(2x) sin(3z) dx

Solution: Note first that cosbz = cos(2x + 3z) = cos 2z cos3z — sin2zsin3z and cosx = cos(3z — 2x)
cos 3x cos 2x + sin 3x sin 2z, so we have cosx — cos bx = 2sin 2z sin 3xz. Thus

m/6 /6 /6
/ sin 2z sin 3x dx = 2/ sin 2z sin 3x dxr = / cosx — cosbx dx
—7/6 0 0

6
AN
) 10

= [sinac — Lsinbx
0

[SIN]

5

2
™
(b) / sin?v/z dx
0
Solution: First we make the substitution y = v/z so y?> = z and 2y dy = dz, and then we integrate by parts
using u =y, du = dy, v = %sin 2y and dv = cos 2y dy to get

7T2 s ™ ™
/ sin®\/z dx:/ 2y sin?y dy:/ 2y (%—%cosz) dy:/ Yy — ycos 2y dy
0 0 0 0

{ : :

y2 — (uv—/vdu>} = {éyQ_%ysiHZy—i—/%sinQy dy]

0
= [1y2 — Lysin2y — Leos2y| = (= -1 -(-1)=%
Y Y Y 4 Y 0 2 4 4 2

N[

0

/2
(c) / cos®™ x dx
0

/2
Solution: Let I, = cos™ x dx. Integrate by parts using u = cos" 'z, du = —(n — 1)sinx cos" 2 x du,
0
v =sinz and dv = cosz dx to get
w/2
I, = {sinx cos" 1+ /(n —1)sin® x cos" 2z dx
0
/2
= / (n—1)(1 —cos’z)cos" 2z de = (n— 1)I,,_1 — (n — 1)1,
0
and so nl, = (n — 1)1, that is I, = ”T_lfn,l. Thus we have Iy = 3, I = % 5 Iy = ﬁ T Is = % 5
and so on, and in general (by induction)
w2, 1.3:5.....(2n—1) (2n)! 1 (2n
/0 cos™xdr=lm = 535 5 2 T @aan? 2 — w ()35
() T sin.(nx) i
o sinz
Solution: Write I, :/ Mdm. Then
o sinz
fo I~ /ﬂ' sin((n + 2)z) — sin(nz) de /r sin(nzx) cos(2z) — co?(mc) sin(2x) — sin(nx) dx
0 ST 0 S T
/7r sin(nx)(cos(2z) — 1) — cos(nx) sin(2x) p /7T sin(nx)(—2sin® x) — cos(nz)(2sin z cos ) d
= T = X
0 sinx 0 sinx

= /Oﬂ 2(sin(na) sinz — cos(nz) cos z) dz = /07r —2cos((n+1)z)de = [* n%_l sin((n + 1)3”)}0 =0

and so we have I,,;o = I, for all n > 0. Since Iy = / Odr =0and I; = / 1dx = 7, we have I,, = 0 for all
0 0

even values of n and I,, = 7 for all odd values of n.



9: Find each of the following definite integrals.
3
x—7

Find ————dz.

@ Fnd |
) x =T A B
Solution: In order to get @12z 19 =7 + @1y + P we need
Alx—1)(z+2)+Bx+2)+Cx -1 =2 —7.

Equating coefficients gives A+C =0, A+ B—2C =1 and —2A+ 2B+ C = —7. Solving these three equations
gives A =1, B= -2 and C' = —1, and so we have

/3 w7 dx_/3A+B+C_/31_2_1dx
o (x—12(x+2) " Jyx—1 (x—-12 242 Jy -1 (z—-1)2 =x+2
3
:[ln(m—l)—k%—ln(w—l—Z)L:(ln2—|—1—ln5)—(2—ln4)zln%—l.

2.5 4 3 2
x° +x* —2x° — 2x° — bxr — 25
b) Find I = dx.
(b) Fin /1 x?(x? — 2z +5)2 v
. B Cx+D Fx+ F 2ot — 223 — 242 — 5 — 25
Solution: To get - + 2 + PR P + T — 25 1 5)° = (2 — 20 15 we need to have

Az(z? —22+5)2+ B(2%2 — 22 +5)? + (Cx+ D)(2?) (2% — 22+ 5) + (Ex + F) (2?) = 2% + 2* — 22° — 222 — 52 — 25.
Expanding the left hand side then equating coefficients gives the 5 equations
A+C=1, - 4A+B-2C+D=1, 14A—-4B+5C -2D+ E = -2
—20A4+14B+5D+F=-2, 256A—-20B= -5, 256B=-25
Solving these equations gives A= -1, B=—-1,C =2, D=2 F=2and F = —18, so
/2 11 22 + 2 2z — 18
1

——— = d
x x2+x272x+5+(:ﬂ272x+5)2 v

1 1 20-2+44 20-2-16
= T2t 3 T3 5 d
1 or 2?2 x?2—2x+5  (x2-—2x+5)

11 2z — 2 4 2z — 2 16
=] =-S5+ + + -
1ox 2?2 22—-2x+45 2?2-2z+5 (22—-22x+5)%2 (22—-22+45)?

dx

1 1 1
Wehave/fdx:lna:—&—cand/ﬁdx:—f—i—c. Letting u = 22 — 22 + 5 so du = (2z — 2) dz gives
x x x

2z — 2)dx du 5 / (2x — 2) dx du -1 -1
= — =1 =1 —2x+5 d [ ————————=|—=—+4c=——+c¢.
/x272x+5 u pute=ln(z"—2z45)+c an (22 — 2z +5)? u? u+c x272x+5+c
Letting 2tan @ = x — 1 so that 2sec = /22 — 2z + 5 and 2sec? 0 df = dx gives
4dx 4-2sec?0df
= | —(/———— = [ 2d0 =20 =2tan~ ! (&2
/m2—2x+5 / (2sec)? / te an™! (557) +e
and d 20do de
16 dz 16 - 2sec 2
= df= | —— = [ 2cos’0df = [ 1 20 df
/(x272:r+5)2 / (2sec )+ /56020 /COS /+COS
:0+%Sin20+c:0+sin0cost9+c:tan_1(%‘1)+mz(_$2;1_g5+c.
Thus
1 a—1 1 -1 2-1) 7
I=]-1 — +In(z* — 22 +5) + 2tan~! - — tan™" -
[ ne+ -+ n(z x +5)+ 2tan 5 o,y tan 5 75045,
| :c2—2x+5+1 i S ?
x x x2—-2r+5 2 |



3 4 3
3 6
(C)/ 43746
1

3 + 422 + 3x
Solution: We use long division to obtain

rz—1

3+ 422 + 3z )x4+3x3+0:172+01:+6
x* + 423 + 322
—23 - 322 +0x+6
—z3 —42? — 3z

x® + 3146
4 3
This shows that R i I asfler. Note that 22 4+ 42243z = z(z+1)(z+3). In order to
1 B :r:g’C—i—4x2+3x S a3 4+ 422 + 3z
get E—f—z 1 +:1: 3= x(fi_li;—+ 3 for all x we need A(x+1)(x+3)+ Bx(x+3)+Ca(x+1) = 22+ 32+6

forall z. Putinz =0 to get 3A=6s0 A =2, put in x = —1 to get —2B =4 so B = —2, and put in x = —3
to get 6C =6 so C' = 1. Thus

/3 w4327 46 /3 pp2o2 1
————dz= [ x— = - x
1 o3 4422 4 3z 1 x xz+1 x+3

3
= B:ﬁ —:r—|—21n;v—21n(x+1)+1n(9c—|—3)}1

=(5-3+2In3-2In4+1n6) — (3 —1—2In2+1n4)
=2+3In3-3m2=2+3In3.

2 3
z° + 2
d —d
()/1 B2t

d
Solution: To begin with, we find / ﬁ,
sec? 0 df = dx. Then

dx sec? 0 do 9 11
/(m2+1)2 :/ = :/cos 0d0:/§+500529d0

:%H—I—isin%—i—c:%—I—%sin@cos@—i—c:%tan J;—i—2 +1+c

9 Bz +C Dz+FE 23 42

+ 1) In order to get = + 21 + @12 a1 we need
A(z? + 1)%2 + (Bz + C)(x)(2% + 1) + (Dx + F)(2% + 1) = 2® + 2. Equate coefficients to get the 5 equations
A+B=0,C=1,2A+B+D=0,C+FE=0and A=2. Solve thesetoget A=2, B=-2,C=1,D = -2
and E = —1, and so

which we need later. Let tan @ = x so that secf = V22 + 1 and

Note that 2° + 22% + 2 = z(2?

/2 2 +2 /22 : - —
_ [ = _ — x
1 x5+2w3+x 1 $2+1 $2+1 (x> +1)* (a2 +1)
2
1,01 1 T
[QInx—lnm +1) +tan™* +x2+1—(§tan $+2x2+1)}1
2Inx — In(z? —|—1)+ltan’1x—|—2_7x2
2 2(x2+1)

(2In2—In5+ ftan"'2) — (—In2+ % + §)

— 1 —1 1
—1ng+§tan 2_§_Z



10: Find each of the following integrals.

/2 sinx dz
W [ g

sinx + cosx

/2 .
sinx dr
Solution: We provide three solutions. For the first solution, write I = / — . Make the substitu-
0 sinx + cosx
tion u = § — x, du = —dx, and then make the substitution z = u, dz = du to get

s /0 sin (u—g) p /”/2 cosu du /”/2 cosx dx
= —_ u = —_— = ———
—xj2 sin(u— %) +cos(u—7%) o cosu-+sinu o cosz+sinx
Thus we have

of ™2 sinx dx n ™2 cosx da /2 sinx+cosxd ﬂ/zld .
0 sinx + cosx 0 sinx + cosx 0 sinx + cosx 0 2
andso I =7

7

sinx dx cosx dx
For the second solution, write I = / —— and J = / . Then we have

sinx + cosx

I+J:/wdaz:/ldm:m+cl , and
sinx + cosx

sinx + cosx
cosx —sinx .

J—I= | ———dx=In(sinz + cosx) + c3.
sSinx + cosx

Subtract the second of these equations from the first to get 2I = x — In(sinx + cosx) + ¢ so

I=1¢z— Lin(sinw +cosz) +d.

2 2
Thus /2
T o d /2
/ _OmEET [%x— %ln(sinx—i—cosx)} =2
0 sSinx + cosx 0
For the third solution we use the Weierstrass substitution v = tan(z/2), sinz = %, cosT = };—gi,
dx = H% du. We obtain
/”/2 sinz dx /1 13;2 H% i /1 —4u du
—_— = —_— au =
e=0 SINT+cosz g 124 4 };Zz o (u2+1)(u2—2u—1)
Au+ B Cu+D —4
To get ut vt 4 we need (Au+B)(u? —2u—1)+(cu+d)(u?+1) = —4u.

W21l w2 —2u—1 (@+1)u—2u+1)
Equate coefficients to get A+ C =0, -=2A+ B+ D =0, —A—2B+ C = —4 and —B+ D = 0. Solve these
toget A=1, B=1,C =—1and D =1 and hence

/”/2 sinz dz /1 —4u du /1 u+1 u—1 d
— = - u
z—0 Sinz +cosx ueo (W2 +1)(u? —2u —1) o u2+1 w?—-2u-1

1
= [tan’1u+%ln(u2+1)+%ln|u2—2u—1|—|— O:%—s—%an—%an:g.

(b) /”/2 x dx

x/4 (sinz +cosz)?
Solution: Note that sinz +cosz = v2cos ((z — %). Integrate by parts using u = z, du = dz, v = tan (z — T)
and dv = sec? (z — T) to get

/2 x dx 1 /2 2 s 1 s s i
/7r/4 (sin:r—i—cosx)2:2/ﬂ/4 T sec (x—z) da:zQ[a:tan(a:—4)—/tan(x—4) da?LrM
w/2
_ [;xtan(x_g)_;m(sec(x_g))] LS imVIs i),
/4



/2 dx
(c) / : 2
x/4 (3sinz +4cosx)

Solution: We give two solutions. For the first solution, we let u = 3tanx + 4 so du = 3sec? z dz to get

/”/2 dx _/”/2 sec? z dx _/Oollsdu_[—l}m_l
— (3sinz +4cosz)? — (Btanz +4)2 ), w2 L3uli 37

For the second solution, we use the Weirstrass substitution v = tan(z/2), sinz = 1?227 coST — ;Z’;
dr = 12z du to get
/ da _ / T du _/ 201+ u?)du / (1 +u?) du
(3sinz +4cosz)? )2 ) @rbu—4u2)? ) Qu+t1)2(u—2)2"
(8 + 45)
T t 2 _ d
0 ge (2u + 1)2(u — 2)2 (2u +1)2 + (2u + 1)2 + (w—=2) + w2y we nee

AQ2u +1)(u — 2)* + B(u — 2)? +C(2u+ 1)%(u —2) + D(2u + 1)2 =1u+1.

Put in 4 = 2 on both sides to get 26D = % so D = 10, and put in u = —3 to get 25B = 2 so B = =
Equate the coefficients of u? on both sides to get 24 + 4C = 0, and equate the coefﬁ01ents of u° to get
4A+4B—-2C+ D = é,thatlsllA—FE 20—|—10:2,504A 2C =0. From 2A+4C =0and 4A—-2C =0

we see that A = C' = 0. Also, note that tan (—%) = /2 — 1, and so we have

/2 de 1 1 1 _1 191
/ :/ 10 L 10 gy = 20 _ _10
_r/a (3sinx + 4cosx)? Vil Qu+1)2  (u—2)2 2u+1l u—-2] 5,
_(_1 1 1
=(—% + 1) ~ (720(3 2v3) 1 )
=L+ %((3+2f)—2(ﬁ—1)):i2+

1_1
14 3

@ [ S de
0

1+sin“x
Solution: Make the substitution u = 7 — z, du = —dx to get

I—/O(WU)(.;inu) du:/W7WSi.mQL du—/7T 71681.1“; du:/W77TSi.m; du—1T.
. 1+sin“u o l+4+sin“u o l4+sin“u o 1l+4+sin“u

g : T . T . d
Add I to both sides to get 21 :/ L.ngdu, and so I = g/ L,quu = g/ M Make
o l+sin“u o l+sin“u 0 2—cos’u

the substitution v = — cosu, dv = sinu du to get

I_Tr/l dv _77/1 dv 1 o
P2 0o 2—v? Q\f \f-i-v V2—u

:m’fﬁ{ln\/‘gﬂv’];: T ln((\f—kl)) 2ln(\/§+1).




11: Find each of the following definite integrals.

(a) /12(1 +222)e"” da

Solution: Using Integration by Parts with v = z, du = dz, v = e and dv = 2ze®” dx gives

2 2 2
/Z:EQeI dx = xe” —/ew dx
and so we have

/(1 + 2x2)em2 dx = /e‘””z dzr + /23726”32 dx = /612 dzr + (a:e“”2 - /eg”2 dx) =ze” +ec.

2 2 2 2
Thus/ (14 222)e” do = [me’” L =2¢* —e.
1
3 Vh -z dx
Vh—z+ V14
V5 —x dx

3
Solution: Write I = .
/ Vh—ax+V1l+a
then make the substitution x = u to get
I—/l —V14+udu 3 V1+u du B 3 V1+zdx
C Jus N Fu+ B —u S A ru+ B —u S Atz +5—x

(b)

First make the substitution u =4 — z, * = 4 — u, dr = —du, and

Thus we have
21/3 /5 —x do +/3 Vitwde (VT4 e4+V5-w 7
N Vb—x+vVl+x B

N+e+B—-2 S, T+e+B—x 1

and so I = 1.
c) /2\/x3+1+€/x2+2xdx
0
Solution: Let f(x) = v23 4+ 1 — 1. For z > —1 we have
y=f(z) = y+1=V2P+1 <= (y+1)2=2*+1
= P42 =1 = x:m

and so we have f~1(z) = V/22 4+ 2z. We have f(0) = 0 and f(2) = 2. Since f02 f is the area of the region
under y = f(z) and f02 f~2 is the are of the region to the left of y = f(z) we have

[refr

2 2 2
/\/x3+1+\3/z2+2xdz:/ f(a:)+1+f’1(x)dz:4+/ ldz=6.
0 0 0

@ [ B

and so

1
1 1
Solution: Write I = /0 nxgij)d Let u = L_i, T =174, dx % Note also that z 4+ 1 = 12
and 22 +1 = ((11:_:)12), SO
2 —2
0 In (m) ey du Y In2 —In(1 +w) )
I = 2(1+u2) = 1—2du= ﬁdu—f
u=1 (1+w)? u=0 +u 0 +tu

In2
1+u

1
5 du = {ln%tan’lu}o =2In2, and so [ = T22,

1
and so we have 21 = /
0



12: Find the following improper integrals.

@ [ w

Solution: Make the substitution sec = x so tanf = vz2 — 1 and sec f tan 0 df = dx. Note that as x — oo we

have § — % and so
oo /2 w/2 /2
/ dx :/ sec @ tan 6 do :/ do :/ cos 0.0
1 23V —1  Jy  secftand o sec2f  J,

/2

NN

/2 ™
:/0 14+ 1cos20 df = [%Misinw}o

< et 41
b ——d
o [ Gy

Solution: Make the substitution u = e so du = e® dx. Note that as z — oo we have u — oo, so

< e+ 1 et 41 * u+1
2 dr = — " dr = ————du.
0 €*+1 o e*(e?®+1) 1 u(u?+1)
A B C 1
To get E+ xg——::l = U(Z;_+ 1 we need A(u?+1)+(Bu+C)u = u+1. Equate coefficients to get A+ B = 0,
C=1land A=1,so0we have A=1, B=—1and C =1, and so

et +1 o 1 ~1 1 >
/ crly —/ Lclu:/ = Yoy du=|Inu—iIn(w?+1)+tan"tu
0 o ) 1

e2r 41 v u? +1 u w2+l w2+l 1
2 o0
_ |1 u -1 _(x 1.1, 7\ _ o , 1
{21nu2+1+tan U]l =) -Gz +§)=F+35m2,
: . -1, _ =« 2 . 1 _1 _
smceulggotan u—§andasu—)oowehaveug—ﬂﬁlandsoulir&anug—H—glnl—O.
i dx
@ wv
Solution: Make the substitution v = \/z so u? = z and 2udu = dz to get
/OO dx _/°° 2udu _/OO 2du
s (@2-Dvz Jsi5 @-Du Jzut-1"
A B Cx+D 2

Note that u* — 1 = (u —1)(u + 1)(u? +1). To get y— +u—|—1 + 2+l o1 " need A(u+ 1)(u? +

1)+ B(u—1)(u?+ 1)+ C(u— 1)(u + 1) = 2. Equate coefficients to get the 4 equations A+ B +C =0 (1),
A-B+D=0(2),A+B—-C=0(3),and A— B — D =2 (4). Subtracting (3) from (1) gives 2C = 0 so
C = 0. Subtracting (4) from (2) gives 2D = —2so D = —1. Put C = 0 into (1) to get A+ B =0 (5), and put
D = —1into (2) to get A— B =1 (6). Adding (5) and (6) gives 2A = 1 so A = , and subtracting (6) from
(5) gives 2B = —1 so B = —1. Thus we have

/°° dzx _°°2du_/°°§_§_ Lo
5 (@-1vz Jzut-1 Jsu—-1 u+l w2+l
-1 >
= {; In 2 —tan™! u}
U+1 \/g
u

: . -1 : 1 . _
since lim 1In 1= 0 and lim tan™" u = %, and also —In :/[%’Ji =In (\/E‘H \/5‘“) =1n(2 + V3).

U— 00 u + U— 00

I
\
e}
SN—
\
/N
o=
—_
B
S
+ 1
= =
\
wly
N—
I
N|—
—_
=)
—~
[\
+
&
~—
\
SIE]




13: Find each of the following improper integrals.

(a) / (= + 1)6’”)2 dx

— 00
Solution: Let I = /(m + 1)%¢** dz. Integrate by parts with u = (z + 1), du = 2(z + 1) dz, v = 1 €?* and

1
dv = e dx to get I = 5(,%2 422 +1)e** — /(33 +1)e?* dz. Integrate by parts again, this time with u = 2 +1,
du = dz, v =% e?* and dv = €** dx, to get

2
I=3@?+2z+1)e® —L(a+1)e® + Le? 4 c=1(222 + 22 + 1) > +c.

0 0
Thus / (z+1)%e* de = 1|(22%2 + 22 + 1)@2'"”} = e

b _
o[
Solution: Let u = v/e* — 1, so u? = e* — 1, 2udu = e® dx = (1 + u?) dz, and dz = 1+u2 du. Then

* 2du 2t o<
— Tow an~ Lﬁ—w.

(c) /OO w4549 dz
Ceo (X2 1)% (22 4 4)

e 344 > Ar+ B D Ex+F
Solution: LetI:/ v +dr+9 )da::/ T Co + T dx, where

oo (@2 +1)2(22+ 4 22+1  (22+1)2  (22+4)
(Az + B)(2® + 1)(2* +4) + (Cx + D)(2® +4) + (Bx + F)(z* + 1)* = 2> + 42 + 9,

that is A(z°+523 +4x)+ B(z* +52% +4)+C(2® +4x)+ D(2® +4) + E(2® + 223+ )+ F (' 4+ 22+ 1) = 23 +42+9.
Equate coefficients to get the 6 equations 4B+4D+F =9, 4A+4C+F =4,5B+D+2F =0,5A4+C+2FE =1,
B+ F=0and A+ E = 0. We consider this as two sets of 3 equations, and solve them together using some
linear algebra:

4 4 114 9 1 0 110 O 1 0 170 0 1 0 0j]0 -1
5 1 21 0)~5 1 21 O)J~10 1 -3]1 O)]~{0 1 0|1 3
1 0 110 O 4 4 114 9 0 0 1]0 1 0 0 110 1
We find that A=0,C =1, E=0,and B=—1, D =3 and F = 1. Thus we have
o 1 T 3 1
I= — dz .
/,OO x2+1+(x2+1)2+(m2+1)2+x2+4 v
5 dx sec? 6
To find , let tan @ = z, so secf = Va2 + 1 and sec? 0 df = dx to get = do =
(2 +1)2 sect 0
1 20
/cos Hdﬁzfﬂ% d9=%—l—isin?&—l—c:%9+%sin000s0+c:%tan*1x+%w2¢+1+c.Thuswe
have -
{ftan 7;302{1—1 %(tan’lirx211)+%tan’1%}700
=3[t tetan g+ BT =4[5 45+0) - (-5 -3+0)] =7



14: Evaluate the following improper integrals.

/2
(a) / V2tanz dz
0

/2

Solution: Let I = / V2tanz dx. Make the substitution v = v2tanz, u? = 2tanf, 2udu = 2sec? 6 db,
0

dudu = (4tan? 0 + 4)d0 = (u* + 4)do, df = uffh du to get

42 du o 4u? du > U U
I = _— = = — du
o ut+44 o (U4 2u+2)(u?—2u+2) 0 u2—2u+2 u+2u+2

/OO u—1 n 1 u+1 n 1 J
= - u
o ur—2u+2 wr-2u+2 wr+22u+2 u+22u+?2

oo

In(u? — 2u+2) + tan'(u — 1) — 3 In(u? + 2u + 2) + tan "' (u + 1)
0

In Zi;ggig +tan~t(u+1) +tan~t(u — 1)}

0
—(0+5+3) - (0+5-7) =

17/4 [75
(b)/2 “g:—de

Solution: First we make the substitution © = v/ — 2 so u? =  — 2 and 2udu = dz, and then we make the
substitution 2tan @ = u so 2sec = vu2 + 4 and 2sec? 6 df = du. We obtain

17/4 D) 3/2 214 3/2 tan—1(3/4)
/ \/m+2d:c:/ LQudu:/ 2\/u2+4du:/ 2-2secl - 2sec® 0 db
2 T — 0 u 0 0

tan~1(3/4) tan~1(3/4)
= / 8sec® 0 do = [4sec0tan0+4ln(se(30+tan9)]
0 0

4-53.344m (3 +3) =L +4m2.

We used the fact that [ sec®0df = % sec 0 tan 6 + % In | sec 4+ tan 9| + ¢, which is shown in Example 2.22; and

also that sec (taun_1 %) = g, which can be seen from a right-angled triangle with sides of lengths 3, 4 and 5.
In2 T 1
(c) / il dx
0 e* —1

Solution: Make the substitution uv =

— 2 1 1

n2 ez ] V3 2 1 1 g2
/ e dx:/ U 2u — — du:/ -z + “ + Y du
0 e? — 1 oo w+1 wu+l wu-—1 vi ur+1l u+l u-1
e 2 1 1 <2 1 1
:/ -2+ — +1- +1+—du:/ 3 - + du
V3 u® +1 u+1 u—1 vu+1l u+l u-1

= [2tan_1u+lnz+1]\/§: (m) — (%—i—ln(\/fgj)) =2 +In(2+V3).

et +1 . w?+1
- so e¥ = ———
e* —1 w2 —1

r=1In(w?+1) —In(u+1) — In(u — 1), and




15: Test each of the following improper integrals for convergence.

< dx
(a)/l e*lnzx

Solution: In order for /
1

. 2 dx * dx
to converge, both of the integrals / - and / —~ must converge.
1 etlnzx 5o €e¥lnzx

1 1
When 1 < 2 < 2we have e < e < €2 and 0 < lnz < z—1 and so 0 < < . Since
e2(x—1) e?lnx

eTlnx

2 2
d 2
/1 Wx—l) =[S In(z - 1)} LT 0 — (—o0) = 00, the integral /1 “na also diverges.

(b) / 2M/T 1 dx
0

e} 1 0
Solution: In order for / 2'/% _ 1 dz to converge, both the integrals / 21/% _1 dz and / 21/% _1 dz must
0 0 1
converge. For u > 0 we have 2% > uln2 + 1, so for > 0 we have 2/% > 1In2+1, and so ol/z _ 1 > %

> hl 2 . & 1/ .
But — dz diverges, and so 27/% — 1 dz diverges too.
1 T 1

© ] o

° d < d
Solution: This integral converges if and only if the integrals / 7:101 and / @ both converge,
1 (IHLI}) nx . (ln x)lnx

)1“"” = lim+ u® = 1 (this is a well-
u—0

known limit which can be found with the help of 'Hépital’s Rule), the function f(z), defined by f(0) =1 and

where ¢ = ¢’ (this choice of ¢ will become clear later). Since limJr (Inx
rz—1

¢ T
z) = —— for > 0, is continuous and hence integrable on [1,¢], and so ———— converges. Also,
(Inz) (1 )lnz
;1 (Inzx
1

)lnw _ J—
(lIl x)lnz - 2

Inzlnlnz > elnxlnlnee2 — 6211135

note that for x > ¢ = e¢® we have (Inzx =e = 22 and so

oo o0
. 1 dx
Since —5 converges, 5 converges t0o.
.z . (oa)ee

(d) /0 ~ sin(a) sin(a?) dz

Solution: We shall show that this integral converges. Note that we can change the lower limit of integration to

sinx 2xcosx — 2sinx
1 without affecting convergence. Integrate by parts using u = “op u = — dx, v = — cos(z?)
T x

and dv = 2 sin(z?) dz to get

/Sin(x) ina?) do — S2) cos(a?) , /cos(x) cos(a?) /sin(x) cos(a?) |

2 2x 222
—x2si -9
Integrate by parts using u = C:—Sf, du = x Smi 7 reost dz, v = sinz? and dv = 2z cos 2 dx to get
x x
cos(z) cos(x?) cos(z) sin(x?) / sin(z) sin(x?) / cos(z) sin(z?)
dz = d ———— = dzx.
/ 2z . 422 + 42 T 223 v
Thus we have
r . 2 . 2 T
/1 sin(z) sin(z?) do = [ sm(m);;fS(w ) + cos(mimslgn(x )}
B /T sin(x) c;)s(xQ) d 4 /T sin(x) sin(x?) dx + /T cos(x) sin(x?) .
1 2z 1 4.7}2 1 21‘3

> sin(z) cos(z?
Note that as r — oo, all of the limits on the right converge. For example, / M dx converges

1 2I2
sin(x) cos(z?)

since for all r we have 5
2x

< 1 d /C>C dz
—— an —— converges.
- 222 1 22 &



sin(2z

16: (a) Let f(z) :/ 7) dt. Find f'(3).
0 2z —
Solution: Fix x > 0 and let u(t) = 2x — ¢t so du = —dt. Then we have

f(x):/xsin(Qx—t) dt/msinudu/%sinudu/x sinudu
o 2xz—t 2 U r2 U rj2 U

sin2x sinx

. In particular, f' (3) = —2.

sy

and so by the Fundamental Theorem of Calculus we have f'(z) = 5
x x

.3

T 1 1
(b) Let f(z) = / ¢! dt. Show that 6/ 22 f(z) doe — 2/ e dr=1—e.
0 0 0

Solution: Let u(z) = 2% and let G(u) = / e'” dt so that f(x) = G(u(x)). Then by the Fundamental Theorem,
0

1
f(z) = G'(u(z)v/(z) = 322e*” = 322¢*”. Now, we calculate / z? f(x) dz by integrating by parts using
. 0
u= f(x), du= f'(z)de = 322" v = £ 2% dz and dv = 2? dz to get

1 1 1 1
/ 22 f(z)dx = [éx?’f(x) f/x‘r’e“”6 d:r} = [%x?’f(:c) - %eIG}O =1f(l)—te+gt= %/ e dt — te+ .
0 0 0
I 1, 1 1,
Since / el dt = / e” dt, multiplying both sides gives 6/ 22 f(x)dex = 2/ e® dr — e+ 1, as required.
0 0 0 0

(c) Let f be continuous. Show that if f > 0 and / f(z)dx =1 then / f(Vx)dx <6.
Solution: Let u(z) = /7 so that du = m dx. Since y/x is an increasing function, when x € [1,9] we have

1 >/(z) > &. Since f(u(z)) > 0 for all x, we have f(u(z))w' (z) > & f'(u(z)) for all z € [1,9]. Since f is
continuous, we can use the Change of Variables Rule to get

/ ) = / " ) o () de > / "L fue)) do = & / ' (/E) d

Since / f(u)du = / f(z) dx, this gives / f(z)dx > = / f(v/z)dx. Thus if / f(z)dx =1 then we have

/ f(Vx)dx < 6, as required.

1 1 1
(d) Let f be integrable with / f(z)dx = / xf(z)dr = 1. Show that f(:L‘)2 dx > 4.
0 0

1
Solution: Let g(x) = 6x — 2. This function g was chosen so that / g = / 6z — 2 dx = [333 — 23:}0 =1

1 1
and / g = / 62 — 2z dx = [2%‘3 - xQ}O = 1. Note also that / g9 = / 3622 — 24z + 4 do =
0 0

[12x — 1222 +4x]oz4. Then we have
1 1 1 1
2 _ _ 2 _ 2 _ 2 _ Y _ 2
/Of —/0 ((f=9) +9) /O(f 9’ +2(f—-9)g+g /O(f 9)° +2fg—yg

=/01(f—g)2+2(6x—2)f—92=/ol(f—g)2+12/01xf—4/01f—/0192

1 1
:/ (f—g)2+12—4—4:/ (f—9)*+4>4.
0 0



