MATH 148 Calculus 2, Solutions to the Exercises for Appendix 1

: Let p, be equal to one half of the perimeter of a regular polygon with 2"*! sides which is circumscribed
around the unit circle (note that {p, }»>1 is decreasing and tends to 7). Find p1, p2, p3 and ps. Express your
answers as algebraic numbers (that is in terms of integers and radicals, not in terms of values of trigonometric
functions).

Solution: Let 0, = 57%. Then the regular polygon with 2" +1 sides which is circumscribed around the unit
circle 2 + y? = 1, and touches the circle at the point (1,0), will have a vertex at the point (1,tan#,,). Note
that tan,, is the distance from (1,0) to (1,tané,,) which is one half of the length of one side of the polygon.
Thus

pn = 2""2tanb, .

Since ¢ = 7 we have cosf; = %\/5 Since 6,41 = %" we have cosf,11 = %\/2 + 2 cosf, and so we obtain
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If you go to the trouble of rationalizing the denominators, you will find that p; = 4, po = 8 (\/5— 1)7

po =16 (VEV2F V3 - V1) and p; = 32 (ﬁ\/2 Vo2t V2 VR VAR VB VB - 1).



2: (a) Find the value of cos (g) Express your answer in terms of integers and radicals.

Solution: Let § = £. Consider an isosceles triangle with base b = 1 and with angles ¢, 26 and 26, with another
similar inscribed triangle with base z, as shown below.

1
. . . 1 + X 1 2 . 2
Since the two triangles are similar we have = — and so ¢+ z° = 1 or equivalently x4+ x —1 = 0. From
x
the quadratic formula, r = %‘/‘?’ Note also that 2 =1 —z = 3*2\/5. From the Law of Cosines, applied to
the smaller triangle, we obtain
2 — z?
cosf) = 5 :1_%332:142/5_

(b) Find the area of a regular decagon with sides of length 1 (a decagon has 10 sides).

Solution: A regular decagon with sides of length 1 can be cut into 10 copies of the above triangle. The trangle
has base b = 1 and height

1 . .
= sin 20 sin 6 cos 6
h=21tan20 = 2 = .
3 tan cos 20 cos2 6 —sin? 0

Since cosf = Y5 we have cos? § = 842Y5 — 34V5 | _ 062 — 5=V5 apd sinf = 14/22Y5 50
ey 16 g 8 2 2
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Since ﬁi = (\/54“)2 = 6+i‘/5 = 3+2‘/5, we have
B 1. /5-vE 3+v5 _ ;\/<5—¢E>(3+¢5>2 _ ;\/<5—¢5><14+w€)
-2 2 2 4 2 4 2

= 1/6-VB)(T+3V5) = 120+ 8v5 = 151 2V5.

Thus the area of one triangle is %bh = %\/ 54+ 2\/57 and so the area of the decagon is A = g\/ 5+ 2v/5.



3: Let A be the rectangle-based cone with its base vertices at (+2,+1,0) and with its top vertex at (0, 3,4), and
let B be the rectangle-based cone with the same base but with its top vertex at (0,—3,4). Find the volume
and the surface area of the solid AU B.

Solution: First let us find the total surface area with the help of the following pictures.

AUB Front View Side View Top View

The base of the solid is a rectangle of area A; = 2-4 = 8. The two triangles on the left and right sides (when the
r-axis is pointing towards us) are congruent to each other. Their base is 4 and their height is 24/5 (this height
can best be seen from the front view), so they each have area As = % -4-2v/5 = 41/5. The two triangles on the

top are congruent to each other. Their base is 3 (as seen from the top view) and their height is 3v/2 (from the
front view), so they each have area As = % 3-3v2= %. Finally we consider the front and back faces of the
solid. Each of the two faces is formed from two overlapping triangles. Each of the overlapping triangles has
base 2 and height 2v/5 (best seen from the side view), so each triangle has area % -2-2y/5 = 2¢/5. They overlap
in a smaller triangle with base 2 and height %\/5, so the area of this smaller triangle is % -2 %\/5 = %\/’3
Thus the area of each of the front and back faces is A4 = 2v/5 + 2v/5 — %\/5 = 77‘/5 Finally, the total surface
area of the solid (including the base) is A1 +2As+2A3+2A44 = 8+2 4/5+2- 92ﬁ +2- 77\/3 =8+49v2+15v5

Now, let us find the volume with the help of some pictures of the intersection A N B.

ANB Top View Front View Side View

AN AT TN

The two rectangle-based cones have base area 8 and height 4 and so they each have volume V; = % -84 = %
The intersection AN B is in the form of a roof as shown. We can cut AN B into three pieces, along the green
lines, as shown. The centre piece is a triangle-based prism with base area % -2-1 =1 and height 3, so its
volume is 1 -3 = 3. The other two pieces can be put together to form a rectangle-based pyramid with base
area 1-2 = 2 and height 1, hence with volume % -2-1= % Thus the volume of AN B is Vo =3+ % = %

ThetotalvolumeofAUBisV:2V1—V2:%—13—1:%.



4: Let R be the radius of the Earth (R = 6,000 km).

(a) A satellite orbits the Earth at a distance 2R from the Earth’s center. Let A be the set of points on the
Earth’s surface from which the satellite is visible (at one instant in time). Find the area of A.

Solution: In the diagram below, the satellite is represented by the point (2R,0). From similar triangles, we
see that z = %R, so the portion of the Earth’s surface from which the satellite is visible is a spherical cap of
thickness [ = %R, and so its surface area is A = 2rRIl = 7R?.

(@)

(2R, 0)

(b) Let B be the portion of the Earth’s surface which lies between 30° and 60° latitude and between 30° and
60° longitude. Find the area of B.

Solution: Let C' be the portion of the Earth’s surface which lies between 30° and 60° latitude. Then C' is a
slice of the sphere of thickness [ = @R— %R = @R, and so its area is 2m Rl = 27 R- @ R=(V3-1)nR2.
The lines of latitude at 0°, 30°, 60°, 90°, 120° and 150° cut C into 12 equal parts, one of which is the region

B, and so the area of B is & (v/3 — 1)m R%.
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5: (a) Let A be the ball of radius 2 centered at (1,0,0) and let B be the ball of radius 2 centered at (—1,0,0).
Find the volume of the solid AN B.

Solution: As seen with the help of the diagram below on the left, A N B is the union of two spherical caps of
thickness 1. The volume of AN B is twice the volume of a spherical cap of thickness 1 on a sphere of radius 2.
Let us make a general formula for the volume of a spherical cap of thickness [ on a sphere of radius R. Notice
that a sphere-based cone whose base is a spherical circle, is the union of a flat-based cone with a spherical
cap. Let 2 and y be as shown in the diagram on the right, and note that 2 = R — [ and 2? + 32> = R%. The
surface area of the spherical cap of thickness [ is A; = 27 RI, and the sphere-based cone with base area A;
has volume V; = %AlR = %TFRQ I. The area of the flat disc of radius 7 = y is Ay = 7r? = 742, and the
flat-based cone with base area Ay and height h = = has volume V5 = %Agh = %ﬂy%. Thus the volume of the
spherical capis V =V, — 1V, = %WRZZ — %71’:1_/21’. Put in z = R — [ and y? = R? — 22 and simplify to get

V=nl?R-1l).
m?‘r.

In particular, when R=2and [ =1 we get V' = gw, and so the volume of AN B is =
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(b) A cylindrical hole is bored through the centre of a solid spherical ball. Let A be the portion of the ball
which remains. Let & be the height of the cylindrical face of A. Find the volume of A in terms of h (somewhat
surprisingly, the final answer involves neither the radius of the sphere, nor the radius of the hole).

Solution: Let R be the radius of the ball, let x be the radius of the hole, let y = %h and let [ = R —y (see the
diagram below). Then the portion of the sphere that is removed when the hole is bored consists of a cylinder
of radius = and height h, which has volume V; = w22 h, and two spherical caps of thickness [ = R — y, which
each have volume V, = 12 (R — %l) by our work in question 4. Thus the volume of the portion of the ball
that remains is V = %wRB -V =2V = %TFRS — ma?h — 2712 (R— %) Putinl=R—-y=R- %h and
r=R>—y?=R%— ih2 and simplify to get V = %ﬂ'h?’.



6: a) Let A be the the solid torus obtained by revolving the disc (z — R)? + y? < r? about the y-axis. Find the
volume and the surface area of A. (Hint: slice A into pieces which can be reassembled to form a cylinder).

Solution: As shown below, the torus can be sliced into pieces which can be reassembled to form a cylinder of
radius r and height (or length) A = 27 R. Thus the volume is V = 7r?h = mr? - 2R = 27?r?R and the surface
area is A = 2rrh = 27r - 20 R = 4n?rR.

Top View

/ \ Reassembled

(b) Let B be the paraboloidal solid which is obtained by revolving the region given by 0 < z < 1 and
x2 < y < 1 about the y-axis. Find the volume of B. (Hint: slice B horizontally into n thin discs each of
thickness %, find the approximate volume of each disc by treating it as a cylinder, add these volumes and take

the limit as n — 00).

\\____’/

Solution: Slice the solid into m thin horizontal slices with each one being approximately in the form of a disc

of thickness h = 1. The i*" disc from the bottom will be at height 7; = \/%, so its radius is r; = /y; = \/%
and its volume W111 be V; = 7ri?h = 7 - % . % = ;g The total volume of all the slices is approximately
VS Vs A B A =52 48 4 an) = 525 = 5B — 514 1), Take the

=1
limit asn - ocotoget V=12



