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MATH 138 Solutions to the Final Exam, Fall 2024
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Solution: Let u = /= so that u? = z and 2udu = dx. Then

4 Ve 2 pu 2 2
/ dx — 2udu = / 2e" du = [26“} = 2¢? — 2.
v=0 VT i=0 U u=0 u=0

1=

(a) Find dx.

2 2
T
b) Find / — dux.
(b) e
Solution: Let 2sin@ = z so that 2cos@ = v4 — 22 and 2cos 0 df = dz. Then

2 24 /2 2sin )2 w/2 w/2 /2
/ _rar &~2C089d0:/ 4sm20d0:/ 2—2c0320d0:[29—sin29} =
e=0 VA—2a?  Jo=o 2cos@ 6=0 6=0 6=0

) *© 3xr—2
(C) Find /1\ m dz.

Solution: To get —3272, = g + m% + #ﬁ, we need Az(z +2) + B(z +2) + C2? = 3z — 2. Equate coefficients

x3+4+2x2

toget A+ C =0,24A+ B =3 and 2B =—-2,s0o weneed B=—1, A=2 and C = —2. Thus

< 3z-2 Ty g 2 x 1] 1
LZlmd.x:/m:lf——Q—md]}: |:21nm+5:|x=120—(21n§—|—1):211’13—1

: (a) Find the area of the region given by 0 < z < 7, 0 < y < sin® z.
(a) gion g y ,0<y

Solution: Letting u = cosz so du = — sinz dz, and using symmetry, the area is

g ™ -1 1
A:/ sin5xdx:/ (1—cos2x)251nxd;v:/ —(1 —u?)? duz?/ (1—u?)? du

=0 =0 =1

' 1
:2/701—21,42—&—1,[,4 dUZQ{u_%u3+%u5:|u:0:2(1—%—F%):%_

(b) Let R be the region given by 0 < 2 < 7, 0 < y < cosz. Find the volume of the solid obtained by
revolving R about the y-axis.

Solution: Using cylindrical shells, and integrating by parts using v = 27z, du = 2w dz, v = sinz and
dv = cos x dx, the volume is

/2 /2 /2
V= / 2rx cosxdr = [271‘95 sinz — /27T sin x dx} = [277:5 sinx + 2w sinx =72 - 9or.
=0 =0 =0

(c) Let C be the curve given by y = 2% with 0 < 2 < v/6. Find the area of the surface obtained by revolving
C about the y-axis.

Solution: For y = 22 we have dL = \/1+ (y/)2dz = \/1+ (22)2dx = V1 + 422 dz. Letting u = 1 + 4x so

that du = 8x dx, the surface area is

NG NG
A:/ 2nx dL = 2/ 1 + 42 dx:/
=0 =0 u

25 25
Tuldu=[Fut?] T = E(125-1) = @5,

-1 u=1
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: (a) Determine, with proof, whether >

3: (a) Solve the initial value problem given by y' = 3,/zy with y(1) = 4.

Solution: The DE is separable as we can write it as y~/2dy = 3z'/2dx. Integrate both sides to get
2yl/2 = 223/2 ¢, To get y(1) = 4 we need 4 = 2+4c so that ¢ = 2, so the solution is given by 2yl/2 = 223/2 49,
that is y = (/2 +1)2.

(b) Solve the initial value problem given by 3’ = x + y + 1 with y(0) = 1.

Solution: The DE is linear as we can write it as 4’ — y =  + 1. An integrating factor is A = ef T e 7,
and the solution is given by y = €* [(z + 1)e~* dx. Integrate by parts using u =z + 1, du = dz, v = —e™*
and dv = e~ " dx to get

y:ewf(erl)e*"”dx:ew(f(erl)e*erfe*"’”dx) =c"(—(@+1)e " —e®+c)=ce” — (v +2).
To get y(0) = 1 we need 1 = ¢ — 2 so that ¢ = 3, so the solution is y = 3e* — (z + 2).

(c¢) A tank initially contains 2 L of pure water. Brine (salty water), with a salt concentration of 3 gm/L,
enters the tank at a rate of r(t) = t-s%l L/min, where ¢ is the time in minutes. The brine in the tank is kept
well mixed, and drains from the tank at the same rate r(¢). Determine when the concentration of brine in

the tank is 2 gm/L.

Solution: Let S(¢) be the amount of salt, in litres, at time ¢, in minutes. Taking r; = r, = t-s%l and ¢; = 3

and ¢, = @, the amount of salt satisfies the DE S’(t) = 7inCin — ToutCout = t% — % This DE is linear

as we can write it as S’ + 5-1=—S = -2-. An integrating factor is A = ef zom A 2 I (t+1)/2 and
2+ — t+1° g g = = =

the solution is S(t) = (t+1)71/2 [3(t + 1)71/2dt = (t + 1)"1/2(6(t + 1)*/2 + ¢). To get S(0) = 0 we need
6+c = 0 so that ¢ = —6, so the solution is S(t) = (t+1)"Y/2(6(t+1)1/2—6) = 6— \/%. The concentration
2 gm/L when the amount of salt is 4 gm, and we have

St)=4 <= 6- =4 = L5 =2+ Vi+1=3 <= t=8

00
converges.

o
n=2 (h’l TL)2

Solution: We claim that v/z > Inz for all x > 0. Let f(z) = v/ —Inz. Then f'(z) = 2\1/5 -1= @;2
Since f'(4) =0 and f'(z) <0 for x € (0,4) and f'(x) > 0 for = € (4,00), it follows that the minimum value
of fis f(4) =2—2In2. Since 0 <In2 < 1 we have 0 < 2In2 < 2, and hence f(z) > f(4) =2—-2In2 >0
for all > 0. This proves that \/z > Inx for all z > 0. Thus for all n > 1 we have 0 < Inn < /n,
hence 0 < (Inn)? < n, hence m > L. Since Y~ 1 diverges, it follows that Y ﬁ diverges too, by the

Comparison Test.

(b) Prove that if Y |a,| converges then ) a, converges.

n>1 n>1
Solution: Suppose that > |a,| converges. Note that for all n we have —l|a,| < an, < |an| and hence
0 < an + |an| < 2lap|. If > |an| converges then > 2|a,| converges by linearity, and hence Y (a,+|an|)
converges too, by comparison. Since ) |a,| and > (a,+ay|) both converge, it follows that ) a,, converges
too, by linearity (because a, = (an+|an|) — |an|).

a
(c) Let a,, > 0 for all n € Z* and suppose that lim "t with 0 < r < 1. Prove that > ay converges.
n—oco n>1
an+1

Solution: Choose s € R with r < s < 1. Since lim = r, by taking e = s — r we can choose N € Z" so

n—o0 (A
that n > N = |“Z%fr < s —1r. Then when n > N we have a;‘—:l <r+(s—1)=sso that a,;1 < say,.
In particular, we have ay+1 < say, and ay, < say+1 = s’ay and ayy2 < sanie < s2ay and so on, so
that in general ayyx < s¥ay for all k > 0. Since Y s*ay converges (it is geometric with ratio s < 1) and
aN+k < skan for all k > 0, it follows that > an4k converges by the Comparison Test. Thus > a,, also
converges (since the first finitely many terms do not affect convergence).
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5: (a) Find the Taylor polynomial of degree 3 centred at 0 for f(z) = e*v/1 + 2z.

Solution: For all z with |2z| < 1 we have

1y(—1 1y(—1y(—2
e (1+20)2 = (1+ 2+ La?+ La® + ) (1+ 2(20) + E22) (20)2 4 XD ) (993 1)
=(l4+ao+322+ 32+ )(1+a— a2+ 3234+
:1—|—2x—x2+%x3—|—~~
and so the 3'¢ Taylor polynomial is T3(x) = 1 + 2z + 2% + %Z?’.

(b) Approximate the value of ln% so that the absolute error is £ < ﬁ.

Solution: We give two solutions. For the first solution, note that for all || < 1 we have
1

1+

In(l+z)=z— 2%+ 323 — 2zt + .

=l—z+a®—a3+...

and hence, by taking = = %, we have

3 _ 4 _ 1y _ _1 1 1 1 ~ _1 1 _ _ 5
ni=-mg=-l(l+3)=—3+zp sy @t Z-3+tzg="1
with absolute error £ < 34133 = ﬁ by the Alternating Series Test.

For the second solution, note that for all |z| < 1 we have
1
—  =l4z+a®+2 4+
1—2z

—In(l-z)=z+ 322 + 323+ Ja* + - -
and hence, by taking z = %, we have

g == 3) = (4 e et ) 2+ o) =

with absolute error

R 1 T L [ ST £ =_1_.4_ 1
E=gptomtspt Szptzmtapt - — 34373 7 144

by the Comparison Test and the formula for the sum of a geometric series.

o 2 on
(c) Evaluate > n

n=1 TL'
Solution: For all z € R we have e” = Y > %x” Differente to get e” = S %x"‘l. Multiply by x to
get we® = Y g™ Differentiate again to get (z +1)e” = Y ", Z—!xnfl. Multiply by z again to get

r(lz+1)e® =527 %Tx" In particular, taking z = 2 gives >°° 2" — 2. (24 1)¢? = 6 2.

n=1 n!



