MATH 137 Calculus 1, Solutions to the Midterm Test, Fall 2012

. . 8w
: (a) Find the exact value of cos ( — &F).
Solution: cos(f 8{) = —cos ( — %ﬂ +37r) = fcosg = f%.

(b) Use the formula sin(26) = 2sin 6 cos 6 to find the exact value of sin (2 tan™* 1).

Solution: Consider the right-angled triangle with vertices at @ = (0,0), b = (3,0) and ¢ = (3,1) (draw a
picture of this triangle). Let 6 be the angle at a. Since side ab has length 3 and side be has length 1, we see
that 6 = tan™! % Since side ac has length /10 we see that sinf = -~ and cos# = —>. Thus

V10 V10
sin (2 tan™! §) = sin(260) = 2sinfcosf =2 - \/% . \/% =5 =3

(c) Find all values of € [0,27] such that sin (z — %) = cosz.

s

Solution: We provide two solutions. The first solution is graphical. We plot the graphs y = sin (JL‘ — g) and

y = cosx on the same grid (the graph of y = sin (x - %) is shown in blue, and it is obtained from the graph

of y = sinz by translating § units to the right).
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From the graph, we see that sin (:L' - %) = cosz when z = %, %. The second solution is algebraic. For

T € [0, 27r] we have

sin (m— %) =cCcosr <— sinxcos(— %) —l—cosxsin(— %) = coszx

< ?sinx—%cosxzcosx < /3sinz = 3cosx

= tanz =3 <= =11,



_26"—!—1

2: Let f(x) = .

et —1
(a) Find the domain of f.

Solution: The domain of f is

Domain(f) = {z € R|e* #1} = {z € R|z # 0} = (—00,0) U (0,00) .

(b) Find a formula for the inverse function f~!.

Solution: To find a formula for f~!, we solve y = f(x) for  in terms of y. We have
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1 1
<— e””zi <— len(‘qj—i_).
y—2 y—2

y=f(z) <=y — ey—y=2"+1 <= €"(y—-2)=y+1

_ _ +1
We see that f~1(y) =1In (%)
(¢) Find the range of f (which is equal to the domain of f *1).

Solution: The range of f is
Range(f) = Domain(f_l) = {y € R’% > 0} .

When y < —1, wehavey+1<Oandy—2<Osoz—f§>0. Wheny:—Lwehave%:O. When
—1<y<2,wehavey+1>Oandy—2<OSOz—f;<O. When y = 2, £ is undefined. When y > 2, we

y—2
havey+1>Oandy—2>OsoZ—f§>0. ThusZ—f;>0Wheny<—1ory>2andwehave

Range(f) = {y € Rly < —1lory >2} = (—00,—1) U (2,00).



3: Evaluate each of the following limits, if they exist or are infinite.

(a) lim Y22T172

rz—1 ;L’—l

Solution: We have
m V3z+1-2 3zx+1+2 Bx+1)—4

i V3r+1-—2 )
m — =1 = 111m
r—1 r—1 r—1 r—1 V3rz+1+2 r—1

3(z—1) 3

(z—-1)(V3z+1+2)

= lim =
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lim = =—.
=1 (z—1)(V3x+1+2) =21 Bx+1+2 Vi+2 4

. |2? =3z + 2|
b) 1 _.
()xigl* r—2
Solution: For 1 <z <2wehavez —2<0andz—1>0s0|z—2]=—(z—2)and |z — 1| = (z—1) and so
. |2? =3z +2 . |@=2)(= 1) =2z —1]
llm ——— = lim ———— = lim ———
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(c) xlirgli sin (W)

Solution: As x — 0~ we have % — —00 80 el/®

— 0 and so

1 1
lim sin™' [ ——— ) =sin™! (7) =sin~!
2—0- 2+ el/x 2+0
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4: (a) Use the definition of the limit to show that lim2 (2 —2z—3)=-1.

Solution: We must show that
Ve>0 36 >0 VxR (0<|x—2|<6:>](x2—x—3)+1] <e).

Note that
|(2®—2z=3)+1| =2 —z-2| = |+ 1)(z - 2)| = |z + 1| [z — 2|

and that
O<lz-2<l=l<z<3=2<z+1l<d=|z+1]<4.

Let € > 0. Choose 6 = min (1,2).Letx€R.Then
0<|x—2|<5:>(0<|x—2|<1ando<|x—2|<§)
z(|x+1\<4and |a:—2\<i)

= |@?—z-3)+1=|z+1lz—2[<4-§=e.

(b) Suppose that lim f(x) = L and lim g(2z) = M. Prove that lim (f(z)+g(z)) = L+ M.
Solution: This was one of the three required proofs. We must show that
Ve>0 36>0 VazeDomain(f + g) (O <|lz—al<é=|(f+9)(z)— (L+M)| < e) .

Note that |(f + g)(z) — (L + M)| = |(f(z) — L) + (9(x) — M)| < |f(z) — L| + |g(z) — M| by the Triangle
Inequality. Let € > 0. Since lim F(z) = L, we can choose §; > 0 so that for all x € Domain(f) we have

0<l|z—a|<dé = |f(x)-L|<5.

Since lim g(x) = M, we can choose d2 > 0 so that for all z € Domain(g) we have

0<|z—al <d=|g(x) - M| <5.
Let § = min(d1,d2). Let 2 € Domain(f + g), so we have z € Domain(f) and z € Domain(g). Then
O<|z—a|<d= (O< |z —a| <61 and 0 < |z — q <(52)
— (If(@) — L] < § and |g(z) — M| < 5)
= [(f +9)(@) = (L + M)| < |[f(2) = L[ + |g(z) = M| < 5+ § = .



5: Let f(x) = = for z > 0.

NG

(a) Use the definition of the derivative to find f/(x).

Solution: We have
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Alternatively, we have

f'(x) = Iim f<x+h>—f<x>zhm¢;fh—ﬁ E e
h—0 h h—0 h \/ﬁfh
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(b) Find the equation of the tangent line to the curve y = f(z) at the point where the tangent line has slope
—4.

Solution: The slope of the tangent at the point (a, f(a)) is equal to f/(a) = 2;—31/2, and we have
—1
Y = = 4 = QS/Q:% = a:(%

( 2q3/2

) =
Since f(l) = 2 and f’ (%) = —4, the equation of the tangent line with slope —4 is y = 2 — 4(33 — %), or
equivalently y = —4x + 3.
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